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Abstract

General equilibrium theory was criticized for its apparent irrefutability, as seemingly implied
by the Sonnenschein—Mantel-Debreu theorem. This view was challenged by Brown and Matzkin
[Econometrica, 64 (1996) 1249], who showed the existence of testable restrictions on the equilibrium
manifold. Brown and Matzkin, however, maintain the assumption that individual preferences are
invariant (against psychological evidence). | consider the Brown—Matzkin problem under random
preferences: for each profile of endowments one observes a distribution of prices; does there exist
a probability distribution of preferences that explains the observed distributions of prices via Wal-
rasian equilibria? | argue that even under random utilities general equilibrium theory is falsifiable.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The work ofSonnenschein (1973), Mantel (19&t)dDebreu (1974)ed economists to
believe that general equilibrium did not impose any (strong) regularity that could be refuted
with data, unless one observed individual behavior, which is unlikely.

Such pessimistic view was challenged in 1996 by Brown and Matzkin. They exploited a
tension existing between the two fundamental concepts of the theory, individual rationality
and market clearing, to show that whenever individual endowments are observed, the theory
imposes non-trivial restrictions on prices.

The argument of Brown and Matzkin crucially assumes that individual preferences are
invariant and uses revealed-preference theory in order to argue the existence of data which
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are inconsistent with general equilibrium. While this assumption may seem natural in eco-
nomics, it receives strong criticism from other disciplifds.particular, research in human
behavior seems to have convinced psychologists that human preferences are probabilistic
in nature and that, therefore, so are human behavior and cHoices.

Does randomness in preferences imply that general equilibrium theory is unfalsifiable?
This paper incorporates the theory of random utility to the problem and shows that when-
ever individual endowments are observed, the theory imposes non-trivial restrictions on
probabilistic distributions of prices.

The paper is organized as follov&ection Aays down the problem. I8ection 3a char-
acterization of data that are consistent with general equilibrium under random preferences
is obtained. Given that this characterization is mediated by existential quantifiers, it fails to
provide for a direct test and it is unclear whether the null hypothesis of consistency can ever
be refutedSection 4which introduces two examples of non-rationalizable datasets, makes
the case for refutability, whil8ection Sorovides another characterization of rationalizabil-
ity and uses standard results in quantifier elimination to determine the abstract form that
restrictions on data alone have.

Kubler (2003)also deals with the problem of falsifiability of equilibrium theory in a
non-deterministic environment. Kubler studies whether intertemporal general equilibrium
imposes restrictions on prices of commodities and assets, given a stochastic process of
dividends and aggregate endowments. He finds that if one restricts individual preferences
to be additively-separable, expected-utility preferences, then there do exist testable restric-
tions. There are two differences between Kubler's problem and the one dealt with here.
Kubler’s setting is intertemporal and agents have to make their decisions under uncertainty.
The problem studied here, on the other harak no intertemporal featuremnd, although
preferences are assumed to be randagents decide under certaintgesides, Kubler as-
sumes the observation of a joint stochastic process of prices, aggregate endowments and
dividends, while here one assumes very different data: for each profile of endowments, one
observes a probability measure on the space of prices—there is no sequentiality in either
the set of endowments or the way in which prices are observed.

For a comprehensive survey of related literature,Gaerajal et al. (in press)

2. The problem and definitions

There are a finite sef, = {1, ..., I}, of consumers and a finite numbér, e N, of
commodities. For each consumer, the consumption &t is

1 From a philosophical standpoir€roeber-Riel (1971as written that “revealed-preference theory proves to
have. .. little foundations in reality . . The alleged advantages of increased empirical relevana this theory
prove to be linguistic declarations without factual meaning See alsdHausman (2000)

2 According toLuce (1959Y([a] basic presumption. . is that choice is best described as a probabilistic, not an
algebraic phenomenan.” Similarly, Block and Marshack (196@yrote that “[i]n interpreting human behavior
there is a need to substitute ‘stochastic consistency of choices’ for ‘absolute consistency of choices’. The latter
is usually assumed in economic theory, but is not well supported by experience.’LAls®and Supes (1965)
justify the choice of a probabilistic understanding of human behavior by saying that “[h]istorically, the algebraic
theories. .. have been used in economics and statistics almost exclusively. The probabilistic ones are largely the
product of psychological thought, forced upon [psychologists] by the data [they] collect in the laboratory.”
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Prices are normalized to lie ifi, the (L — 1)-dimensional unit simplexS is endowed
with ac-algebraZ.

Suppose that one observes a non-empty set of profiles of endownEthGRiJr)’, and
that for each observed profile= (¢');cz € E, one observes a probability measure on the
simplex of pricesy, : & — [0, 1]. That is, given a profile of endowmentse E, and a
measurable set of price§, e &, x.(C) is the frequency with which prices were observed
to lie in C when endowments weee

Let/ be the class of continuous, strongly concave, strictly monotone functiongﬁfpm
into R. For a profile of preferencas< (R, )! and a profile of preferencds e ¢/, let
Wy.. denote the set of competitive equilibrium prices.

