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1
Preliminary concepts

1.1 Some Useful Notation

THE FOLLOWING NOTATION, which is standard in mathematics, will be used through-
out these lecture notes: the symbol 3 means there ezxists; the symbol V means for all;
the symbol : will be used to mean such that.!

ExampLE 1.1.1. The statement ¥x # 0,3y # 0 : y-x = 1 means that for every
number x, different from zero, there exists some number y, also different from
zero, such that the product y-x equals 1.

The symbol = means implies. For example, A = B is shorthand for saying that
statement A is a sufficient condition for B (and B a necessary condition for A). The
symbol < means if, and only if. For instance, A < B means that statements A and
B are equivalent. The symbol /\ will mean and, whereas V will mean or. The symbol
— will be used to negate a statement. In some cases, we will use parenthesis to clarify
the notation.

ExaMPLE 1.1.2 (The Contrapositive Principle). (A = B) < (—B = —A).
ExampPLE 1.1.3. =(AAB) < (—AV —B), while (A V B) & (—AA—B).

The Contrapositive Principle is very useful for mathematical proofs. A closely re-
lated method of proof is the one of arguments by contradiction, in which, in order to
show that A = B, one shows that (A A—B) is impossible.?

We take the natural numbers as preliminary of our theory, and denote their collection
by N = {1,2,...}. Historically, the existence of these numbers has been taken for
granted, for it was «natural» for people to use them to count.3

1.2 Set Theoretical Concepts

By set, WE MEAN A collection of objects, which are called the set’s elements. Of
course, this is not a bona fide definition, since the concept «collection» has not been
defined either. Rather that trying to define a collection, we will take the concept of
set as a primitive of our theory. The idea that is important, though, is that a set is
completely defined by its elements, no matter what means one uses to describe them.

Following standard notation, we use x € X to denote that object x is an element of
set X.# Also, we use | to signify such that in the definition of a set.

! Soon we will introduce an alternative
notation for such that, which we will
use, for clarity, in particular cases.

2 These are alternatives to the method
of direct proof, in which in order to
prove A = B one finds collection
of statements (whether definitions, ax-
ioms or previously proven theorems)
of the form A1 = Anm, for each
m € {1,...,n}, such that Ag = A and
A = B. Then, one has the following
reasoning:

A=Ag=>A1=>...
= An—-1= An = B.

3 Other numbers — namely 0, the neg-
ative integers, the rational numbers,
the irrational numbers and the com-
plex numbers — were more problem-
atic, even controversial, and had to be
constructed on the basis of the natural
numbers.

4 This statement is also read as «x be-
longs to X.»
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ExaMPLE 1.2.1 (The Archimedean Property for N). ¥x € N,3y e N:y > x.

ExXaAMPLE 1.2.2. We can define the set X as the subset of elements of set N that
are greater than some given y, by saying that X = {x € N | x > y}. Or, we can
write the set Y ={1,4,9,16,25,...} asY={y € N|Ix e N:x-x =y}.

DEFINITION. The empty set, &, is the set that contains no elements.’

We say that X C Y whenever x € X = x € Y. When this is the case, we say that X
15 a subset of Y. When we have that X C Y and Y C X, we say that X =Y.

THEOREM 1.2.1. For every set X, @ C X and X C X.8

1.2.1 Operations

Let us fix some set X. Relative to this universe, we can define the elementary set
operations: given sets A, B C X, we define their intersection,

ANB={xeX|xe AAx € B}

their union,
AUB={xeX|xeAVxeB}

the complement of B relative to A,
A\B={xeX|xe AAx ¢ B}

and the complement of A, A€ = X\ A. Note that if A,B C Y, then the first three
operations do not change when defined relative to a different universe Y, but the fourth
one does.

THEOREM 1.2.2. Giwven sets A,B C X,

1. ANBCA and A C AUB;

2. ACB&< B C A

3. (A)C=A, ¢ =X and X =g,

4. AUA® =X and ANAC =g;

5. A\B=AnNB¢,

6. ANB=2 < ACB®),  ANB=A<ACB) and AUB=A < BCA).

Proof. The proof is left as an exercise. For illustration purposes, let us prove the
second statement. Since it is an «if and only if» statement, it is best to give the two
proofs: one for necessity and one for sufficiency, independently.

Let us first prove the «if» part. Suppose that B¢ C A€. Then,

x € B¢ = xc AS,
which means, by definition, that

(xeXAx¢€B)= (xe XAx¢&A),

5 Notice that we say “the empty set”,
rather than “an empty set”. The reason
is that, since a set is completely defined
by its elements, there exists only one
empty set, no matter how one ends up
finding it!

6 Unless stated otherwise, it is ex-
pected that the student will be able to
prove all the theorems in the notes. In
the case of results that are not too ad-
vanced, if a proof is not provided in
the notes then it is suggested as an ex-
ercise. If a proof is too advanced, a ref-
erence where it can be found is given.
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and hence, by Example 1.1.2, that
—(xeXAx ¢ A)=—(xeXAx ¢&B).
Then,
(x€XVxeA)= (x¢ XVxeEB),

and, therefore,
x€EA=(x¢ XVxeEB),

but then, since A C X, we must conclude that
x €A =xeB.

