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Abstract Suppose that one has a data set consisting of prices and individual endow-
ments for some economy. Brown and Matzkin (Econometrica 64:1249-1262, 1996)
have shown that there are conditions that the data have to satisfy, if the observed
prices are determined by the competitive equilibrium process, given the observed
endowments, when there are no external effects in the economy’s interactions. The
results here show that the same conclusion does not apply, in general, if the economy
exhibits externalities. On the other hand: (i) some restrictions exist if there exist at
least two commodities on which the individuals’ preferences are weakly separable; (ii)
although extremely mild, restrictions exist too if one observed individual consump-
tion for the economy that causes the external effects; and (iii) importantly, even if the
previous two cases do not apply, restrictions exist when the externalities that exist are
in the form of a public good.
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350 A. Carvajal

0 Introduction

Consider a situation where an analyst has a finite data set consisting of the prices and
the individual wealths that were observed, for a series of observations, in a given econ-
omy. Suppose that the analyst wants to determine whether it is possible to explain these
data as the competitive outcomes of the economy, given the underlying, unobserved
preferences of its individuals. Specifically, he wants to find what conditions the data
have to satisfy if, indeed, there are preferences for which all the observed prices are
competitive equilibrium prices, given the corresponding observed endowments. This
paper shows that if consumption externalities cannot be ruled out, then, in general, any
data set can be explained by the analyst: the hypothesis of Nash—Walras equilibrium
imposes no testable restrictions when preferences are allowed to exhibit externalities,
unless some structure on these externalities is assumed as part of the hypothesis to
be tested. If the analyst assumes that individual preferences are weakly separable in
at least two commodities, then the hypothesis of Nash—Walras equilibrium is refut-
able. Similarly, in a production economy where the externality takes the form of a
public good, the hypothesis imposes testable implications. But, in cases more general
than that, there are no empirical regularities that the model of competitive equilibrium
imposes of aggregate data, even if consumption of the commodity that causes the
external effect is observed.!

This paper builds upon the results obtained by Brown and Matzkin (1996), who
observed that the two principles of competitive equilibrium, namely individual ratio-
nality and market clearing, restrict the response of endogenous aggregate variables
(prices) to perturbations on individual endowments. The analysis of Brown and
Matzkin contrasted with the understanding, derived from the theorem obtained inde-
pendently by Sonnenschein (1974), Mantel (1974) and Debreu (1974), which was
interpreted to imply that the model of general, competitive equilibrium theory imposed
no, or hardly any, testable restrictions at the aggregate level.> The Sonnenschein—
Mantel-Debreu Theorem says, basically, that the response of the aggregate excess
demand of a group of competitive individuals to changes in prices is arbitrary; the
interpretation was that, hence, anything goes, as far as competitive behavior is con-
cerned, unless one has information about consumption at the individual level.

The results of Brown and Matzkin make it clear that this view of the problem is
overly pessimistic. Specifically, they observed that the object under consideration in
the Sonnenschein—-Mantel-Debreu analysis, the aggregate excess demand function, is
not the appropriate object on which restrictions are to be derived, since (i) it is not
observable, under the ‘null’ hypothesis of general equilibrium, except at points at which
itis, by definition, zero; and (ii) it measures the response of some endogenous variable
(demand) to another endogenous variable (prices). Instead, Brown and Matzkin study

! This last point has to be qualified: in this case the model only imposes some extremely weak restrictions.

2 See Hansen and Heckman (1996), for an observation about the empirical implications of the competi-
tive equilibrium models. For the theorem, see, also, Mas-Colell (1977). Some qualifications are necessary
here: firstly, the economy must allow for at least as many consumers as there are commodities; second, the
boundary behavior of the aggregate demand function is not arbitrary (see Balasko 1986); and thirdly, some
very mild conditions, such as Walras’s law and homogeneity of degree zero, have to be satisfied.
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The testable implications of competitive equilibrium 351

restrictions on how prices respond to changes in individual endowments: a finite sub-
set of the equilibrium manifold overcomes the observability problem, and provides
information on how an endogenous variable responds to perturbations on exogenous
variables. The key result is that this response is not arbitrary: there exists a (finite) set of
nontautological conditions that is necessary (and sufficient) for the existence of pref-
erences that rationalize a given, finite set of data on prices and individual endowments.

The results of Brown and Matzkin constituted the basis for further developments
on the empirical implications of general equilibrium. Chiappori et al. (2000) obtained
restrictions in a differential setting, while Kiibler (2004) and Kiibler and Schmedders
(2009) extended Brown and Matzkin (1996) to intertemporal problems under uncer-
tainty, and Carvajal (2004a) to a setting where preferences of individuals are allowed
to change randomly. Bachmann (2004 ) derived a test of the hypothesis that a sequence
of allocations can be supported by competitive prices, and Bachmann (2006) derived
testable implications of Pareto-efficiency and individual rationality. And, importantly,
by an application of the methodology of Brown and Matzkin (1996) to the analysis
of public goods via Lindahl prices, Snyder (1999) showed that, for the case where
the public good is produced under constant returns to scale, the hypothesis that the
observed data correspond to a Pareto-efficient provision of the public goods imposes
restrictions if market prices, production levels and individual incomes are observed.?

In this paper I study what restrictions, if any, are imposed by the competitive
equilibrium model, for economies with externalities. By an immediate extension of
the results of Brown and Matzkin (1996), the introduction of externalities will not
affect the restrictions they derived, if one imposes additive separability of individual
preferences in the consumption of other individuals in the economy: in such case, the
externalities welfare effects, but individual behavior should be the same as if there
were no external effects. I then study the extent to which one can deviate from this
extreme assumption of separability, while maintaining the property that the model
imposes empirical implications. Some of the results are negative: even under refined
classes of preferences, the hypothesis of Nash—Walras equilibrium is not refutable on
the basis of data on prices and individual endowments. Some degree of separability
individual preferences, at least between two commodities and the consumption of the
rest of the economy, suffices to give some testable restrictions. Importantly, restric-
tions are imposed also for the particular case where the externality takes the form of
a public good.

1 General setting and a basic result
1.1 Nash—Walras equilibrium

Consider a society, denoted by Z, populated by at least two individuals, each of whom
isdenotedbyi = 1, ..., I, and suppose that these agents trade L + 1 commodities that

3 Moreover, Kiibler et al. (2002), Chiappori et al. (2000), Balasko (2004), Matzkin (2005), Carvajal and
Riascos (2005), Carvajal and Riascos (2008) and Balasko and Tvede (2009) further showed conditions
under which information on individual fundamentals can be uniquely identified from knowledge of the
equilibrium manifold.
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352 A. Carvajal

are to be consumed in nonnegative amounts. Let a consumption bundle for individual i
be denoted by (x?, y'), where x’ represents a bundle of the first L commodities and y’
is consumption of the last commodity. Suppose that individuals have private wealth,
and let the endowment of agent i be the consumption bundle (e, k').

In order to consider a simple setting in which there are externalities in the economy,
suppose that each individual cares about her own consumption of all commodities and
also about the consumption of the last commodity by all the other consumers. In this
setting, individual i’s preferences are represented by a utility function

i. L -1
u' tRY xRy xR — R,

so that u (x’, y', y7) represents person i’s utility level if her consumption bundle is
(x', y") and the profile of consumption of the last commodity by the other agents in
the society is y™ = (y/) je7\(i}-

Denote by u the profile, (ui)l.I: 1» of utility functions, and, similarly, by (e, k) the
profile of individual endowments. In this setting, an economy is completely described
by the profile of individual preferences and endowments; for simplicity of notation,
we may sometimes write the economy as £ = (u, e, k).