The datasetE, (x.).cr} is rationalizable if the observed distributions of prices can be
explained as being induced, via equilibrium, by a probability distribution over the set of
profiles of preference#(’. In order to deal with multiplicity of equilibria, the assumption
made here is that prices are determinaedomlyfrom within the Walras set of the econ-
omy. Since the latter set depends on the profile of endowments, rationalizability would be
requiring that there exist, for eaehe E, a probability measufer, : PU’) x & — [0, 1]
such that: (i) for eaclt’ € &, x.(C) = 7.(U!, C); and (ii) for eachy € PU’) and each
Ce&:

7. (V,C) >0= 3FU e V)3pecC):pe Wy

Intuitively, the first condition says that given an observed profile of endowments, the ob-
served probability that prices lie in a given measurable set of prices is equal to the theoretical
probability of that set prices (once preferences are integrated out). That condition imposes
none of the principles of individual rationality and market clearing. This is done by the
second condition, which requires that, given endowments, the theoretical joint probability
of a set of profiles of preferences and a set of prices be positive only if for at least one of the
profiles of preferences in the former set, there is a price in the latter set which is Walrasian
equilibrium given the endowments.

The two conditions, however, demand too little from the rationalization, as they do not
require that preferences be independent from endowments. For that, one mustrequire that the
family (r.).cz have a common marginal distribution ovéf. that there exist a probability
measure? : PU') — [0, 1], such that for every’ € PU’) and everye € E, 9()) =
7.V, S).

Under this further requirement, each conditional distribution for priees|U) : & —

[0, 1], is a random selector ovéVy ., as defined irAllen (1985) let F denote the set of
probability measures o8, defined over=; givenU € U! ande e (RJLFJF)’, a random
selector isp € F such thatp(Wy,.) = 1.4

In order to distinguish randomness in preferences from randomness in prices, given
preferences, define a finite s&, of states of the world, which only account for changes in
the preferences of individuals.

3 Fora given seZ, P(Z) denotes its power set.
4 Thisis under the assumption thiélt, . € &. Aweaker requirement would be that for evéhe =, if W, . C C,
theng(C) = 1.
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Definition 1. AdataselE, (x.).cr} is §2-rationalizable if there exist a probability measure
§ 1 P(2) — [0, 1], a functionu : 2 — U’ and a functio” ¢ : u[2] x E — F such that
for eache € E and eaclC € 5:6

X(0) =Y s({w)g(u(@), e)(C)

weS2

and for eachw € 2 and eacle € E:
pu(w), &) (Wyw),e) =1

In the definition,s is a probability distribution over states of the worldjs a rule that
assigns a profile of preferences to each stategaaslsigns to each profile of preferences
and each profile of endowments a probability distribution a¥efhe first condition in
the definition is, again, that the observed probabilities be explainédibginde, whereas
the second one requires that each distribution &/eave as support the Walras set of its
economy.

Condition 1. Throughout the rest of the paper, it is assumed that:

1. Prices can be observed with perfect accuraty: P(S).

2. Only a finite number of profiles of endowments has been observed B®wn and
Matzkin, 1996: #E < oo.

3. For each observed profile of endowments, only a finite number of strictly positive prices
has been observed to occur:

(Ve € E) 1 #SUpP[x.) < 00 A xe(SUpf(xe)) =1

where

Suppxe) = {p € Slx.({p}) > 0} S RL,

3. Rationalizable datasets

One observes individual endowments, the supports of the distributions of prices, and the
actual probabilities that each one of the prices in these supports attains. The unobservables
whose existence one wants to test are the profiles of preferences that occur in each state of
the world, the probability that each state of the world attains and the random selectors given
utilities and endowments.

5 Given a functionf : X — Y and a seZ C X, f[Z] denotes the image df underf.

6 Sinceyp mapsu[£2] x E into F, which is a function space, thep(u, ) € F means thap(u, e) is a function
from Z into [0, 1]. ForC € Z, the value of this function ig(u, €)(C).

7 The logical connectors ‘and’ and ‘or’ will be denoted, respectivelyrbgndv. — will denote negation of a
subsequent sentence. Under the null hypothesis of rationalizability, if one relgtriciisclude only differentiable
functions with interior contours, this assumption holds generically on endowments. This followD&brau
(1970)
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There exists a third class of variables: those that one would observe if one could obtain
individual-level data on an experimental laboratory. There are two groups of data in this set
of variables. First are the demands of each individual, for each budget he has faced and for
each state of natufeSecond, since for each profile of budgets, actual choices depend on the
state of the world, then profiles of demands from those budgets are also random variables;
if one had access to richer data, one would know the distributions of these variables.

If these two groups of variables were observed, under the null hypothesis of consis-
tency with general equilibrium they would have to satisfy certain conditions. For the
first group of variables, the necessary and sufficient conditions are derived from standard
revealed-preference theory. For the second group, the relevant condition comes from the the-
ory of revealed-preference under random utility. Finally, if one could also observe random
selectors then the restrictions of their definition should be imposed directly.

Theorems 1 and éharacterize rationalizability in terms of existence of these observable-
but-unobserved variables.