Now we must prove the «only if» part. Suppose that A C B. If B¢ = &, then we
are done, by Theorem 1.2.1. Otherwise, suppose that x € B€. Then, x € X and x ¢ B.
Since A C B, we must have that x ¢ A. Then, we have x € X and x ¢ A, which
means that x € A€. Since this is true for all x € B¢, we can conclude that B¢ C A€,
as needed.” [

THEOREM 1.2.3. Gwen sets A,B,C C X,

1. AU(BUC)=(AUB)UC=(AUC)UB;

2. AN(BNC)=(AnB)NnC=(ANC)NB;,

3. AUBNC)=(AUB)N(AUC) and AN(BUC)=(ANB)U(ANC);
4. (ANB)U(A\B) =A.

Proof. Again, the argument is left as an exercise, but for illustration purposes we prove
the last statement. By definition, we have to show that (ANB)U(A\B) C A and that
A C (ANB)U(A\B). For the first inclusion,® suppose that x € (ANB)U (A \ B).
By definition, then, either x € (AN B) or x € (A \ B). If the former statement is true,
then the fact that x € A follows from statement 1 in Theorem 1.2.2. If the latter is
true, then the fact that x € A follows by definition. For the second inclusion, consider
x € A. Since A C X, then x € X. Obviously, either x € B or x ¢ B. Since B C X, then
either x € B or x € B®. In the first case, x € ANB. In the second x € ANB¢ = A\ B,
by statement 5 in Theorem 1.2.2. O

Given the first result of this theorem, if we just define
AUBUC={xeX|xeAVxeBVxe(}

we get that AU(BUC) = (AUB)UC =(AUC)UB = AUBUC. The same can be
done for the intersection, and for collections or more than three sets.

THEOREM 1.2.4 (DeMorgan'’s laws). Given sets A,B C X, we have that (ANB)¢ =
ASUBC and (AUB)C = A€ N BE.

Proof. Let us prove only the first law, leaving the second one as an exercise. Suppose
first that x € (ANB). Then x € X and x ¢ (ANB). The latter implies that
—(x € A/A\x € B), which is the same as saying that (x ¢ AV x ¢ B). Since x € X,

7 Indeed, this was a long and rather
pedantic argument, for a result that
is relatively simple. As these notes
progress, we will present the arguments
in a more efficient way.

Note that the argument used to
prove sufficiency (if) uses the contra-
positive principle, whereas the neces-
sity (only if) part argues by contra-
diction (where?). As part of the ex-
ercise, you may want to try the suf-
ficiency part using a contradiction ar-
gument and the necessity part via the
contrapositive principle.

8 Note thatif ( ANB)U(A\B) =g,
we are done by Theorem 1.2.1. It is this
this kind of immediate step that will be
omitted henceforth in the notes.
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we have that (x € A°V x € B®), so that x € A°UB€ and (ANB)¢ C A°UB°. Now,
suppose that x € A UB€. Then, (x € A°V x € B¢), which means that

(xeXAx € A)V (x € XAx ¢ B)).

It follows that x € X and —(x € A Ax € B), so that x € X and —(x € ANB) or that
x € (ANB)C. Then, we can conclude that A UB¢ C (ANB)°. O

All these results exist in far more general versions. In most cases, however, the ideas
behind their proofs are the same as the ones given here.

EXERCISE 1.2.1 (Generalized DeMorgan’s laws). A general version of DeMorgan’s
laws will later prove to be useful. Formulate and prove a law that applies to more
general collections of sets (and not just to two-set collections).

A partition of a set A C X is a collection B of subsets of X such that: (i) B,B’ € B
and B # B’ imply that BN B’ = &; and (ii) UgegB = A.

1.3 The Principle of Mathematical Induction

WE ALREADY KNOW SOME standard techniques to prove statements of the form
A = B. In general, in order to prove that in some specific mathematical context
statement B is true, we can use these techniques, using as “A” the whole mathematical
structure that the context has. For a particular type of problems, though, there exists
a technique that usually proves to be very effective. Consider first the following axiom:

Axiom 1.3.1 (The Principle of Mathematical Induction). Let P(n) be a statement
that is defined for each natural number n € N. If P(1) is true and

P(n) = P(n+1),
then P(n) 1s true for allm € IN.

Now, suppose that we want to show that for all n € IN, the statement B(n) is true.
Then, it follows from Axiom 1.3.1 that all we need to show is that B(1) is true, and
that (for all n € IN) f statement B(n) is true, then so is statement B(n + 1).

It turns out that the principle of mathematical induction is equivalent to another,
equally intuitive, axiom.

AxioMm 1.3.2 (The Principle of Well Ordering). Every non-empty set of natural num-
bers has a smallest element.

THEOREM 1.3.1. Aziom 1.3.1 is true if, and only if, so is Aziom 1.3.2.

Proof. For the «if» part, we can argue by contradiction: let us assume that while
Axiom 1.3.2 is true, Axiom 1.3.1 is not. Then, there exists a family of statements, P(n),
defined for all natural number, that satisfies three properties: P(1) is true, P(n) =
P(n+1), and P(n*) is not true, for some n* € IN. Since P(1) is true, it must be that
n* > 1, while, by the third property,

{n €N |P(n) is not true } # @.
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By Axiom 1.3.2, this latter set has a smallest element, which we can call i. By
construction, since i is the smallest natural for which P(n) is false, it must be that
P(fi — 1) is true. Then, by the second condition, P(Ai) is also true, which gives us a
contradiction.

For the «only if» part, define the following statement for each natural number n:

Pn)=[(SCINASN{L,...,n}# &) = S has a smallest element].