All commodities are traded in competitive markets, and their prices are denoted by
(p, q), where p is the vector of prices of the first L commodities and ¢ is the price of
the last commodity. Given an economy, an allocation is a profile, (x, y) = (xt, yi ) iI:l ,
of consumption bundles, and a Nash—Walras equilibrium consists of a vector of prices
and an allocation of commodities, (p, ¢, x, y), such that:

1. each consumer’s demand is rational, given the prices and the choices of other
individuals: each (x', y') solves the problem

maxu' (%, 5, y7) : p( =€) +q(y — k') <0;

%5

2. all markets clear: >, (x' — e, y' — k) = 0.

Let W(E) denote the set of Nash—Walras equilibria of £, and let W(E) be the
projection of this set into the space of prices.

1.2 Rationalizability of data

A data set is a finite sequence of pairs consisting of a vector of prices and a profile
of individual endowments, (p;, g;, e, k,)thl. For simplicity of the notation and of
later arguments, assume that all observed prices and endowments are strictly positive.
Profile of preferences u rationalizes a data set if each observation of prices is consis-
tent with the corresponding (observed) profile of endowments, in the sense of being a
vector of Nash—Walras equilibrium prices: for every ¢, (p;, g;) € W (u, e;, k¢).

The main question with which this paper is concerned is the determination of the
conditions that a data set must satisfy if it is rationalizable by a profile of preferences
that lie in some given class. Observation of data violating these ‘testable implica-
tions’ would contradict the hypothesis that all the observed values of the endogenous
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The testable implications of competitive equilibrium 353

variables (prices) can be determined by the mechanism of Nash—Walras equilibrium,
given the observed values of the exogenous variables (endowments) and under fixed
unobservable fundamentals (invariant preferences in the relevant class).

If the economy does not exhibit externalities, in equilibrium each individual’s con-
sumption bundle must maximize her preferences, and, hence, when data on individual
demands is available, each person’s consumption must obey the axioms of revealed
preference. When individual consumption has not been observed, as in the data sets
considered here, still there must exist allocations of commodities, one for each obser-
vation, that satisfy market-clearing and nonnegativity constraints, and such that each
individual’s consumption obeys, again, revealed preferences axioms. The remarkable
contribution of Brown and Matzkin (1996) is to show that these allocations need not
always exist: the data may be such that the first two requirements, namely nonnegativi-
ty and market-clearing, make the satisfaction of the weak axiom of revealed preference
by all individuals impossible.

In the case of externalities, the first property of the definition of equilibrium, individ-
ual rationality, loses some of its predictive power: in this case, each person only max-
imizes the cross-section of her utility function with respect to her own consumption,
and, as a consequence, if consumption were observed, the axioms of revealed prefer-
ence only apply across observations where the profile of demands of the commodity
that causes the externality is invariant. When the data provides no direct information on
individual consumption, the possibility that this invariance never took place cannot be
ruled out: for any data set, one can find a sequence (x;, y,)IT=1 such that consumption
is positive,

(x, v > 0; (1
satisfies Walras’s law,

pixt +a4iyi = pee; + aiky; 2)
and clears markets,
2 () =22 (el k) 3
i i
and where demand for the externality commodity is never invariant,

¥, # i, whenever ¢’ # 1. 4)

(For instance, the output of the algorithm presented in Appendix A1l will satisfy these
properties.) The implication of this impossibility is that an analyst can never rule
out the possibility that the individuals in the economy never chose according to the
same (cross-section of their) preferences, and cannot, therefore, apply a test based on
revealed-preference analysis. The following result says that, in fact, rationalizability
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by a profile of preferences defined in the basic class of conditions used to guarantee
existence of Nash—Walras equilibrium imposes no testable implications.

Proposition Any data set is rationalizable by a profile of continuous preferences that
are strongly concave and strictly monotone in own consumption (x*, y').*

This result, the most basic one in the paper, is in fact a corollary of Proposition 1
below, so a formal proof for it can be omitted. Simply put, the result highlights the
fact that the hypothesis of individual rationality imposes no empirical restrictions in
the presence of a commodity that causes external effects, if its demand is not observed
at the individual level. Then, the proposition exploits the fact that this observation
continues to be true even if one has observed individual consumption of every other
commodity, and if market clearing is imposed.

2 Further assumptions
2.1 Concavity and monotonicity

The basic proposition obtained above does not imply that rationalizability with respect
to proper subclasses of preferences is not testable. For instance, the possibility that
concavity or monotonicity may fail with respect to the externality is allowed by that
proposition. The next result says that even this stronger requirement fails to impose
any empirical regularity. The reason is again that the axioms of revealed preferences
need not apply in any meaningful sense: given (x;, y,)[T:1 that obeys Eqs. (1)-(4) one
can always find numbers u§ and ,uﬁ, and strictly positive numbers Aﬁ > 0, for all
individuals and observations, such that

uh < ul+ 2 (pt (xj - xf) +q (y§ - yf)) + 1 (yl’ - ytj) : ©)

This system, which resembles the analysis of Afriat, can be used to construct pref-
erences that rationalize the data set, as in the following proposition.

4 That is, for every y™, function u (-, -, y %) is strongly concave and strictly monotone.

5 Fix i, let Jj # i, and, for simplicity of notation and using Eq. (4), suppose that y{ > yé > > y%,
but the system of Eq. (5) below has no solution with all )\i > 0. Then, it follows from the Theorem of
the Alternative for strict inequalities, Rockafellar (1970, §22.2), that there exist o 41 = 0, for all 7 and all

t' #t, and B; > 0, for all ¢, with at least one of these numbers strictly positive, such that for each 7,
O Dy o =2z O g
() Xy o (Pr(xp —x1) +qr(3f — ) = Br; and
(iii) Z,/#, o g (yi/ _ yi,’) =0.
Since y{ > y,j forall 7 > 2, it follows from (iii) that oty ,» = O for every t' # 1. Then, from (i), it must be
that also o/ | = 0 for every t" # 1, and, hence, (ii) implies that ay = 0 for every t' # 2. From (i) again,

one has that also &, , = 0 for every 1" # 2. Continuing recursively, it follows that all ¢, ;» = 0, which
implies, by (ii), that every 8; = 0, which is impossible.
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The testable implications of competitive equilibrium 355

Proposition 1 Any data set is rationalizable by a profile of continuous, strongly
concave and strictly monotone preferences.

Proof As in Theorem 2 in Matzkin and Richter (1991), one can find a strongly con-
vex function h(x, y, y~) that satisfies the properties that 4(x,y, y~) = 0 only at
(x,y,y7) = 0, and that all its partial derivatives are less than 1. Using a solution to
system (5) for individual i, one can construct functions

v, (xi, v, y“i) =uj + A, (m (xi —xi) +q (yi —~ yf)) + ol (yj - yt’)
(o))

where €/ € (0, Al min{min;{p;}, ¢;}) is small enough, so that for all ¢’ # ¢,
uly < up+ A (Pz (x,’} — xf) +4qi (y}} - yf)) + (yf/ — yt])

—efh ((x; y[i, yfi) — (xf,, yf,, y;i)) .

Now, we can define

ut (xl" yi’y—'i) = Intin {U; (xi’ yl" y_‘[)} + (max {L—m[in{/ii — Etl}}-i-l) Zyj/.

J#

The utility functions constructed in this way are continuous, strongly concave and
strictly monotone. By construction, and using Eq. (4), they also rationalize the data.
O

The proposition means that the assumption that convexity applies only to the vari-
ables that each individual chooses is innocuous from the perspective of testability: the
Nash—Walras hypothesis is nontestable with and without that assumption.