Notation 1. Given{E, (x.).ck}, denote, for eache Z:
B = (B C RY|(3e € E)3p € SUPHxe) : B(p, ¢) = B')
Denote also:
B= {B < RY)1(3e € E)3p € Supfixe)) : HB(P, ¢) = B}
ieT
where forp € Sande’ € RE:

B(p,é)={xeRE|p-x < p-e}

Notation 2. Let B = [];.; B € B. For each € Z, let B  P(B)\{@}. Then, denote
B = {c C B (3(0’)@ € ]_[F'?B’) : ]—[C" = C}
ieT i€eZ
and denote byo8 thes-algebra generated by? on B. Moreover, denote:

Box=|]J(B)x =P
BeB

Theorem 1. A datase{E, (x.)ccr} is $2-rationalizable only if

e Foreachi € 7, eachB' € B’ and eachv € £, there exists" 5@ ¢ RL.
e Defining for eachi € Z and eachB’ € B':

Fi,B" _ U {{xi,Bi,w}}

we2

8 Under the null hypothesis, some of these exercises may be counterfactual.
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then for eachB € B and eachC € X5 there existgp c € Ry.

e For eachw € £2, there existsl, € R,.

e For eachw € £2, eache € E and eachp € Suppx.), there existsf,, .., € R which
satisfy the following conditions
1. For eachi € Z, eachw € 2 and each finite sequen¢si)X_, in B":

((Vk €{l...,K—1):x"Be ¢ B};)
N (xi,Bf.'L,w — B\ yiBLo ¢ BlK)

2. For eachi € Z, eachw € £2, eache € E and eachp € Supp(x.):

i.B(p.¢).0 _ i

p-x p-e

3. ForeachB € B:
ggp=1

and for eachB € B and each finite disjoint sequen¢€y)X_, in x5:

K
= K
ZgB,Ck gB,Ukzlck
k=1

4. For each finite sequendey, Ck),f:1 in B® X, there exists € £2 such that®

K K

“Bi’
ZgBk,Ck < Z 1Ck ((xl k w)iEI)
k=1 k=1

5. For eachB € B and eachC € X&:

gac= Y dole(("F?)ico)
wes2

6. For eache € E, eachp € Supfx.) and eachw € £2:
in,B(p,ei),w #* Zei = fw.ep =0
iel iel

7. For eachw € £2 and eache € E:
dy>0= Y foep=1

PESUPRXe)

8. For eache € E and eachp € Supfx.):

XeUpD) =Y dofuep

weS?

9 For a given seZ, 1, denotes the indicator function.
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Proof. Lets, u andy $2-rationalize{E, (x.)cck}. DefineVi € Z,VB' € B andvw € £2:1°

XBY0 = arg maxd’ (o) (x)
xeB!
Theorem 2 inMatzkin and Richter (1991jmplies Condition 1. Condition 2 follows from
the monotonicity o’ (w).
DefineVB € BandVC e ¥5:

gn.c = 8(fw € 2|(argmax:’ () (x))iez € C})
xeB!

Condition 3 is immediate. Condition 4 follows from Theorem Tiarvajal (2003}
DefineVw € 2, d,, = §({w}). Then,

g.c=8({w € 2|(x"F )z e C))
= Y o) =) dole(("F i)

weR:(xi-Bo). reC wes2
which is Condition 5.

DefineVw € £2,Ve € EandVp € SUPHxe), fo.e.p = ¢u(w), e)({p}). Suppose that for
w € 2,e € Eandp € Supfx.):

in,B(p,e’),w # Zei
i€l i€l
By construction, this means that¢ W, . and, then, sinceu (o), ¢)(Wy(w)..) = 1, it
follows that £, .., = ¢(u(w), e)({p}) = 0, which proves Condition 6.
Now, let® € £2 ande € E and suppose thal, > 0 andZPeSume) fa,e,p # 1. Since
o(u(w), e) € F, it must be that:

> ew@).odph <1
PESUPHXe)
which implies thaBC C S\Supfx.) : ¢(u(®), e)(C) > 0. Then, sincé({w}) = d; > 0,
it follows that:

Xe(C) = Z S({whpu(w), e)(C) = s({whpu(w), e)(C) > 0
weS
contradicting the fact that € S\Suppx.). This implies Condition 7.
Finally, by constructionye € E andVp € Supg{p}):

XeUph) = Y 8{oNpw(@), )UpH) = D do fure.p

wes2 wes2

which is Condition 8. O

10 The notational proviso of Note 6 applies het&w) is a function mappin@k%r into R, which takes the value
u'(w)(x) atx € R,

11 Since #2 < oo, it follows thatVB € B, #I'® < oo and, hence, that®? < oco. Since # < oo, andve € E,
#Supfix.) < oo then #3 < oo and therefore Condition 1 iGarvajal (2003)s satisfied. Conditions 2 and 3 are
also satisfied sinceB € B, B=[[;.; B' = [L;cz B'.
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Intuition about the conditions of the theorem is straightforward, considering the following
definition of variables. Let" 5" bei’s utility-maximizing demand oveB’ whenw realizes
and letI"™-#' be the collection of singleton sets of bundles that maxinigetility over B’,
considering all possible states§h For each collective budgd, let ¥ be theo-algebra
induced by the individual collection&#', and for each set of profiles of bundi€ss x5,
letgp c € R, be the probability that, if each individual chooses fr8firationally, then the
profile of choices lies ir€. Finally, for eacho € £2, d,, is its probability, whilef;, . , € R,
is the probability assigned to prige by the random selector correspondingetand the
profile of preferences assigneduat

Then, given an individual and a state of the world, individual rationality imposes SARP
across all possible budgets, which is Condition 1, while strict monotonicity imposes Walras’
law, which is Condition 2. For a collective budgete B, Condition 3 imposes the second
and third axioms of Kolmogorov for probability distributions. Condition 4 is the extension
to collective problems of the Axiom of Stochastic Revealed Preferentécbadden and
Richter (1990) as proposed bgarvajal (2003)Condition 5 requires that, indeed, proba-
bilities over collective choices be explained by probabilities over states of the world, via
individual rationality. For the random selectors, Condition 6 is market clearing while Con-
dition 7 requires that they be probability distributions. Finally, givemationalizability,
probabilities over states of the world and random selectors must explain the observed prob-
abilities accurately: Condition 8.