Note that P(1) is true, for if SN{1} # &, then 1 € S. Now, suppose that P(n) is
true, and that SN{1,...,n+1}# @. If SN{1,...,n} = &, then n+ 1 is the smallest
element of S. Otherwise, SN{1,...,n} # &, which implies by P(n) that S has a smallest
element. This means that P(n) = P(n+ 1), and then, by Axiom 1.3.1, it follows that
P(n) is true for all n € IN. But this implies Axiom 1.3.2, for if S # &, then there is
some n € IN for which SN{1,...,n} #a. O

1.4 Bwnary Relations

A BINARY RELATION IS the result of all pairwise comparisons between the elements
of a set, according to some criterion. Formally, binary relation R on set X is a subset
of X x X. It tells us whether pairs of elements (x,x’) stand in the relation or not.°
The set-theoretical notation should be that if they stand in the relation one says that
(x,x’") € R, whereas (x,x’) ¢ R signifies that they do not, but more usual notation is
to write that xRx’ in the former case, and that —xRx’ in the latter.

ExaMPLE 1.4.1. >, > and = are all binary relations on N. If X is a set and P 1s
the collection of all subsets of X, then C, C and = are all binary relations on P.
One can also define a binary relation on P, by saying that ARB if, and only if,
ANB # 2.

Binary relation R on X is complete if for any x,x’ € X, either xRx’, x’Rx or x = x’;10

it is reflezive if for any x, xRx, and rreflezive if for any x, —xRx; it is symmetric
if xRx' implies that x'Rx, asymmetric if xRx’ implies —x'Rx, and antisymmetric if
xRx’ and x’Rx together imply that x = x'; it is transitive if xRx’ and x’Rx” together
imply xRx"’.

If R is reflexive and transitive, it is said to be a pre-order on X. If a pre-order is
antisymmetric, it is further called an order.

ExXaAMPLE 1.4.2. Recall the notation of the previous erample. Note that > s a
complete order on IN, and that C s only an order on P. Note that > on N 1is
wrreflexive and asymmetric. Note that the binary relation defined on P by saying
that ARB 1f, and only if, ANB # & is not transitive.

EXERCISE 1.4.1. For each one of the relations introduced in Example 1.4.1, argue
which properties it satisfies, and which not.

If R is a binary relation on X and A C X, we define
RA]={x e X| I € A:x'Rx}

and
RYUAI ={x e X|3Ix" € A: xRx'}).

9 It should be clear that the order of
the elements in the pair matters.

10 Or both. In these notes, we do not
treat the connector «or» as exclusive.

When the binary relation is not
complete, it is usually said that it is
partial, and less often that it is incom-
plete.
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The domain of R is the set R~1[X], and its range is R[X].1!

If relation R is reflexive, symmetric and transitive, we say that it is an equivalence
relation on X.12 In such case, a subset A of X is said to be an R-equivalence class if
there exists some x € X such that R[x] = A.1® The importance of equivalence classes
is that they form a partition of the space on which they are defined, as the following
theorem shows.

EXERCISE 1.4.2. Prove that if R is an equivalence on X, then x’ € R[x] implies that
R[x'] = R[x].

THEOREM 1.4.1. Let R be an equivalence on X and let B be the collection of all
R-equivalence classes. B s a partition of X.

Proof. By reflexivity of R, we have that x € R[x] € B, which implies that x € Ugc3B.

On the other hand, suppose that B, B’ € B, B # B’. We need to show that BN B’ =
@. In order to argue by contradiction, let us assume that x € BN B’. Let x and x’ be
such that R[x] = B and R[x’] = B’. Since X € R[x] and X € R[x'], by Exercise 1.4.2 we
have that R[X] = R[x] and R[x] = R[x’], wich is impossible since B # B’. O

1.5 Application: Preferences

CONSIDER A SITUATION IN WHICH a person faces a nonempty set X of alternatives.
We refer to X as the choice space. A problem we study in economics'# is how the
person makes her choice, when she is allowed to pick one alternative from X, or perhaps
from a subset of it. The key element in our analysis of the person’s choice is to model
«what she wants». For us, the individual’s preferences are subjective judgments about
the relative desirability of the available choices: given two alternatives, preferences are
defined by her answer to the question Is the first alternative at least as good as the
second one? Formally, then, the decision-maker’s preferences are a binary relation
> defined on the choice set: given a pair of alternatives x and x’, we write x = x’
if, according to the person’s tastes, x is at least as good as x’.1° In economics binary
relation - is said to be rational if it is complete, reflexive and transitive.'®

Fix a rational binary relation 7=, and define the following (induced) binary relations
on the choice set: the strict preference relation >, by saying x > x’ if it is not true
that x’ = x; and the indifference relation ~, by saying x ~ x’ if it is true that x =~ x’
and that x’ - x. Formally, = corresponds to the asymmetric part of -, while ~ is its
symmetric part.

EXERCISE 1.5.1. Argue that > s transitive, but not reflexive, and that ~ is reflezive,
symmetric and transitive. Could these relations be complete? Could they be

rational?

Importantly, it follows from the previous exercise that relation ~ is an equivalence,
and then, from Theorem 1.4.1, that it partitions X by the equivalence classes it defines.

1.6 PFunctions

Fix TWo NONEMPTY SETS, X and Y. A function f, defined from set X into set Y,
and denoted f: X — Y, is a rule that assigns to each x € X a unique f(x) € Y. Here,

1 HEquivalently, the domain is

{x € X|3x" € X:xRx'};
and the range is

{x € X|3Ix" € X:x'Rx}.

12 Do you see the rationale behind this
name?

13 More correct notation would be

R[{x}], since x is an element of X and
not a subset of it. We simplify the
notation and hope that no confusion
arises.

14 More specifically, in the field of eco-
nomics called Decision Theory.

15 We take the person’s preferences

as exogenous, in the sense that we do
not explain where they come from. In-
stead, we concentrate on the problem
of studying the individual’s behavior
given her preferences, under the as-
sumption that these preferences will
not be affected by the person’s choices.