2.2 Strategic complementarities

The literature on monotone comparative statics (see, for example, Milgrom and
Shannon 1994; Topkis 1998; Quah 2007), and in particular its application to abstract
games, Carvajal (2004b), have shown that the assumption of strategic complementar-
ity strengthens, significantly, the tests of hypotheses of noncooperative behavior: in
general, the revealed preference axioms imply very weak restrictions for Nash equilib-
rium in continuous games, since, as here, each player maximizes a different preference
relation when her opponents have changed their play; but if the game exhibits strategic
complementarities, the restrictions strengthen, as the players’ best responses, absent
constraints, should be co-monotone. The following theorem shows that such result
does not extend to the present setting.
A utility function u’ will be said to exhibit strategic complementarity if

i (xi’ yi, y—-i) — (xi’ 3, y—|i) > i (xi’ yi, )A}—d) — (xi’ 3, )A;i) ’
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356 A. Carvajal

whenever y' > $ and y™' > $7. If individual demands are observed, this prop-
erty implies strong properties of monotone comparative statics that cannot be satisfied
simply by the observation that each individual may be maximizing a different cross-
section of her utility function. It turns out, however, that one can always construct Afriat
systems that will lead to rationalizations of the data that exhibit strategic complemen-

tarity. To see this, fix an individual i, let j # i, and assume that y{ < yj < - < y7.
As before, one can always find numbers u}, A} > 0 and i} that satisfy the inequality

— 20 (po (=) 40 (v =00)) + i (0 —¥)) <0, ©
whenever ¢ # ¢/, and are such that
)»iqt < A£+1q,+1, whenever t < T — 1, (7)
and
,uﬁ > /Liﬂ, whenever ¢t < T — 1. (8)

With these numbers, one can define individual i’s preferences by the function

Lf@ﬁﬂﬁﬂ)=H@{%+kwm(ﬂ—#)+%(ﬂ—wﬂ)+%(ﬂ—w”}

which is continuous and concave in all arguments, is strictly monotone on (x’, y),
and satisfies strategic complementarity.® Strict monotonicity in y™ can be obtained as
in the proof of Proposition 1, while Eq. (6) guarantees that the profile of preferences
constructed in this way rationalizes the data set. Hence, we have proved the following
proposition.’

6 1t suffices to observe that its right-hand partial derivative with respect to y’ is nondecreasing in y ™.

To see that this is the case, let r and 7 be such that the right-hand partial at (xi, yi, }r_'i) is qu,, and the
right-hand partial at (xi, yi, r" ) is A;q; By construction,

ub g (po (v =)+ ae (3 = of)) + ok (07 =37 = ok (7 (v = 40)
ta; (v = o8)) + k(v =),
and
ub 42k (p; (xi - x;) +a; (yi - y;)) + (ij - yt’) <uj+2] (Pr (xi - Xf)
ar (' =38)) +ui (37 =>7)-
Adding these two inequalities gives (u; - ,bL;-) (y/ — /) < 0, while from Eqs. (7) and (8), it follows that
(far = Map (i —37) = 0.

7 Details of the arguments, including the fact that Eqs. (6)—(8) can always be satisfied, are available from
the author upon request.
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Proposition 2 Any data set is rationalizable by a profile of continuous, concave,
strictly monotone preferences that satisfy strategic complementarity.

This proposition may seem to contradict the results of Chipman (1977), Quah
(2007) and Chambers and Echenique (2009) that imply that the rational demand of an
individual whose preferences are representable by a supermodular and concave utility
function must be normal. It does not, as strategic complementarity here only refers to
the effect of consumption of other people on the utility that the individual derives from
her consumption of one commodity, given the consumption of every other commodity;
that is, there is no effect associated to supermodularity between two commodities that
the individual chooses.

It follows from the proposition that even the combination of overall concavity,
strategic complementarity and monotonicity imposes no testable implications. The
following result exploits the fact that the results above do not assume that endow-
ments are different across observations; it is immediate from the Propositions 1 and
2, by letting the data set be (py, g5, e, k)SS: |- It resembles the results of Mas-Colell
(1977), exploiting the presence of externalities to allow for further properties on the
unobserved individual preferences.

Corollary Any finite set of prices is a subset of Nash—Walras equilibrium prices for
some economy with a given profile of endowments and a profile of continuous, con-
cave, strictly monotone preferences that satisfy strategic complementarity. Formally,
for any finite set of strictly positive prices, {(ps, qs)}ff:l, and any profile of strictly
positive endowments, (e, k), there exists a profile of preferences, u, satisfying the
conditions above, such that {(ps, qs)}f=1 C W(u, e, k). Alternatively, all preferences
can be taken to be strongly concave and strictly monotone.

2.3 Separability

Obviously, the assumption that each individual’s utility function is additive separable
in the consumption of the rest of agents immediately restores the testable implications
of the model without externalities: the presence of externalities has welfare effects,
but it does not affect the behavior of any agent. The purpose of the following result
is to determine whether under weaker separability assumptions the equilibrium mod-
els does impose some restrictions as well. For the purposes of this result, I assume
that there are at least two commodities other than the one that causes the externality,
namely that L > 2.

A utility function u’ will be said to be weakly separable (in x") if it can be written
as

U (xi’ yi’ y—w’) — U (Vi(x)’ yi, y—|i) ,

for a strictly monotone function V' : R — R and a function U’ : V[RE] x R x

]Rf:l — R that is strictly monotone in its first two arguments (see Blackorby et al.
1978, §3). We will say that u' is weakly, smoothly separable if it is differentiable and
has interior contour sets, and if the functions U' and V' above are differentiable.
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358 A. Carvajal

Given a data set, define the following system over vectors x;' > 0 and pt" , and
scalars yi > 0, ul, vi, 0!, Al > 0and u! > 0:® for every individual i and every obser-
vation 7,

i

ol =alp, and 6 = puiq,, )
PiX; +qiy; = pre; + qiky, (10)

i
uy < up + % ( Y — V,’) + 0, (yt’, - y,l) ., whenever y' =y, (11
t
vl <!+ p} (xf, —xf) , (12)
and

> (i) =2 (e k). (13)

i i
Lemma 1 Fix a data set (p;, q;, e, kt)tT:y

1. Ifthe set is rationalizable by a profile of weakly, smoothly separable preferences
that satisfy concavity and strong monotonicity in own consumption, (x', y'), then
the system of Eqs. (9)—(13) has a solution with all (x;, y,i) > 0.

2. If the system of equations has a solution, then the data set is rationalizable by a
profile of weakly separable, concave and strongly monotone preferences.

Lemma 1 does not give a test of rationalizability under the assumption of weakly
separable preferences, because of the existential quantifiers it invokes, but is instru-
mental for the proposition that follows: in order to obtain a proper test, one simply
needs to argue that all existential quantifiers can be eliminated from the characteriza-
tion given by the lemma, without obtaining a tautology.

Proposition 3 Rationalizability by a profile of weakly separable preferences is test-
able using a finite set of inequalities on data. Formally, for any finite sequence of
profiles of strictly positive individual endowments, d = (e;, kt)thl, there exists a
semialgebraic set of sequences of strictly positive prices for all commodities, Ay,
such that:

1. if (ps,qs, er, kl)tT: | is rationalizable by a profile of weakly, smoothly separable
preferences that satisfy concavity and strict monotonicity in own demands, then
(proaNl_, € Ag;

2. if(pr, q,)thl € Ay, then (p;, q;, e, kl)tT:1 is rationalizable by a profile of weakly
separable, concave and strictly monotone preferences.