If collective budgets and states of the world fully discriminate individual behavior, in the
sense that for each state of the world there exists a budget for which individual behavior
differs from that on all the rest of states, then one does not need probabilities both over
states of the world and over collective choices.

Theorem 2. A datasefE, (x.)cck} is £2-rationalizable if

e Foreachi € 7, eachB' e B’ and eachw € £2, there existc" 5@ ¢ RL.
e Defining for eachi € Z and eachB’ e B':

Fi,Bi — U {{xi,Bi,w}}
wes2

then for eachB € B and eachC € X5 there existgp ¢ € R, .
e Foreachw € £, eache € E and eachp e Supfx.), there existsf,, . , € Ry, which
satisfy the following conditions . ‘
1. For eachi € Z, eachw € £2 and each finite sequencB;(),f:1 in B
(Vk e {L,.... K —1}): xBr® ¢ Bi)
:> (xi,Bf.'L,w — _xi’BiK’w) Vi (xi,B;_,w ¢ BZK)
2. For eachi € Z, eachw € £2, eache € E and eachp € Supfx.):

i.B(p.¢).0 _ i

p-x p-e

3. For eachB € B:
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gpp=1

and for eachB € B and each finite disjoint sequen¢€y)X_, in X5:

K

= K
ZgB,Ck 8B,UK i
k=1

4. For each finite sequena®y, C) in B® X, there existso € £2 such that

K K
"B’.’
Y g < Y 1o (B ier)
k=1

k=1
5. For eachw € £2, there exists3 € 15 such that
e Q\w) = @iel): B0 4 B
6. For eache € E, eachp € Supfx.) and eachw € £2:
in,B(p,ei),w #* Zei = fwep=0
i€l i€l
7. For eachw € £2, let B(w) € B be implicitly defined by

B=Bw) & (V& € 2\{o)@i € T) : x*B@ £ xi B

8 Bl (B @0y, O

then for eache € E:
Z fw,e,p =1
PESUP(Xe)
8. For eache € E and eachp € Supg(x.):
Xe({p}) = Z gB(w),{(xi*Bi(”))*“))iej} fw,e,p
wes

whereB(w) € Bis defined as itCondition 7.

Proof. Given Conditions 1 and 2, it follows from Theorem itatzkin and Richter (1991)
thatVi € ZandVe € £, 3U*® € U such that:

(VB € B) : argmaxU® (x) = (x"B"2)
xeB!
Defineu : 2 — U’ by u(w) = (UH®)je7.
Define,VB € B, the functionyp : X8 — [0, 1] by y5(C) = gp.c. It follows from
Condition 3 thatyp is a probability measure and from Condition 4 and Theorem 1 in
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Carvajal (2003)that3s : P(£2) — [0, 1], a probability measure, such théaB € 1 and
VC e X5

8({w € 2|(argmaxu’ (w)(x))iez € C}) = gp.c

xeB!

Define,Yo € £, B(w) as:
Bw)=BeB& Voe 2\|o)@iel): iB@ 4 B

which one can do by Condition 5. Thevy € £2:

8 B(w), (B @0y, ) = VB (P ) ie1))

=8({& € 2I(arg maxd' (@) ()ier € {5 @@)e7)))
xeB' (w)

=8({® € R|(Vi € T) : X B @0 = (B @0}y — 5((0))

Now, constructy : u[2] x E — F as follows. Letu € u[$2] and lete € E. By definition
and Condition 5, fv € Q2|u(w) = u} = 1. Then, letf{w,} = {w € Lu(w) = u}.

If 8 Bleoy). (B @nrony, gy > 0, then define(u, e) : & — [0, 1] as follows:
(Vp e Supp:Xe)) co(u, e)({p}) = fwu,e,p
(Yp € S\Supfx.)) : (u, e)({p}) =0
(VDe E:#D #1) 1o, e)(D) =} ,cpeu,e){p})

Condition 7 implies that, so defined(u, ¢) € F.

If, alternatively,gB(wu)’{(XLB,-(&)MW)’_Ez} = 0, then letp € W, ., which exists byArrow

and Debreu (1954pand definep(u, ¢) : & — [0, 1] by:

. _ 1, ifpeD
(VD € 5) Do, )(D) = { 0, otherwise

It only remains to show that, so constructeds and2-rationalize{E, (x¢)ecE}-
First, lete € E andp € Suppx.). Then, by Condition 8:

Y SDeu@). UPY) = D 8y ity forep = Xe(P))

wes2 we?