16 Decision-makers with incomplete

preferences may find instances in which
they are unable to choose: they are
simply unable to make a value judg-
ments about the relative (subjective)
quality of two alternatives. Reflexiv-
ity is consistent with our interpretation
of at-least-as-good preference. Peo-
ple with non-transitive preferences are
open to full rent extraction, as a per-
son could find a cycle of choices for
which the person is willing to pay a
positive premium at each step. In eco-
nomics, one usually assumes that the
decision-maker under consideration has
rational preferences, although in some
cases (e.g. very complicated problems)
it may be reasonable to consider that
individual’s preferences are incomplete;
also, some cases of non-transitive pref-
erences are sometimes observed in real
life.
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set X is said to be the domain of f, and Y its co-domain or target set. If f: X = Y,
and A C X, the image of A under f, denoted f[A], is the set

fJAl ={yeY|Ix e A:f(x) =y}

In particular, f[X] is called the range of f.

Function f: X — Y is said to be onto, or surjective, if f[X] =Y; it is said to be one-
to-one, or injective, if f(x1) = f(x2) = x1 = x2. A function is said to be a one-to-one
correspondence, or byective, if it is both onto and one-to-one.

Iff:X—Y,and B CY, the tnverse tmage of B under f is the set

f~1B] = {x € X| f(x) € B\

THEOREM 1.6.1. The function f : X — Y 1s onto if, and only if, for all B C Y,
B # @, f1[B] # @.

If f : X — Y is a one-to-one correspondence, the inverse function f~1:Y — X is
implicitly defined by {f~1(y)} = f1[{y}].1"

1.7 Application: Representation of Preferences

IT IS MOST USUAL IN ECONOMICS to represent a decision-maker’s preferences by
a function that gives a higher value the more the person likes an alternative. That
is, we say that the binary relation = on X is represented by function U : X — R if
U(x) > U(x') occurs when, and only when, x = x’; we say that =~ is representable
if there is some function U that represents it. Notice that the representation of -
by a utility function amounts to attributing real numbers to the equivalence classes
defined by ~, in such a way that higher numbers are assigned to classes that are «more
prefered» by the individual.

The function U that represents - is called utility function. Notice that if a prefer-
ence relation is representable, then there are infinitely many different utility functions
that represent it. All these representations will have the same contour sets,’® but
may give nontrivially different utility levels.!® It is for this reason that interpersonal
comparisons of utility are considered problematic.

EXERCISE 1.7.1. Argue that representability implies rationality. Do you think that
rationality implies representability?

In some cases the existence of a utility function that represents an individual’s
preferences is very easy to establish. For example, if X is finite, then any complete
preference relation on it will be representable. But there are also well-known cases
of preference relations that cannot be represented by utility functions, because they
partition the choice space in «too many,» ordered equivalence classes.

The general problem of what preference relations can be represented by functions is
beyond these lectures, but a canonical example from economics is given in Chapter 4.

17 Notice that this would not have
been be a bona fide definition, had we
forgotten to say that f is a one-to-one
correspondence. What could have gone
wrong?

18 That is, the same ordinal informa-
tion

19 Which means different cardinal in-
formation.
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1.8 Countable Sets

As NATURAL AS THE DEFINITION of the natural numbers is the definition of a finite
set: set S is finite if there exist a natural number n and an onto function f: {1,...,n} —
S.

Now, there are sets that are infinite, but we can still «count» them, even if it would
take us forever to do so. Formally, we say that set S is countable if there exists an
onto function f: IN — S.

ExaMpLE 1.8.1. Any finite set is countable, obviously. The set of natural num-
bers 1s countable, also obuviously. Maybe more surprisingly, giwen that one of
them contains more numbers than the other, is that the set of integers, Z. =
{0,1,-1,2,—2,...}, 1s also countable. To see why this is the case, it suffices to
consider the following mapping:

1—=0
21
3= —1
42
5— —2

This mapping constitutes a function from IN onto Z., so the latter is indeed count-
able.?0

THEOREM 1.8.1. If an infinite set S is countable, then there exists a bijection
f:IN —S.

Proof. Since S is countable, there exists a surjective function ¢ : N — S. Now,
construct the following mapping, recursively: First, let f(1) = ¢(1). Then, for any
n € N, consider the set

Mn={meN|vn e{l,...,n—1},(m) #f(n)}.

Since S is infinite and ¢ is onto, this set is nonempty and, then, by the principle of
well ordering, it contains a smallest element, which we can denote as m,,. Then, we
define f(m) = ¢(my).

In order to complete the proof, we must show that, so constructed, f is both one-
to-one and onto. To see that it is onto, consider any s € S. Since ¢ is onto, we can
find some n € IN for which ¢(n) =s. Let ng be the smallest such n, which exists by
Axiom 1.3.2. Then, for all n < ng we have that f(n’) # ¢(ns), which implies that n;
is the smallest element of M, and, then, f(ns) = ¢(ns) =s.

Now, to see that f is one-to-one, consider two distinct natural numbers n and n’,
assuming, with no loss of generality, that n > n’. By construction, f(n) = ¢(my), for
some My € My,. It is immediate that f(n) = ¢p(mn) # f(n'). O

EXERCISE 1.8.1. Argue that a set is countable if, and only if, every nonempty
subset of it 1s also countable.

20 If you want to be really formal, just
define the function f:IN — Z as:

f(n) = n/2, if n is even,;
1 —(n—1)/2, otherwise.