Also, there exist d for which Ay is a proper subset of (R{F—k xRy,

Proof Given d consider the set of arrays (py, g;, (x}, yi, pl, vi, AL, i, ul, v DT,
that solve the system of Egs. (9)—(13). This is a finite set of polynomial inequalities,

8 The system is based on Varian (1983) and Brown and Matzkin (1996).
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so it follows from the Tarski—Seidenberg theorem (see Mishra 1993, Theorem 8.6.6)
that its projection into the space of prices only, Ay, is semialgebraic. Parts 1 and 2
of the Proposition then follow, respectively, from parts 1 and 2 of Lemma 1, while
Example 1 below illustrates d for which A; C (Ri 4 X Ry )T, O

In the analysis of Brown and Matzkin (1996), the data identify individual bud-
get constraints at each observation, and the tests exploit an existing tension between
the principles of market-clearing (in the form of the nonnegativity constraints on
consumption) and individual rationality (in the form of the weak axiom of revealed
preferences). Here, the overall budget constraint of each individual is observed, but
not the ‘reduced’ budget that constrains the individual’s choice of the commodities in
which her preferences are separable; nonnegativity constraints on all other commod-
ities, however, do impose bounds on the position of these reduced budgets, and, then,
within these bounds, the tension between market clearing and individual rationality
yields the testable implications: in order to complete the argument of Proposition 3, we
must show that there exist data sets which cannot be rationalized under the separability
hypothesis; the following example is one such data set.

Example 1 Suppose that I = L = 2. Suppose that a data set includes the following
two observations:

el=,4), ed=@D, =020, &=(1,2),
ki =0.01, k) =0.005 k% =0.01, k5 =0.005,
p1=(1,10), p»=(10,1), 1 =0.1, ¢ =02

Suppose that the data set is rationalized by the profile of weakly separable prefer-
ences (u!, u?). Let (x,l, ytl) solve

maxu' (x',3'37) s pi- (x' = ef) +a (31 - 1) =0,

X5y

and suppose that ul(x!, yl, y2) =Uulvixh, yl, y2). Then, it must be that each x,l
solves the problem

max Vl(x) 1pix < Tl,
X

with Tt1 = plel1 —q; (yt1 - k,l). By aggregate feasibility,

40.999 = pre} — qik? < T < pre! + q:k}1 = 41.001.
Also, since e} + e% = (3,5) and eé + e% = (5, 3), feasible values of xll and le can
only be, respectively, in

Tl
X1 = {(Xlaxz)lm €1[0,3],xy = ﬁ —O.IxI]
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360 A. Carvajal

and

T]
Xy = [(XI’X2)|X2 €[0,3], x1 = % — O.1x2]
- {(x1,x2)|x1 € [3.7999, 4.2], xp = T — 10x1}.

Since X1 N X2 = &, necessarily xll * le. Since xll € X1, then

1
Tl

poxi = 10x] | + T 0.1x] ; <9.93) +4.1001 < T3 = pox;3,

whereas, since x% € X», then
pixh =xl, +10 (T21 - 10x2{1) < 410.01 — 99(3.7999) < T} = pel,

which is impossible, as it violates the weak axiom of revealed preferences.

It follows that under weak separability the hypothesis of competitive equilibrium
does impose testable restrictions that take the form of a finite set of inequalities on
data. The results will still hold as long as for each individual there are two of the L + 1
commodities for which the person’s preferences are weakly separable: what is critical
in the example is the fact that, under nonnegativity constraints, the observation of the
graduate endowment of all commodity imposes bounds on the levels of expenditure
that each individual must have had on any subset of commodities; if there are two or
more commodities on which the individual’s preferences are weakly separable, then
she must satisfy the axioms of revealed preferences with respect to her demand for
that set of commodities; what the example does is to exploit the fact that, even if the
exact expenditure in those commodities is not observable, the bounds imposed on it
are sufficiently tight that, under the observed prices, it is impossible to satisfy the
weak axiom of revealed preferences over the commodities on which preferences are
hypothesized to be separable.

3 Public goods

Another canonical case is when the externality is actually a public commodity: its
consumption is nonrival and nonexclusive. In this case, preferences are u' : R{; X
R4+ — R, and the utility level of individual i given a consumption allocation (x, y)
is uf (x1, Zj y/).

For this situation to be of interest, I introduce production in the economy: I assume
that there exists an aggregate technology F € RX x R, so that a production plan of
netputs (X, Y) is technologically feasible if, and only if, (X, Y) € F. The ownership
structure of the economy is 6 = (6') iI=1’ a vector of nonnegative numbers such that
>0 =1

An economy is now a profile of individual preferences and endowments, a tech-
nology and an ownership structure: £ = (u,e,k,0,F). For a given economy,
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a Nash—Walras equilibrium is a vector of prices, a profile of demands and a production
plan, (p, g, x,y, X, Y), such that:

1. the firm maximizes profits: plan (X, Y) solves the problem

n}aggpf(—i—q? : (}N(, f’) e F;
X7

2. every consumer is rational, given prices and the demands of other consumers:
each (x', y') solves the problem

maxu’ [ 5,5+ D v/ | : pR+qF < pe +qk +0"(pX +qY);  (14)
X,y ..
J#

3. all markets clear: >, (x' —e', y' —k') = (X, V).

Under nonnegativity of consumption, it is immediate that the second condition in
the definition of Nash—Walras equilibrium can be replaced by the requirement that,
for each individual #, the pair (x*, > ; y/) solve the problem

PX4qy < pe +qk' + 3,4y +0'(pX +qY),

~ 15
V=24 v (1)

max u' (%, ) : [
X3

As before, let WW(E) denote the set of Nash—Walras equilibria of £, and let W (£) be
the projection of this set into the space of prices. A data setisnow (p;, q;, e;, k;, 6;) IT: 1
a finite sequence of prices, endowments and ownership structures; as before, all
prices and endowments are taken to be strictly positive. A data set is rationalizable
if there exist a profile of preferences, u, and a technology, F, such that (p;, q;) €
W(u, e, k¢, 0;, F), for every observation 7.

I follow the same strategy as in the case of separable preferences, in order to show
that the hypothesis of Nash—Walras equilibrium in this setting does impose testable
implications: first, I obtain a (partial) characterization of rationalizability mediated
by existential quantifiers; then, I argue that quantified variables can be eliminated to
obtain an equivalent set of conditions on observable variables only, and use an example
to show that these conditions are not tautological.

3.1 Revealed preference with public goods

First, I obtain revealed-preference conditions, in the form of Afriat inequalities, for
a rational consumer facing a choice problem with a public good. For the purposes
of this analysis, consider a single consumer and ignore its index. Suppose that one
has observed a sequence of prices, nominal incomes, m;, demands for all commodi-
ties, (x;, y;), and aggregate demand for the public good by the rest of the consumers,
y;; denoted this sequence by (py, gr, My, X¢, yr, )_’t)thl These data are consistent with
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individual rationality, in the sense of Eq. (15),° if there exists a utility function u such
that each (x;, y;) solves the problem

maxu(x,y) : pix +q;y <m;+¢q;y, and y > y;
X,y

if that is the case, we say that function u rationalizes the data sequence.

Lemma 2 Fix a sequence of data (p;, q;, my, Xy, ¥, &,)ITII.