It follows thatVe € E andVC € Z:

X(O)=xCNSUPIX) = > xe(lph

peCNSUPMxe)
= 2 . doheu@). e
peCNSUPA xe) wES2
- ¥ Y. SUwhe@). o(p)

peCNSUPH x.) we2:8({w})>0
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= > |deh Y ew),edp

weR:8({w})>0 peCNSUPRXe)

= ¥ S({w) ) pu(w), o ({p)

wef2:8({w})>0 peC
= Y (ohew@),e)(0) =Y slohHeu(w), e)(C)
wef2:5({w})>0 wes

where the sixth step follows from the fact that, by Conditiovis € 2 such thas({w}) > O,
if p ¢ Suppix.) thenp(u(w), e)({p}) = 0.

Second, fixw € 2 such thath(w)’{(x,.,B,-(w),w)id} > 0 and lete € E. Suppose thap ¢
Wi(w).e- If p ¢ Supx.), it follows by construction thap(u (), e)({p}) = 0. Now, if p €
SUPRXe)\ Wu(w).e» itfollows thaty ", xBPe)-@ £ S~ ¢ and, hence, from Condition 6,
one has thap(u(w), e)({p}) = fu.e,p = 0. It then follows thatp(u(w), e)(S\Wy(w),e) =0
and thatp(u(w), €)(Wy(w),.) = 1.

By construction, the same conclusion appliés € 2 such thath(w),{(x,-,B,-
=0.

(@,0);c7}
O

4. Non-rationalizable datasets

The results of the previous section characterize rationalizability via the existence of
unobserved variables satisfying certain conditions. In principle, it could happen that such
variables always exist, and hence that the general equilibrium hypothesis is irrefutable.
The results ofSection 5show that there are testable restrictions purely on observed data.
The examples obtained in this section show that those quantifier-free restrictions are not
tautological and that the hypothesis is refutable.

There are two types of examples, corresponding to the non-existence of particular unob-
served variables. The first type of example has to do with demands that satisfy SARP and
arises solely from the supports of the observed distributions of prices. If this were the only
kind of example, one could suspect that there is a stronger version of the reSétgioh 3
which does not involve the actual values of the probabilities and that, therefore, the testable
restrictions obtained here are just a relaxation of the ones found by Brown and Matzkin
(allowing for #2-many instances of SARP per individual, instead of just one). The second
type of example shows that this is not the case: even under consistent supports, there are
values of the actual probabilities which are impossible to rationafize.

4.1. Inconsistent supports

ConsiderFig. 1, where endowments ¢’ € (Ri+)2 and pricesp, p’ € S are illustrated.
Suppose that the supportspfandy, are as inFig. 2

12 The existence of this example implies that the existence clausgg fard,, and f,, .., in Theorems 1 and 2
were not trivial.
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<]

0, 11 O

X X

Fig. 1. Bounds on the supports of observed distributions of prices.

To see that for n@2 can these data b@-rationalized, argue by contradiction: suppose
that for some2 these data are rationalizable. e Suppx.). By definition, there must
existw € 2 suchthat({w}) > 0andp € W, (y),.. Fix one suchw. Sinceé({w}) > 0, there
must existp’ € W, such thatp’ € Supfx.). But, then, consideFig. 3. Whatever
p € Supp(x.) andp’ € Suppx.) are, it is impossible that consumer 1 satisfy the weak
axiom of revealed preferences, and therefore it cannot bg tbaW, (). andp’ € Wy () .¢'-

This example is extreme in that all the prices in Sygp are inconsistent with all the
prices in Suppy.). It suffices that there exists one price in either one of the supports which
is inconsistent with all the prices in the other support.

Fig. 2. The supports of observed distributions of prices.



A. Carvajal/ Journal of Mathematical Economics 40 (2004) 121-143 133

0
1 ot

Fig. 3. Prices with positive probability imply violations of WARP.

4.2. Inconsistent probabilities

ConsiderFig. 4 Suppose that endowmentande’ and associated distributions of prices
xe and x., have been observed such that Sypp = Suppxe) = {p, p}. Notice that
Supp(x.) and Suppy./) are consistent. Nonetheless, the following claim establishes that
not all values ofy, ({p}) and x.({p}) can be rationalized for given set of eveuizs The
claim is based ofrig. 5and is to apply only for this example.

0

0,
1 M 0

Fig. 4. Observed endowments and prices.
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0

0,

Fig. 5. Overlapping of observed endowments and prices.

Claim 1. For every set of events £2, dataset {{e, €'}, (x¢, xe/)} IS §2-rationalizable only if
xe (P + xe({Ph) = 1.