It should be clear that this map is onto.
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It is also interesting to know which sets are not countable. In the next chapter, we
introduce the set of real numbers, which is one such set. Another example, which is
classical in mathematics, is that the set of infinite strings of two distinct objects, say
the numbers 0 and 1, is not countable.?!

21 The argument is due to Cantor, and
is extremely elegant: if such set were
countable, we could organize it in the
order given by the bijection of Propo-
sition 1.8.1 — think of it as having the
strings stacked one over the other —
now, construct a string by going up di-
agonally and taking the element differ-
ent than the one on the corresponding
string; it follows by construction that
this new string is different from all the
other ones, so it is not the image of
any natural number, which is impossi-
ble because the mapping was supposed
to be onto.






2
Introduction to Real Analysis

2.1 Natural and Real Numbers

IN A REAL ANALYSIS COURSE, we would be concerned with the construction of the
set of real numbers, IR. One way to do this is to take as a primitive the set IN of natural
numbers, then construct the set of rational numbers, and finally fill in the holes that
are left by the latter (i.e., the irrational numbers). Once R is constructed, it is shown
that it can be completely characterized by three groups of axioms. Although we will
take as given the existence and properties of IR, we now recall the first two groups of
axioms exhibited by R.!

Axiom 2.1.1 (Field Axioms). Given numbers x,y,z € R,

1. x+y=y+xand (x+y)+z=x+(y+2z);

2. there exists a number, 0 € R, such that w+0=w for all w e R;
3. there exists a number w € R for which x+w = 0;

4. xy =yx and (xy)z = x(yz);

5. there exists a number, 1 € R, such that 1w = for allw € R;

6. if x #0, there exists w € R for which xw =1; and

7. x(y+z) =xy+xz.

We will denote by R the set of nonnegative real numbers and by R4 the set of
positive real numbers. Accordingly, we denote R_ =R\ R;; and R__ =R\ R,.

AxioMm 2.1.2 (Order Axioms). Given numbers x,y € Ryy andz€ R, x+y € Ry,

xy € Ryy, —x¢ Ry and, eitherz€ Ry, or —z€ R4y, orz=0.

2.2 DMetric Spaces

Fix A NONEMPTY SET X. A metric for X is a function d : X x X — R that satisfies:
1. for all x,x’ € X, d(x,x’) > 0;

2. d(x,x') =0 <= x=x';

! You will see how trivial these two
groups of axioms look; that’s why we
need not spend much time on them,
and can take them as given. In Chap-
ter 3, we will introduce the third axiom
(Axiom 3.3.1), which is satisfied by R,
but not by the set of rational numbers.
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3. for all x,x’ € X, d(x,x’) = d(x’,x); and

4. for all x,x’',x” € X, d(x,x’') +d(x’,x") > d(x,x").

The fourth of these properties is called the triangle inequality. The third property
is referred to as symmetry. Somewhat surprisingly, the first property is redundant in
the definition, as it is implied by the other three.

EXERCISE 2.2.1. Argue that d : X x X = R 1s a metric if, and only if, it satisfies
properties 2 to 4 above.

EXAMPLE 2.2.1. The usual way to measure how «far from 0» a real number is,
is by its absolute value, |x|, which is defined as x if x > 0, and as —x otherwise.?
Importantly, given numbers x,y € R, |x+y| < [x|+ |[y|. To see this, note first that
if x+y > 0, we have that [x+y| = x+y < |x| + [yl, by definition and the second

property above. Alternatively, when x +y < 0, we have that

X+yl=—(x+y)=(—x)+(—y) <|=xl+ =yl = X+ NI,

by definition and the second and fourth properties. It then follows that the func-
tion (x,x') — [x —x'| is a metric for R.

EXERCISE 2.2.2. Prove that if x € R4+ andy € R is such that [y — x| < x, then
y € Ry4. Also prove that if x € R__ and y € R s such that [y — x| < —x, then
yelR__.

2.3 Fwate-Dimensional Euclidean Spaces

For A NUMBER K € N, the K-dimensional real (Euclidean) space is the K-fold Carte-
. ,XK).3
Now, in order to measure how far from 0 (that is, from (0,0,...,0)) an element x of

sian product of R. We denote this space by R¥, so that x € R¥ is (x1,xa, ..

RX is, we use the Fuclidean norm, which is defined as*

" 1/2
Il = (z) e
k=1

It is obvious that when K = 1 the Euclidean norm corresponds to the absolute value.
More importantly, it is also clear that for every x € R, one has that ||x|| > 0;
X =0<x=0; —y < x <y = |[x|| <|yl; and ||x]| = || —x||. The crucial property,
finally, is that Triangle Inequality also holds in R¥.

LEMMA 2.3.1 (Triangle Inequality in R¥). Given x,y € R, |[x +yl| < |||+ |lyll.

Proof. A well-established result in mathematics, called the Cauchy-Schwartz In-

(Zxkyk)2 < ZX% X ZU%
k k k

equality, states that®

2

Technically speaking, the absolute
value is a norm, and, when used, it de-
fines R as a normed vector space. Four
properties of the absolute value (and of
any norm) are straightforward:

(1) for all x € R, |x| > 0;

(2) for all x € R, [x] > x;

(3)if x € R, and y € R are such that
—y < x <y, then |x| < |y[; and

(4) for all x € R, |x| =|—x].

3 Similar notation as above is used for
orthants of RK.

4 If you want to avoid confusion, you
can be explicit about the dimension
for which the norm is being used, by
adopting the notation || - ||k instead.
Also, we will simplify the notation by
not always writing the limits in the in-
dex of a summation, when it is obvious
what these limits are; for instance, we

may write
1/2
k

for the definition that follows.