1. If there exists a continuous, strictly monotone utility function u that rationalizes
it, then p;x; + q:y;r = m; + q;yr and there exist numbers u; and »; > 0 such that

up < g+ A (pr(xp — x¢) + g (max{yy, y:} — yr)),

forallt andt'.
2. If, forallt, pix: +q:yr = my +q:y: and y; > y;, and there exist numbers u; and
At > 0 such that

up < g+ A (pr(xp — x¢) + g (max{yy, y:} — yr)),

forall t and t', then there exists a continuous, monotone utility function u that
rationalizes the data sequence. If, furthermore,

up < up + A (pr(xp — x1) +qr (Y — 1))

forallt and t’, then u can be taken to be concave and strictly monotone.

The result is based on the generalization of classical revealed preference theory pre-
sented by Forges and Minelli (2009). As with the other lemmas, its proof is deferred
to Appendix A3.

3.2 Revealed profit maximization

Consider now an analogous exercise for the case of a firm: suppose that a sequence of
prices and production plans of the firm, (ps, g;, X;, Yt)tT=1 , has been observed. Again,
the data are consistent with the profit maximization of some firm, if there exists a
technology, F, such that each production plan (X;, ¥;) solves the program

max p, X +¢,Y : (X,Y) € F,
v

)

in which case we say that technology F rationalizes the data sequence.

Lemma 3 Fixa sequence of data (p:, q:, X:, Y t)zT=1 . There exists a nonempty, closed,
convex, negative monotonic no-free-lunch technology F that rationalizes it if, and only

i,

9 And hence of Eq. (14).

@ Springer



The testable implications of competitive equilibrium 363

1. foralltandt', p; Xy + q:Yy < p:X: + q:Yr; and
2. forsome p € Ri+ and some ¢ € Ry, it is true that pX; + ¢Y; < 0 forallt.

The following lemma extends the analysis of Varian (1984) to derive testable impli-
cations of individual profit maximization to the case of no-free-lunch technologies.

3.3 A characterization of rationalizability of a data set

Consider again a data set at the aggregate level, including prices and individual
demands for all commodities, and the ownership structure of the firm, (py, q:,
e, ke, Qt);T=1- Define the following system of equations, over vectors xf and X;, and
scalars yf, ui, Y; and Ai: for every individual i and every observation ¢,

xI>0, y/>=0 and Al >0, (16)

Ptxti +51ty; = Ptei + q,kﬁ + 9; (pe Xt +qiYy), o))

uly <ul 4+ Al (p, (xf,—xf))+q, max Zyt],—Zyt],—yf , (18)
J J

Xy +qi Yy < pi Xy +qiYy, (19)

and
Z(Xf’yf) =Z(€§»k§) + (Xe, o). (20)

Furthermore, we may strengthen Eq. (18) to
uﬁ,fui—i-)»i Dt (xf,—xf)—i-q; Zytj,—Zy,] ; 21
J J

and we may also introduce to the system two more variables, the scalars p > 0 and
¢ > 0, and the equation

pX: + Y, < 0. (22)

Lemma 4 Fix a data set (p:, g, er, ks, 9t)tT=1.

1. Ifthis set is rationalizable by a nonempty technology and a profile of continuous,
strictly monotone preferences, then there exists a solution to the system of Egs.
(16)—(20).

2. Ifthe system of Egs. (16)—(20) has a solution, then the data ser is rationalizable
by a nonempty, closed, convex and negative monotonic technology, and a profile
of continuous monotone preferences.
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3. Ifthe system of Eqs. (16)—(22) has a solution,'? then the data set is rationalizable
by a nonempty, closed, convex, negative monotonic, no-free-lunch technology,
and a profile of continuous, strictly monotone and concave preferences.

The system is inspired by Brown and Matzkin (1996) and Forges and Minelli (2009),
and similar in spirit to Lemma 1. It provides a (weak) characterization of rationaliz-
able data sets, which is mediated by existential quantifiers, so it does not, by itself,
constitute a test of the hypothesis of rationalizability.

3.4 The test

The derivation of the test now follows, again, by eliminations of the quantifiers of the
characterization.

Proposition 4 In the case of public goods, rationalizability is testable using a finite set
of inequalities on data. Formally, for any finite sequence consisting of profiles of strictly
positive individual endowments and an ownership structure, d = (e;, k¢, 6;) zT=1’ there
exist semialgebraic sets of sequences of strictly positive prices for all commodities,

Ag and Ay, with Ag C Ay, such that:

1. if (ps, qr, €1, ke, 9,)?:1 is rationalizable by a nonempty technology and a profile
of continuous, strictly monotone preferences, then (py, qt)tT: 1 € Ag;

2. if (ps, q,)tT:1 € Ay, then (p:, qt, €1, ks, QI)IT:1 is rationalizable by a nonempty,
closed, convex and negative monotonic technology, and a profile of continuous,
monotone preferences;

3. if (pr, q,)[T:1 e AS, then (pts gz, €1, ke, 0,),721 is rationalizable by a nonempty,
closed, convex, negative monotonic no-free-lunch technology, and a profile of
strictly monotone and concave preferences.

Also, there exist d for which Ay is a proper subset of (R{F—k xRy,

Proof As before, notice that, given (e;, k;, 9r),T=1, the systems defined by Eqgs. (16)—
(20) and by Eqgs. (16)—(22) are finite sets of polynomial inequalities, so the sets of their
solutions are semialgebraic. Let A, be Ag the projections into the space of sequences
of prices of the set of solutions to these systems, respectively. By the Tarski—Seiden-
berg Theorem, these sets are semialgebraic, and the result then follows from Lemma
4 and Example 2 below. O

3.5 Nonrationalizable data

In a production economy, one might expect refutability to fail because: (i) if profits are
not observed, individual incomes are undetermined and hence the restrictions imposed
by individual rationality may be weakened; and (ii) in the presence of production, non-
negativity constraints on consumption are less informative: production may transform

10 of course, in this case Eq. (18) is redundant.
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endowments so as to allow consumption allocations outside the original Edgeworth
boxes. Introducing production, however, adds profit maximization as an element of
the model and this additional structure may as well be a source of refutability for the
hypothesis.

On the other hand, the assumption of a public good yields sufficient structure to
impose empirical implications on individually-rational behavior. While it is true that
the decisions of other agents in the economy induce changes in the utility function of
each individual in terms of the variables that she chooses, the fact that these effects
have the public-good structure implies that one can see the problem as the one of an
individual who always maximizes a constant utility function, only subject to not-nec-
essarily-linear budget constraints: the intuition of the construction of Lemma 2 and
Proposition 4 is the same as in Lindahl’s canonical analysis, where one models indi-
vidual behavior as if each person were to choose the aggregate level of provision of
the public good; here, though, instead of introducing personalized prices and allowing
for unconstrained trade of the good, I maintain the anonymous price, but restrict each
person’s aggregate demand for the public good to be at least what the data reveals to
be the aggregate private demand of the rest of the economy. The case in which person-
alized, Lindahl prices are introduced (although they are not assumed to be observed)
was studied by Snyder (1999) and constitutes a test of an alternative hypothesis: that
the economy has provided the public good at a Pareto efficient level.

The argument that the test derived in Proposition 4 is nontautological is given, once
again, by an example of data that cannot be rationalized under the hypothesis of public
goods. Consider the following case.