Proof. Without loss of generality, suppose théd, ¢}, (x., xe/)} is 2-rationalized by, §
ande, such that the support éfis £2. Denote:

21={we ~Q|[~7 € Wu(w),e’ A ]~7 € Wu(w),e}
-QZ = {w € Qlﬁ € Wu(w),e N i7 € Wu(a)),e’}
93 = {w € QI]A? € Wu(a}),e’ N ]3 € Wu(w),e}

By SARP,£21 N 222 = &. Now, suppose thab € 2\ (21 U £22). Then,
—((P € Wy(w),ee AP € Wywye) V (P € Wywye AP € Wiw),e'))
which is:
—(p € Wiy, NP € Wuw).e) A =(P € Wuw).e AP € Wuw).e')
or, equivalently:
(P & Wuw.e VD & Wuw.e) N (P E Wuwye VP E Wiw.e)
This implies that:
(P & Wu),e AP & Wu),e)

\/(Z) ¢ Wu(w),e’ N i’ ¢ Wu(a)),e’) \% (i’ ¢ Wu(w),e A ]A? ¢ Wu(w),e)
V(i? ¢ Wu(w),e A lA7 ¢ Wu(a}),e’)
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and, therefore, given the dataset, that:

(i’ € Wu(w),e’ A l~7 € Wu(w),e)
\/(]A? € Wu(a}),e’ N ]A? ¢ Wu(a)),e’) \% (ﬁ € Wu(w),e A ]A? ¢ Wu(w),e)
V(i? € Wu(w),e AN [3 € Wu(w),e’)

The second and third sentences are self-contradictory, whereas the fourth one is impossible
by SARP.Hence,p € Wy(w),e AP € Wyw),e) @andw € $23. This proves tha@,U2,U23 =
2.

Suppose now thab € £21\£23. Then,

(13 € Wu(w),e’ A I~7 S Wu(w),e) AN _'(i) € Wu(w),e’ A 13 € Wu(w),e)
which implies that:

(]3 € Wu(w),e’ A ]3 € Wu(w),e) A (f’ ¢ Wu(w),e’ Vv i) ¢ Wu(w),e)
and hence that:

1~7 € Wu(a)),e’ A I~7 € Wu(a)),e A f) ¢ Wu(a)),e’
Moreover, by WARP, sincg € W, ., it follows that:

l~7 € Wu(w),e’ N ]3 € Wu(w),e AN lA7 ¢ Wu(w),e’ A lA7 ¢ Wu(w),e
which implies that:

pu(w), e){p}) =1

p(u(w), e)({p}) =0

pu(w),e)({ph) =1

pu(w), e)({p}) =0

By a symmetric argument, fas € 22\ 23 it is true that:

pu(w), ) ({ph =1
pu(w), e)({p}) =0
pu(), H({ph =1
pu(®), H({p) =0

Consider now the case whene £23. By definition,(p € Wy (w),e A P € Wy(w),e) Whereas,
by SARP—=(p € Wyw).e A P € Wy(w),e), Which means that:

(i’ € Wu(a)),e’ A Z’ € Wu(w),e) AN (IN’ ¢ Wu(w),e’ \% IA’ ¢ Wu(w),e)
Hence,

(pu(®), )(P) =1 A pu(w), HY{PH = 0) V (p(u(w), ){P})
=1Apuw),e)({p}) =0)
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Now, by $2-rationalizability, the previous results imply that:

xe ({P)) = Z S{oNeu(w), H({PD

weS
= Y (ohew@),Y{pH+ Y S{wDew@), ¢)({p))
wef21\823 wE22\$23
+ ) S({whe@), )({PD
weS23
= Y s(oh+ )Y s{eo)ew(), &)({PD
WwER\§23 wEeS23

whereas, similarly:

xe{PH = Y swh)+ Y s(whe@). (p)

wes21\ 823 weS23

Then,

XeUPH + xe(ph =D sdoh+ Y (o}

weS2r\§23 we21\823

+ Y (N (pw(@), Y(PD + (@), e)(P))

wes23

> Y stoh+ Y seh+ Y d(wh=1

wes2o\ 23 wef21\§23 wes23

where the inequality comes from the fact that, as implied by previous results, 23,
pu(w), H({PD + pu(w), e)({p}h) > 1. O

5. Quantifier-freetestablerestrictions

This section shows that given (i) a set of states of the world, (ii) an observed set of profiles
of endowments, and (iii) for each observed profile of endowments, the set of observed prices,
there exist restrictions (free of existential quantifiers) on the values of the probabilities that
these prices can take. The general functional form of these restrictions is also determined.

For the result, a new characterization of rationalizability is introduced. This characteri-
zation is less interesting by itself, as it fails to uncover a fundamental feature of the theory
of random preferences, namely the randomness of choices.

Theorem 3. Adataset {E, (x.)ecr} is $2-rationalizableif, and only if:

e For eachi € Z, each B € B and each w € 2, there exist x-8'¢ ¢ RE, ABLe e R, L
and Vi8¢ ¢ R.
e Foreachw € £2, thereexistsd,, € R,.
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e For eachw € £2, each e € E and each p € Supfx.), there exists f;, .., € R, such
that:
1. Foreachi € Z,each w € £2, eache,é € E, each p € Supfy.) and each p €

Supixz):
Vi,B(i;,é"),w < Vi,B(p,e"),w + Ai,B(p,ei),wp. (xi,B(i;,é"),w _ xi,B(p,e"),w)
with strict inequality if:

B 5 ; i
xt,B(p,e ),w # xl,B(p,e ),

2. Foreachi € Z,each w € £2, each e € E and each p € Supfx.):

i,B(p.e).o _ i

p-x p-e

3. Zdwzl

weR
4. For each w € £2, each e € F and each p € Supf(x.):
in,B(p,ei),a) #* Zei = fw,ep =0
i€l i€l
5. Foreachw € 2andeache € E:
dp>0= Y foep=1
PESUPHXe)
6. For each e € E and each p € Suppx.):
xe({p}) = Z da)fw,e,p

wes2

Proof. SeeAppendix A O

The following theorem shows that there do exist quantifier-free testable restrictions, which
have the form of polynomial inequalities.