5 The proof of this is not very hard.
In vector terms, we need to show that

x-y < x>yl

If y = 0, the result is obvious. Else,
define x-y
d=x— 7y1
y-y
and note that 6 -y = 0. Now,

[Ix[|? = x - x
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Then,
Ix+yllP =) xF+2) xye+ ) vk
k k k
<X +2( 3 ) (v Xk
k k k k
= (Ixll + lylD?,
which implies the result we want. O

As the other properties are straightforward, the important implication of this lemma
is that function (x,x’) — ||x —x/|| is a metric for R¥. This function is, indeed, known
as the FEuclidean metric.

2.4 Sequences

A FINITE SEQUENCE IN RX 1s a function f : X — R¥, where, for some n* € IN, we
have X ={ne N |n <
If no confusion is likely, the space in which a sequence lies is omitted. In the cases

n*}. An infinite sequence in RX is a function f : N — RK 6
of finite sequences, it is usual to express them extensively as (ai, as, ..., an+), where
an = f(n), for n € X. 7 Similarly, we can express infinite sequences as (aj, as,...) or
(an)y_;, where ap = f(n), for n € N.

EXAMPLE 2.4.1. Suppose that n* =5, so that X ={1,2,3,4,5}, and f(n) =n?—1,
forn € X; then, we can express the finite sequence as (0, 3,8,15,24) or (n% — 1)n 1-

= (v/1n,1/n,3), for all n € N; then, we can express the
(v2,1/2,3), (/3,1/3,3), or (ym,1/n,3)%_;.

Following common usage in the literature, when referring to an infinite sequence,

Or suppose that f(n
infinite sequence as ( l 1,3),

henceforth we will simply say «a sequence.»

Using the structure that a sequence has, (an)$°_; is said to be nondecreasing if for
alln € N, any1 = an, and nonincreasing if for all m € N, a1 < an. If all the
inequalities in the first definition are strict, the sequence is increasing, while if all the
inequalities in the second definition are strict, the sequence is decreasing.® Sequence
(an)¥_; is bounded above if there exists a € R such that a,, < aforallneIN. It is
bounded below if there exists a € R such that a,, > a for all n € N, and is bounded
if it is bounded above and below.

2.5 Cauchy Sequences and Subsequences

A TYPE OF SEQUENCE THAT Is very useful is the given by the following definition:
a sequence (an)%_; is Cauchy if for all ¢ > 0 there exists some n* € IN for which
lan,; —an,|| < € for all ny,ny > n*.

Given a sequence (an ) sequence (by)5_; is a subsequence of (an)y_ if
_q such that n,,, € N and by, = an,, for

all m € IN. That is, a subsequence is a selection of some (possibly all) members of the

n=1
there exists an increasing sequence (1 )%,

original sequence, preserving their original order.

6 It is important to note that a se-

quence has more structure than a set
(i.e. it is more complicated). Remem-
ber that a set is completely defined
by its elements, no matter how they
are described. For example, the set
{0, 3,8,15,24} is the same as the set
{24, 15, 8,3,0}. However, the sequences
(0,3,8,15,24) and (24,15,8,3,0) are
clearly different: in a sequence, the or-
der matters!

7 We have already introduced finite
sequences: an element of RX is noth-
ing but a sequence in R, with n* =
K. In other words, shorthand for
(a1, asg,...,an*) is simply (an)g*:l.

8 Note that when we say x < y with
x,y € RKX, we are expressing K in-
equalities: that xx < yyx for every
k =1,...,K. This implies that for ev-
ery x,y € R, either x < yor x >y,
but the same is not true in higher-
dimensional spaces. Hence, the previ-
ous concepts are more useful in R than
in R¥ for K > 2.
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EXAMPLE 2.5.1. Consider the sequence (1//1)%_;, and note that (1/v/2n+5)%_;
15 a subsequence of the former. To see why, consider the sequence (Mm)ym_; =

(2m +5)%_;. Note however that none of (1/n)_; and (1/(2n—5))%_; 1s a sub-

e o]

sequence of the other one. Note also that neither (n—2)_; nor ((n— 2)2)n:1

are subsequences of each other.

EXERCISE 2.5.1. Is (1/y/M)%_; a subsequence of (1/n)°_;? How about the other
way around?

2.6 Limits

VERY OFTEN ONE NEEDS to understand the behaviour of a sequence as it advances
along its members, ad infinitum. Alternatively, one may need to understand the values
that a function takes as one gets arbitrarily close, within the function’s domain, to a
given point.

2.6.1 Limats of sequences

0
n=1

n* € N for which one has that ||a, —a|| < ¢ for all n > n*.910

Point a € RK is the limit of sequence (an) if for all ¢ > 0 there exists some

EXERCISE 2.6.1. Does the sequence (1/y/M)°_; have a limit? Is it Cauchy? How
about (3n/(n+/n))%_; 2

Sequence (an )Y, is said to be convergent when it has a limit a € RX, in which case
one also says that the sequence converges to the limit point. When (a,)$_; converges
to a, the following notation is also sometimes used: a,, — a, or limn o An = Q.

EXERCISE 2.6.2. Does ((—1)")_; converge? Does (—1/n)3X_; %

It is convenient to allow co and —oo to be limits of sequences. Thus, we extend the
definition as follows: for a sequence (an)%_; in IR, we say that lim, o an = co when
for all A > 0 there exists some n* € N for which a,, > A for all n > n*; we say that

limp 00 an = —00 When limp o0 (—an) = 0.
EXERCISE 2.6.3. Does the sequence (3n/\/ﬁ)f=1 have a limit? Does it converge?