Example 2 Suppose that I = 2 and L = 1. Suppose that a data set includes the
following two observations:

61129, e%:l, e]2=1, e%:l,
kKl=1, k=9 k=1 k=1,
ol =1, 60i=1, 02=0, 65 =0,
pP1 = 100, P2 = 1, q1 = 1, q2 = 100.
Suppose that a data set is rationalized by a nonempty technology and a profile of
continuous, strictly monotone preferences. Let x; > 0 and y; > 0, fori,t = 1,2,
be the associated consumption levels, and let (X;, ¥;), for t = 1, 2, be the associ-

ated production plans. Profit maximization, monotonicity of preferences and market
clearing immediately imply the following conditions:

piXi+qiY1 = pi1Xo +q1Y2, (23)
P2 X2+ qpYs > pa X1 + q2Y1, (24)
pixi +q1yi = pi (6% + X1) +q1 (kl1 + Yl), (25)
P}t = p2 (44 X2) 4+ (K + 1), 26)
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PIXT + @137 = piet + qiki, 27)
P23 + q2y5 = paes + qak3, (28)
Xl +xf=el +ef+ X1, (29)
b+x)=e)+e3+ X, (30)
iyl =kl +k+1, 31)

i+ 3 =k + k3 + 1> (32)

By direct computation (see Appendix A2), these conditions imply, furthermore, that

pixt+an (yé + y%) < pi (e% + Xl) +a (k} + Yl) Yand (33
pid g (v +97) < (4 X0) +ar (B + 1) +ad G4
pixs < piel + qikl + pi1 X1 + @171, (35)
pax{ < paey + qaky + p2Xo + qa Y. (36)

Butthisis impossible, as it contradicts individual rationality for individual 1. Indeed,
since each (x/, y! + y?) solves the problem

max u' (%, y):
Xy

[pt)E +Qt§ =< pz(etl + X)) + QI(k;. + 1) +qzy,2,
¥ =i
it must also solve the problem

pix+qy < Pt(ell + X)) + Qt(k;. +7Y)+ Qtytz,

1,~ ~
maxu (X,9) : - )
) [szSpt(e,1+Xt)+qt(k§+Yt).

But then, it follows from Proposition 1 in Forges and Minelli (2009) that the following
acyclicity condition must be observed: for r # ¢/, if

Ptxtl/ + q; (ytl/ + ytz/) =Dt (etl + Xt) + q: (ktl + Yt) + Qtytz
and p,xtl, < pi (e} +X:) +q: (k! +Y;), then, either
1 1 2 1 1 2
PrX; +qr (yt + yt) > pr (6,/ + Xt’) +qr (k,/ + Yt’) +aqry,

or ppx} > py (e} + X)) +qr (k) + Yr).

It follows, once again, that the assumption that the externality is in the form of a
produced public good gives testable restrictions on prices, given the observation of
real endowments and of the ownership structure of the economy.
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4 Further information

The previous results show that further restrictions on the class of fundamentals allowed
in a rationalization may (but need not) restore testability for the competitive hypothesis
under externalities. Alternatively, I now show that if one observes individual demands
for the externality commodity, some restrictions arise even under the more general
classes of preferences. I consider again the simpler case of an exchange economy with
general types of externalities.

Some concepts need to be redefined, although I keep the existing notation, for sim-
plicity. Now, a data set is (p;, g, e;, k;, y[)thl, a finite sequence that includes infor-
mation on y,i for every individual and observation. I assume, again, that all observed
prices, endowments and consumptions are strictly positive, and that > ; (yi —ki) =0,
for all ¢, and psel + g, (k! — y!) > 0, for all i and all 7.

Consistently, W (&) now denotes the projection of the set of Nash—Walras equilibria
of economy & into the space of prices and individual consumptions of the externality,
and a data set is rationalized by a profile of preferences u, if (py, q;, y1) € W(u, e, k;),
for every observation ¢.

4.1 A characterization and the test

Once again, given a data set we can define a system over vectors x; and p;, and
numbers u}, 6/ and A}, as follows: for each individual i and each observation ¢,

x>0, pl>0, />0 and Al >0, (37)
ol =xip, and 6 =2rlg,, (38)
Pt = peel +ai (k=) (39)

ui, <ul+p! (xf, - x;) + 6! (y;, - yll) . whenever y;,i =y, (40)
and

Zx,i =Ze§. (41)

Lemma 5 Fix a data set is (p;, q;, €1, ks, y,)tT:].

1. If the set is rationalizable by a profile of continuous preferences that are locally
nonsatiated in own consumption, then there exists a solution to the system defined
by Egs. (37)-(41).

2. Ifthe system has a solution, then the set is rationalizable by a profile of continuous,
concave and strongly monotone preferences.

With this characterization, the testability result is the following proposition. It fol-
lows that, upon observation of prices, individual endowments and individual demands
for the externality commodity, the hypothesis of Nash—Walras equilibrium is testable.
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However, it is important to notice how mild these (exhaustive) restrictions are: any
feasible data set generated randomly with nonatomic measures is rationalizable with
full probability.

Proposition 5 Rationalizability under observation of demands for the externality is
testable using a finite set of inequalities on data. Formally, for any finite sequence of
profiles of strictly positive individual endowments and demands for the externality,
d = (e, ky, y,)tT: |» there exists a semialgebraic set of sequences of strictly positive
prices for all commodities, Ag, such that:

1. if(ps, qs, e, ke, yt)thl is rationalizable by a profile of continuous preferences that
satisfy concavity and strong monotonicity on own demands, then (p;, q,)tT: 1 €
Adg;

2. if (ps, q,)thl € Ay, then (p:, q:, e, ks, y,)lTZ] is rationalizable by a profile of
continuous, concave and strongly monotone preferences.

Also, there exist d for which Ay is a proper subset of (R_LH_ xRy )T,

Proof The argument is similar to the proof of Propositions 3 and 4: the system defines
a semialgebraic set, so its projection into the space of prices is semialgebraic as well;
Lemma 5 then yields the two statements, while the fact that there are d for which
Ag € REY, x Ry )T follows from Example 3 below. ]

4.2 Nonrationalizable data

The following example completes the proof of Proposition 5:

Example 3 Suppose that I = L = 2. The information of the data set with partial
observation includes the following two observations:

el=(1,4), =1, =021, &=(,2),

kl =1, k) =0.5, kP =1, k3 =1.5,
p1=(1,10), p»=(10,D, q1 =1, g2 =12,

Suppose that the data set is rationalized by preference profile (!, u?). Since yl2 =
y%, it follows that consumer 1 maximizes the same utility function, ul G, y12), at both
observations. Let x,l, fort = 1, 2, be such that each (x,l, ytl) solves the problem

nlla)$MI (xl, yl, ytz) Dt (xl — e,l) + q; (y1 —k,l) <0.
X 7y
Define

X1 = {x|x; €10,3], x2 =42 — 0.1x;}

and

Xy = {x|x1 € [3.9,4.2], x = 42 — 10x;} .

@ Springer



The testable implications of competitive equilibrium 369

Since
piel +qi (kll — yll) =42 = preb + o (ké -~ yzl) ,

e% + e% = (3,5) and e% + e% = (5, 3), it follows that xl1 € X1 and le € X». Since
XiNX,=0, thenxl1 #* le. Since)cl1 € X1, then

poxi +qayf =9.9x] | +4.2 <9.93) +4.2 < 42 = pre} + q2ky.

.wherea.s, sinc.e le .e X7, l?y a similgr argument, p1x21 +q1 y% < ple} +q1k} . But thisis
impossible, since it constitutes a violation of the weak axiom of revealed preferences,
which applies.

5 Concluding remarks

The results obtained here show that the assumption that there exist consumption
externalities significantly weakens the testable implications that the hypothesis of
competitive equilibrium imposes on the response of commodity prices to observed
perturbations in individual wealth levels. Under basic assumptions on individual pref-
erences, the Nash—Walras equilibrium hypothesis imposes no restrictions on finite
subsets of the equilibrium manifold of the economy. Intuitively, this occurs because
the presence of externalities allows for the construction of utility functions whose
cross-sections with respect to own consumption are maximized by each agent at only
one of the observations in the data sample; immediately, revealed preference arguments
are vacuous, and the tensions existing between individual rationality and market clear-
ing, which yields the results of Brown and Matzkin (1996), disappears. Importantly,
this is the case even when one imposes the hypothesis that all individual preferences
exhibit strategic complementarity in the consumption of the commodity that causes the
externality commodity, which contrasts with the literature on monotone comparative
statics, and with the application of this literature to abstract games.