Theorem 4. Supposethat 2and E € (R% )’ aregiven. Supposealsothat, for eache € E,
the set Supp(x.) € Sisfixed and let ¥ be the set of vectors:

((Xe,p) peSuppixe))ecE € l_[[O, 1]#SUan€)

ecE
such that the dataset:
E,|CH Z Xe,p
peC ecE

is $2-rationalizable.13 ¥ is a semialgebraic set.
13 The notationC 2 pec Xe,p Means that the functiog. : & — [0, 1] is constructed as:

(YCE€8): x(O) =) Xep
peC
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Proof. SeeAppendix A O

Since equilibria exist, it follows that the sét need not be empty. The first example of
Section 4shows that such set may be empty and, more interestingly, the second example
shows that, when non-empty, the getmay be a proper subset of:

H[o, 1]7#SuPixe)

ecE

Then, there do exist testable restrictions on thelsenly, and these restrictions take, in
abstract, the form of polynomial inequalities.

6. Concluding remarks

The goal of this paper has been to argue that general equilibrium theory is refutable,
even without observation of individual choices and allowing individual preferences to vary
randomly. This result goes in line with the onesBsbwn and Matzkin (1996My results,
however, overcome the criticism, common in mathematical psychology, of the assumption
of invariant preferences, which is present in the work of Brown and Matzkin via their
application of revealed-preference theory.

Given a finite economy, if one observes a finite set of profiles of individual endowments
and a probability distribution of prices for each one of the profiles, then there exists an
exhaustive set of necessary conditions that have to be satisfied for the data to be consis-
tent with general equilibrium theory, given a set of possible states of the world. These
restrictions were studied here in two instances. First, a characterization of the definition of
consistency of data and theory was given via existence of individual contingent demands
and of probabilistic distributions of choices and equilibrium prices. Secondly, it was ar-
gued that the existential quantifiers can be eliminated, and that the conditions of the first
characterization have an equivalent in terms of conditions purely on the data. The latter
conditions were not explicitly obtained and only their abstract mathematical form could
be determined. However, it was also shown that they are not vacuous: they constitute a
test of the consistency of data and general equilibrium theory with power to refute this
hypothesis.

| have assumed that, as the state of the world changes, individuals realize that their
preferences change and choose accordingly. An alternative interpretation is that individ-
uals, although endowed with one preference relation, are unclear about their preferences
and act accordingly to their perceptions of these preferences, which depend on the state
of the world. This interpretation can be easily accommodated by my results. However,
in both interpretations, if there are additional hypotheses about how different states of
the world affect individual preferences, they need to be incorporated in the theory, since
the results here allow for a very broad class of preferences. The conditions argued here
should continue to be necessary, but the arguments for sufficiency may not suffice for these
additional hypotheses, in which case the list of restrictions given here will no longer be
exhaustive.
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Appendix A

Proof of Theorem 3. Necessity can be argued in a way similaifteeorem 1 Sufficiency
is obtained as follows.

By Conditions 1 and 2 and Theorem 2 litatzkin and Richter (1991t follows that
Vi € I, Vo € £2,3U* € U such that:

(Ve € E)(Vp € SUpfx.)) : x-BP<) — argmaxt/* (x)
xeB(p,e')
Define the function: : 2 — U by (Vo € ) : u(w) = (U"®);e1.
Let § = #2 e N and denumerat& = {w1, w2, ..., ws}. Consider the following
algorithm.

Algorithm 1. Input: 2

1.5s=1,60=0.

2. If Qo € O) : u(®) = u(w), thend = @ and go to 4.
3. 0 = {w).

4, ® =0 UH.

5. If s = §, thens2 = © and stop.

6. s=s+landgoto?2.

Output: 2

The output of the algorithm2 < £2, has the properties that:
Vo, € 2) 0 # & = u(w) # u(®)
(Vo € 2\2)(Fd € 2) : u(®) = u(w)

Define now the functiod : P(£2) — R as follows:

Vo € 2) : 8({w)) = dy + > d;
e\ Q2:u(@)=u(w)
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(Vo € 2\2) : 8(fw}) =0

(VP € P(2) : #D £ 1) : §(P) = Z s({w})

weP

By Condition 3, it follows tha# is a probability measure ove?.