The importance of concepts introduced in the previous section is given by the fol-
lowing theorems.

THEOREM 2.6.1. Sequence (an)X_; converges to a € RX if, and only if, every

[oe]

subsequence of (an)y_y

converges to a.

Proof. Sufficiency is immediate, for any sequence is a subsequence of itself.
For necessity, note first that if (n.,)$_; is an increasing sequence of natural num-
bers, then,!!
Nm 2> m forall meNN. (%)

Now, let (b ) e

m=1 n=1
of natural numbers for which b;, = an,,, and assume that a, = a € RX. Fix ¢ > 0.

be a subsequence of (an) fix the increasing sequence (N )55 _;

Since an — a, there exists some n* € IN for which ||an — a|| < ¢ whenever n > n*.

By (), it is immediate that if m > n*, then ||byy —a|| = ||an,, —a| <. O

° Note that we said «the limit», and
not «a limit». This is correct, because
if a sequence has a limit, this limit is
unique. It is a very good exercise to

prove this!

10 Obviously, the sequence (an)_;

is defined in RX as well. Otherwise,
expressions like |[a, — a| would not
make any sense.

11 The argument for this is by Ax-
iom 1.3.1: (i) Obviously, n1 > 1, since
n; € N. (ii) Suppose that n,, > m
for a given m; Since (ny)%_; is in-
creasing, Nm+1 > M, SO Nqmt1 =
nm+1>2m+41.
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THEOREM 2.6.2. Sequence (an)X_; converges if, and only if, it is a Cauchy se-
quence.

Theorem 2.6.2 is important, for it constitutes the key step in the construction of the
real numbers. The «only if» part is an interesting exercise, and the student should be
able to do it. The «if» argument, on the other hand, is very complicated and is based
on the fact that the Reals are constructed as the «completion» of the holes left in the
line by the Rationals.!?

The next results study the connection between boundedness and convergence of
sequences.

THEOREM 2.6.3. If sequence (an)y_; in R s convergent, then it 1s bounded.

We do not prove this theorem, but the argument is one that the student should
by now be confident in giving. The theorem shows that boundedness is a necessary
condition for convergence. The following result states that in some cases it is also
sufficient.

THEOREM 2.6.4. If sequence (an)_; s non-decreasing and bounded above, or
non-increasing and bounded below, it 1s convergent.

Proof. We only argue the case for non-decreasing sequences, for the other case is
identical, and assume that K = 1 in order to make the argument easier to see. For this,
it suffices to show that if a sequence (an)§y_; is non-decreasing and does not converge,
then it cannot be bounded above.

Since (an)yy_; does not converge, it follows from Theorem 2.6.2 that it cannot be
Cauchy. Then, there is some ¢ > 0 such that for all n* € IN one can find n/,n” > n*,
n” > n’, such that |a,,s — a,~| > e. Using the fact that (a,)°_; is non-decreasing,
we can write the latter inequality as a,,» > a,/ + ¢, given that n” > n’.

Now, we construct a subsequence of (an)%_; as follows. Using n* =1, it is imme-
diate that there exist nj,my € IN, ny > my, for which an, > an, +¢. Then, using
n* =ny+1, we can find ng > n3 > ny for which an, > an, + ¢, and so on: for each
even m, we find nyy42 > N1 > Ny such that an, ., > an,,,, +e.

Since (nm)$,_; is increasing, it follows that (b )%_; = (an,)5n_; is a subse-
quence of (an)Y_;. Since the latter is non-decreasing, we have, by construction, that

by <bi+e<<by<bg<bg+e<bg<...,

which implies that for all m > 2,
by + e, if m is even;
b > 25 .
by + F5=¢, otherwise.

Since ¢ > 0, the latter implies that by, — oo, which means that (an)°_; is un-
bounded above. O

This result shows that, for monotone sequences, boundedness suffices for conver-
gence: if a sequence (an)° ; is monotone and bounded, then it is convergent. It
is easy to see that, in the absence of monotonicity, boundedness does not suffice for
convergence, but the following theorem, will prove to be important, proves that bound-
edness guarantees the existence of convergent subsequences, in all cases.

12

The idea is as follows. Say that
two Cauchy sequences (an)y_; and
(bn)%_; in R are Cauchy-equivalent if
for all ¢ > O there exists some n* € N
for which |an, —bn| < € for all n >
n*. It is easy to see that this relation
is reflexive, symmetric and transitive.
Now, let [(an)%_,] denote the equiv-
alence class of (an)%_;, which is the
set of all sequences that are Cauchy-
equivalent to (an)¥_;.

Then, one can construct the Re-
als as the set of equivalence classes of
Cauchy sequences. That is, one de-
fines the Reals as the set of numbers
x with the property that there exists a
Cauchy sequence (a,)¥_,; of rational
numbers that is Cauchy-equivalent to
the sequence (x,x,X,...).

The proof of Theorem 2.6.2 then
proceeds in three steps: First, one
proves that any Cauchy sequence of ra-
tional numbers converges to its equiv-
alence class. Second, one proves that
if a Cauchy sequence has a convergent
subsequence, then the sequence itself
converges to the same limit as the sub-
sequence. Then, one argues Theorem
2.6.2, using the previous results and ar-
guing that every Cauchy sequence has a
convergent subsequence. For a detailed
argument, see, for example, Corbae et
al (2009).
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THEOREM 2.6.5 (Bolzano-Weierstrass). If sequence (an)X_; s bounded, then it has
a convergent subsequence.