Stronger restrictions on unobservables, or the observation of individual consump-
tions of the externality, are required to restore testability. Separability of preferences
in own consumption would yield the results trivially: if consumption of the commod-
ity that has external effects by other agents of the economy is assumed to not affect
each individual’s behavior, the restrictions obtained for the case when there are no
externalities immediately hold. What is interesting, though, is how much less sepa-
rability needs to be assumed if some restrictions are to be maintained: it suffices for
preferences to be weakly separable in two of the commodities traded in competitive
markets.

Another important case corresponds to the hypothesis that the externality takes
the form a public good. Here, I have considered the case in which production takes
place, and have, for simplicity, assumed the existence of only one firm. In terms of data,
T'have assumed that the ownership structure over this aggregate technology is observed
as well. The results show that the structure imposed by the principles of profit maximi-
zation and individual rationality, along with the structure imposed by the hypothesis
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of the public good, suffice to yield testable implications on prices, endowments and
stock distribution.

Finally, I have argued that for general classes of preferences, under observation
of individual demands for the externality, some nontautological restrictions do exist.
Inspection of these conditions, however, shows that the exhaustive set of restrictions
imposed is extremely mild.

Some of the results obtained here are easy to generalize. For example, at the cost of
some technical complication, one can substitute the assumption that the externalities
come from consumption of some commodity, for one in which they stem from some
abstract action on continuous individual sets. In this case, of course, there are no prices
attached to the externality, but arbitrary bounds may be imposed instead. The results
obtained here extend to that setting, under the proviso that preferences be restricted to
be locally Lipschitzian. The case considered here, consumption externalities, is then a
particular case of that abstract setting, although some of the results obtained here can
only be derived from the general case for compact arbitrary subsets of the domain.

Appendix Al: An algorithm that gives Eqgs. (1)-(4)

Rationalizations for any data set can be constructed on the basis the following algo-
rithm. Here, the notatione = (1,0, ...,0) € RL is used.

Algorithm Input: a data set (p;, q;, e;, kl)thl

1. r=1.

2. Ifyt"/ £ ki foralliandallt’ < t, then let xf = eﬁ and yf = kf,for alli, and go
to step 7. _ .

3. LetJ ={i|3t' <t:y, #k}.

»

If J =@, lete = 1and gotostep 6.
5. Lete = miniej{mint,<t:y:/¢k;{|y;, — ki |}}.

(I=Dpire;, 1. 1 1 1 1 _ 1y a8
— b8 = gmin{e kL v}y =k =8, x =+,

and, for everyi # 1, yf = kf + ,(STl and xzi = e§ = piad lq(tla—l)e'

7. Ift =T, stop. Else, t =t + 1 and go to step 2.

6. Lety =min;-{

Output: (x;, yt)thl'

Note first that this algorithm runs in finite time. Also, note that, since 7 is finite,
if § is defined at some pass through the algorithm, then § > 0. Equations (1)—(3) are
hence immediate.

For Eq. (4), it suffices to show that if at the fth pass through the algorithm, it is true
that yli, £ yli,/ for every distinct ¢/, 1’ < 1, then y;, # yl forallt’ < t. This is tautolog-
ical if # = 1, and follows from step 2 if (x/, y/)!_, = (el, kI)._,. Now, consider 7 > 2
and assume that (xf, yf){zl is given by steps 3—6. Consider three different cases:

Case 11ft =2 and J = @. Then, k, = y| for all i, and since § > 0, follows that
2 # k=1

Case 21ft = 2 and J # @. Then, if | ¢ 7, itis true that y] = ki, and, since
8 > 0, it follows that y} =k} —8 = y} — 8 # y|. Else, 1 € J and one has that if
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yl = yl, then, since y} = k! — 8, so it would follow that

an obvious contradiction. On the other hand, for each i € 7\(J U {1}), it is true that
yj = kj, and, since § > 0, it follows that

) . 5 . 8 ;
q— — V! L
2=kt y1+1_17éy1
Finally, for each i € J\{1}, if one had that y{ = yé, then, since yé = ké + [‘ST] and
6 > 0, it would follow that

. . 1) €
‘—k’)=—<3<—
Y1 2 I_1-°=2

again, a contradiction.

Case 3 If t > 3. In this case, by the induction assumption, 7 = Z, from where, if
there exists ¢’ < ¢t — 1 with ytl, = ytl, then yl1 = kt1 — § and § > 0 would imply that
v} # k! and

1 1
‘yt/ — kt

€ .
=§<-<e< min {‘y}//—k}‘},
2 " <t—1:y), £kl

an obvious con_tradic;ion. Similarly, _if for some i # 1, one had that f_or some ' <tr—1
itis true that y;, = y;, then, y; = k; + 15T1 and § > 0 imply that y;, # k; and

b

1) € .
=——<§<=-<e€e< min {
I—-1 2 l”fl—l:y;,,;ék;

yti/ - k; yf// — k;

again a contradiction.

Appendix A2: Proofs of claims
The following claims apply to the data set defined in Example 2.
Claim1 X; > X, > —2and Y, > Y| > —2 Moreover, Y21 —i—y% > k} —i—ylz.

Proof From Egs. (23) and (24), by direct substitution,

1
100X, > 100X, + (Y2 — Y1) > 100X, + W(Xl — X3),

so X1 > X». Also, by Eq. (30), given nonnegativity, X, = le + x% — e% — e% >

—e% — e% = —2. That Y > Y1 > —2 is proven similarly. Now, Eq. (32) and the
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previous inequality imply that

i+ YI=104+Y2>104+Y; >3+Y; >34V —yl.

But, then,

w403 > (2K + k) + 71—y =k +].
by direct substitution and Eq. (31). O
Claim 2

mﬁ4"m105+ﬁ)<p1@}+X0+q1@%+n)+qw%
Proof By direct substitution and Eq. (26),

pixl g1 (yé n y%) = 100x] + y1 +y2

1
=901+ —(X 100Y;
+ 100( 2+ 2)

1
+ (100— ﬁ) (3 +e3+x2-x3) +33,

where the last equality comes from Eq. (30). By direct substitution, nonnegativity and
Eq. (28), then,

1
pixs +q1 (y; + y§) = 208.99 + 100X5 + Y, — (100 - ﬁ) X3+ y3

< 208.99 + 100X, + Y5 + y3
p2e3 + q2k3 — pax3
e
p2e3 + q2k3
e

=208.99+ p1 X2 +q1Y2 +
< 20899+ p1 X2 +q1Y> +
=211+ p1 X2 +q1Y2.