Define the functiow : u[$2] x E — Fasfollows. Fix: € u[s2]ande € E. By the second
property ofQ2, {w € Rlu(w) = ulN2 + . Letw, € {w € 2|u(w) = u}N 2. By the first
property of$2, Vo € 2\{wy}, u(w) # u, from where #{w € 2|u(w) = u} N 2) = 1 and,
hencew, is defined with no ambiguity. 8({w,}) > 0, then defing(u, e¢) : & — [0, 1]
as:

dwu fwu,e,p + Zwe(l\f):u(w):u dwfw,e,p
§({wu})

(Vp € Supfixe)) : ¢(u, e)({p}) =

(Vpe S\SUPF(xe)) S, e)({ph =0
(VCeEHC#1L) pu,e)C) = Zpec o, e)({p})

By construction:

o, &) S) =Y e, e){ph= Y oW e){ph

peS PESUPHXe)

— Z oy fouep + Za)eﬂ\é:u(m):u do fo.e.p
S({wu})

PESUPHXe)
i dwu ZpeSup;:(xg) fwme,P + Zweg\fz;u(w):u (dw ZpESUp[Z(XE) fw,eyl’)
S{wu})

_ dwu + Zweﬂ\@:u(w):u do
S({wu})

where the fifth equality follows from Condition 5. This and the construction imply that
o(u,e) € F. If, alternatively,s({w,}) = 0, then definep(u, ¢) € F and in the Proof of
Theorem 2

The functions, § andg .(2 rationalize the datas€rl, (x.)ecr}-

First, lete € E andC € Z. Then,

=1

> s(ohe@). ()= > s(whew®), e)(C)

wes? we2:8({w})>0

Z Z s{wDeu(w), e)({p})

we2:8({w})>0 PEC

> X (dwfw,e,p + > d&)fa),e,p)

we2:8({w})>0 PEC HE\Q2u(D)=u(w)

SN dufuoer =D xelph) = Xe(C)

peC wes2 peC
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where the fourth step follows from the propertiesdénd the fact thatw € 2, §({w}) = 0
implies thatd,, = 0, and the previous to last step follows from Property 6.

Now, fix w € £ ande € E. Suppose that for somg € S, p(u(w), e)({p}) > 0.
By the second property a@, 3@ € £ such thau(®) = u(w). If §(@) = 0, it follows
by construction thap € W,z).. = Wu),e- If, on the other handj(@) > 0, then, by
construction:

(Fw € 2) 1 u(®) =u(@) ANdy > OA fo0,>0

By Condition 4,Ziezx"~3(1’~ei)~@ = Y ,cz€ and, hence, by constructiop,e W, )., =
Wu@y.e = Wuw),e. This implies thatp(u(w), €)(S\Wy(w),.) = 0, or thate(u(w), e)
(Wu(w),e) =1

Lemmal. Let A C RK: x RK2 where K1, K, € N, bea semialgebraic set and let A 1 be
its projection into RX1, defined as:
A= (x e R¥1 3y e RX2) : (1, y) € A}
Then, A ! is semialgebraic.
Proof. Define the function); : RXt x RX2 — RX1 by n1(x, y) = x. Its graph,G (1) =

(RX1 x RX2) x RK1 is semialgebraic. Sincd is semialgebraic, it follows from the
Tarski—Seidenberg theorem (see Theorem 8.6Migtra, 1993 that:

x e RFAW, y) € A) 1 (v, y) = x}
= xeRKYAW,y) e A) X =x) = [x e RE @y e REK2) 1 (x, y) € A} = A L

is semialgebraic. O

Proof of Theorem 5. Define the functions sgnR — {—1, 0, 1} by:

-1, ifx<O
sgnx) = 1 0, ifx=0
1, if x>0

andsgh :R* — {=1,0, 1}* by Sg(x) = (Sgn(x)));-;.
It follows from Theorem 3hat:

((Xe,p)pesupﬂxg))eeE ey C H[O, 1]#Supﬂxe)
ecE

if, and only if, there exists a vector:

((BPD9) e Supmige) e E)weR)ieT
((APBP)@) o inye) Jee E)wes)ieT
E=1 (v BP0y iy ec Edweg)ier

(((fw,e,p)peSupﬂxe))eeE)we.Q
(da))a)e.Q
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in the Cartesian product of the sets:

1

#$2
(l_[ (Ri)#supﬂxe)>

ecE

1

#S2
(l_[ (R++)#Supﬂxe)>

eckE

1

#02
<H(R)#3Upﬂxe))

eckE

#0
(H[O’ 1]#Supl1xe)>

ecE
[0, 1]%
such that:

(((Xe,p)peSupﬂx@))eeE, )
satisfies the following conditions:
() VieZ, Vo € 2,Ve, e € E,Vp € SUpPx.) andVp € Suppxz):
Sgr(vi,B(ﬁ,éi),w _ Vi,B(p,ei),w _ )Li,B(p,ei),wp . (xi,B(iJ,éi),w _ xi,B(p,ei),w))
—_1v (Sgr(vi,B(;y,é"),w _ Vi,B(p,e"),w)
= O A STI BP0 — 3P0y — O)f )
(i) Vi e Z,Vw € £2,Ve € E andVp € Supp(x.):
sgnp - e — p - xHBPD0) = 0

(iii) sgn(}_,codw —1) =0.
(iv) Yo € £2,Ve € E andVp € Supfx.):

SO fue p(Y i — 2 BPD0)) = @F
i€l i€l
(V) Vo € 2andVe € E:
Sgr(dw( Z fw,e,p - 1)) =0

PESUPHXe)
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(Vi) Ye € E andVp € Supfx.):

Sg“Xe,p - Z dwfw,e,p) =0

wes2

Consider the set of vectors:

(((Xe,p)pesupﬂxe))eeE’ 0

that satisfy conditions (i)—(vi). By definition, such set is semialgebraicL&yma 1 the
projection of this set intg [, ; R*SUPRXe) which is precisely, is also semialgebraic]
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