By Eq. (23), then,

pixs +qi (yzl +}’§) <2l1+piXi+q1h
<901+ p1 X1 +q1 11
= piei + qiki + pi X1 + 11
< prej + qik{ + piX1 + @Y1 +q1yf,

where the last inequality comes from nonnegativity. O
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Claim 3
1 1 2 1 1 2
p2x; ++q2 (Y1 + y1) <P (62 + Xz) +q2 (k2 + Yz) +q2;.
Proof By direct substitution, using Egs. (25) and (31),

paxl + ()’11 + yf) = x| + 100 (yll + ylz)

1
=208.99 + X + 100Y; + —y?
+ X + T

1 p1(e? —x2) +qik?
20899 4 paXy 4 qu¥y + P ) Haki
100 7

where the last equality comes from Eq. (27). Then,

1 p1€2+qlk2
szll + g2 (yll + ylz) < 208.99 + poX> + @2 Y2 + ﬁ%
1

=211+ p2Xo + @12

<901 + p2Xo + 212

<901 + p2 X2 + @2 Y2 + q2y3

= pares + k) + prXo + 2 Y2 + @23,

by Eq. (24) and nonnegativity. O

Claim 4
pix%y < piej +qiki + piXi +qiY1.
Proof By Claim 2,
pi%s +qi ()’21 +y§) <pi (e} + X1) +ai (k} + Y1) a1yt
It must then be that
pixy < pi (6% +X1) +q1Y1 < p1 (6% +X1) +q1 (k11 +Y1) ,

since, by Claim 1, y} + y3 > k! + y?. o
Claim 5 plel < pzeé + qzké + p2Xo + @Y.

Proof By direct substitution and Egs. (25), (27) and (31),
1
1_ b 2 2 2
pax; =899+ X + 100 (Pl (61 xl) +‘I1k1) ,
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By nonnegativity and direct substitution, then,

1
plel <899+ X + Too (PIE% +q1k%)
=11+ X,
< 701 + X;.

Since, by Claim 1, Y7 > —2, it follows that

paxi <901 + X + 100Y;
=901 + p2 X1 + 211
<901 + p2 X2 +qo 12
= p2ey + @2ky + p2 X2 + 2 Y2,

by Eq. (24). o

Appendix A3: Proofs the lemmata

Proof of Lemma 1 For the first part, by definition of equilibrium there exist individual
consumption plans (x;, y;) > 0 that solve the problem

max u' (i ¥, y?i) L pE A @F < peel + gkl
X,y

and satisfy Eq. (13). Equation (10) follows immediately from monotonicity of u'. By
separability and strict monotonicity of U' in its first argument it must be that x; solves

max Vi@FE) :pik < p,ei + q: (kf - y,’) ;
X
50, by the Kiihn—Tucker theorem, there exist Ai > 0 and u! > 0 such that i, yi)ui
(xI, i, ") = ui(ps, qi) and dVi(x}) = Alg,. Equation (9) follows if we define

pp = )\;'p_t and 6] = uiq,. By concavity of V', it follows that Vi(x') < Vi(x/) +
0; (x' — x/). By the chain rule,

—1 i i
Ay U (V' (le) Vi Y, ’) = (8V' (x;)) d,iu' (x;, Vi, v, ’) = lt— = —l.t,
AP At

so it follows, by convexity of U’, that

i
0t (7 3) 20 (1 () o) () 24 (v ()
t

Defining vi = Vi(x!) and u! = U'(V}, yi, y;") yields Eqs. (11) and (12).
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For the second part, fix an individual i and notice that, again by Theorem of the
Alternative _for systems of .Weak inequalities, Rockafellar (1970, §22.1), the exist real
numbers wj and vectors v; such that

i

wj < wi 5 (v i) 6] (o) =) +of (57 =57
t
Then, we can define functions
Vi(x') = min {v;’ + ol (x" — x;')} ,

and
. . . . Mi . . . . . . .
UiV, ¥,y = min [w; e (A BN G B Ol y?’)] :
t

to obtain a profile (ui){: | of continuous, concave and weakly separable preferences

that are strictly monotone in (x’, y’), while strict monotonicity of each u’ in y™ can
be obtained as in the proof of Proposition 2. This profile rationalizes the data set. O

Proof of Lemma 2 For part 1, define, for each ¢, the continuous and increasing func-
tion

g(x,y) =max{p;x + q;y — m; — q; Y1, prx — my}.

By construction, since u is strictly monotone, p;x + q;y = m; + q;y; and it is true
that each (x;, y;) solves the program

maxu(x, y) : piX +qiy <mi+ gy and - prx <my.
This means that each (x;, y;) solves the program
maxl/l(.x, y) : gl(-xv y) S 0’
x,y
and that g, (x;, y;) = 0. It then follows from Proposition 1 in Forges and Minelli (2009)
that there exist numbers u; and A; > 0, for all ¢, such that uy < u; + Arg: (xy, i),
for all # and ¢’. For part 2, define the continuous and monotone function
u(x, y) = minfu; + A (pr (x — x) + g (max{y, y} — y)}-
Fix ¢ and suppose that p;x + q;y < m; + q;y, and y > y;. It is immediate that
u(x,y) < u;, while, by the conditions on u; and A;, u(x;, ;) = u,. Under the extra
hypotheses, letting

u(x,y) = mtin{ut + A (pr(x —x) +q:(y — )}

gives concavity and monotonicity. O
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Proof of Lemma 3 For necessity, the first item follows directly from profit maximiza-
tion. Now, suppose that for no (p, ¢) € ]Rf;Jr x Ry is it true that pX; + ¢Y; <0
for all ¢. It follows from Theorem 22.2 in Rockafellar (1970), again, that there exist
o€ Rf_ and g8 € Rf‘r"’l\{O}, such that

Zat(Xtv Y)=p8>0.
t

It follows that @ > 0 and, by convexity of F, that

0<(X,Y)= > (X, Y) e F,
t

1
Zt o

contradicting no-free-lunch.
For sufficiency, as in Varian (1984), let F be the convex hull of the set U; ((X;, Y7) —
R{; x Ry ), which is nonempty, closed and convex. That each (X/, Y;) solves

max X+ qY
(X D)eF Pt qt

follows from Theorem 2 in Varian (1984). To see that Y satisfies no free lunch,
suppose that (X Y) € F and (X Y) > 0; by construction, we can find a
sequence (X;, Y,, oc,)l | such that (Xt, Y,) < (X;,Yy)and 0 < a; < 1, for all ¢, and

2 a;(X;,Y,) = (X, Y). Then,

T T
0<pX+‘pY:pzat)~(z+(pl§l Sp_zatyt:zatp,yt <0,
t t=1 t=1

an obvious impossibility. O

Proof of Lemma 4 The first statement follows from Lemma' 2, part 1, and_is routine.
For part 2, fix the vectors x; and X;, and the numbers y;, u}, ¥; and A} that solve
the system of Egs. (16)—(20). Notice that, by the second part of Lemma 2, there exists

continuous, monotone utility functions u’ such that each (xf, > j y]) solves the prob-
lem

pixX+q;y < Ptet + qik} + 6/ (P Xi + 4 Yo) + ai iz Vs

maxu (x y):
{y = zl;ﬁt yt

Also, by Theorem 3 in Varian (1984), there exists a nonempty, closed, convex and
negative monotonic technology, F, such that each (X, ;) solves the program

mag(ptf(—i—qtl? : (f(, )7) e F.
Xy

The conclusion follows, since markets clear by Eq. (20).
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The testable implications of competitive equilibrium 377

Given a solution to system (16)—(22), the proof of the third statement is similar,
using Lemmas 2 and 3. O

Proof of Lemma 5 The first part follows from Walras’s law and Afriat’s theorem (see
Varian 1982), by definition of rationalizability.

The proof of the second part is similar to the proof of the second part of Lemma 1, so
details can be omitted. System (37)—(41) implies, again by the Theorem of the Alter-
native, that there exist numbers wﬁ and vectors v;, for all individual and observation,
such that

wi —wp 4 v (37 = y7") < M () = x1) + a0 (v — 1))

Individual preferences can be defined by

(o) = min {2 (e () e (7 0d)) o ()

and an additive term can be used to guarantee strong monotonicity in all arguments.
O
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