Proof. A formal proof is deferred to Chapter 3.13 O

EXERCISE 2.6.4. Gwven a sequence (xn)x_; defined in R, number x* € R s said
to be its limit superior if

Ve>0,In* e N:vVn>n*,x, <x"+¢

and
Ve>0,vyneN,In’ >n:x, >x" —¢.

Number x, € R s the sequence’s limit inferior «f
Ve>0,In, e N:Vn > n,,xn > xXe—¢

and
Ve>0,vyneN,In’ >n:x, < x4+ €.

When they exist, these numbers are denoted, respectively, as limsup,, _,o, Xn = x*

and liminf,, oo X = X«

1. Does the ezistence of the limit superior of a sequence guarantee that its limit
inferior also exists?

2. Argue that if limsup,,_,,, Xn = X*, then there ezists a subsequence (xn, )50 _;
of (xn)¥_; that converges to x*.

3. Argue that, when they both exist, limsup, ., Xn = liminfn o0 Xn.

4. Gie an example of a sequence for which the previous inequality is strong.
5. Argue that if limn_,00 Xn = X, then imsup, o, Xn = X.

6. Argue that if

limsupxn = X = liminf x,,
n—oo n—ro0

then limp o0 X = X.
2.6.2 Limats of functions

Let x € RX and & > 0. The open ball of radius & around x, denoted Bs(x), is the set
Bs(x) ={y € R* | |ly —x|| < 8}.

The punctured open ball of radius & around x is the set Bf(x) = Bs(x) \{x}. A point
x € RX is a limit point of X C RX if for all ¢ > 0, BL(X) N X # @.

EXERCISE 2.6.5. Prove that a point x 1s a limit point of X if, and only if, there
exists a sequence (xn)y_; defined in X\ {X} that converges to x.

Another type of limit has to do with functions, although not directly with sequences.

DEFINITION 2.6.1. Consider a function f: X — R, where X C RX. Suppose that
X € RK is a limit point of X and that § € R. We say that lim, 5 f(x) = §

13 An informal argument, for se-

quences in R, is as follows: if (an)¥_;
is bounded, then it lies in some
bounded interval I;. Slice that inter-
val in halves. At least one of the halves
will contain infinitely many terms of
the sequence. Call that interval I,
slice it in halves, and let I3 be a half
that contains infinitely many elements
...By doing this indefinitely, we con-
struct intervals 14, I5,... such that for
all n € N, I, contains infinitely many
terms of the sequence and I3 C I.
By construction, we can find a sub-
sequence (Xn,, )% _; such that for all
m €N, an,, € Iin. This subsequence
is Cauchy, because, by construction,
our sequence of intervals is shrinking
to zero diameter as m goes to oo; by
Theorem 2.6.2, it must be convergent.



SHORT COURSE ON REAL ANALYSIS FOR ECONOMICS

when for all ¢ > 0 there exists & > 0 for which one has that |f(x) —y| < € for all
x € B§(x)NX.

It is important to notice that we do not require x € X in our previous definition,
so that f(x) need not be defined. Also, one should notice that even if X € X, X is
not always a limit point of X, in which case the definition does not apply. Finally,
notice that even if x € X and X is a limit point of X, it need not be the case that
lim, 5 f(x) = f(x).

DEFINITION 2.6.2. Consider a function f: X — R, where X C RX. Suppose that
X € RX is a limit point of X. We say that lim,_ 5 f(x) = co when for all A > 0,
there exists & > 0 for which one has that f(x) > A for all x € B{(x) N X. We say
that lim, _, 5 f(x) = —oo when lim,_,3(—T)(x) = co.

EXERCISE 2.6.6. Suppose that X = R and f(x) = x+ a, for some a € R. What 1s
lim, o f(x)?

EXERCISE 2.6.7. Suppose that X =R and f: X — R s defined by

0, otherwise.

f(x)_{ 1/x, fx#£0;

What s limy 5 f(x)? What is lim,_,q f(x)?

ExampPLE 2.6.1. Let X =R\ {0} and f: X — R 1s defined by

f(x) :{ El ¥ x>0,

otherwise.

In this case, we claim that lim,_.q f(x) does not exist. To see why, fit 0 < e < 1,
and notice that for all & > 0, there are x1,xo € Bgs(0) such that f(x1) = 1 and
f(xo) = —1, and, hence, |f(x1) — f(xa)| = 2 > 2¢. Because of triangle inequality, it
is thus tmposstble that for some §y € R, we have [f(x1) —y| < € and [f(x2) —y| < ¢.
Also, 1t 1s obvious that limy_,g f(x) = 0o and lim,_,g f(x) = —o0 are both impossible.

There exists a tight relationship between limits of functions and limits of sequences,
which is explored in the following theorem.

THEOREM 2.6.6. Consider a function f : X — R, where X C RX. Suppose that
X € RX is a limit point of X and that §j € R. Then, lim,_,x f(x) =7 if, and only
if, for every sequence (xn)YX_; such that xn € X\{x}, for all n € IN, and that
limnp 00 Xn = X, one has that limp o0 f(xn) = 4.

Proof. We argue sufficiency by contradiction: suppose that for every sequence (xn )%
such that all x,, € X\ {x} and that lim, o Xn = X, we have that limy o f(xn) =y,
but, still, it is not true that lim,_,5 f(x) =y. Then, there must exist some ¢ > 0 such
that, for all 6 > 0,

Ix € B5(x)NX:[f(x) —yl > e.

By assumption, for all n € IN, there is x,; € Bi/n(i) N X for which [f(xn) —y| > «.
Construct the sequence (xn)°_;. By construction, xj, € X\ {x} for all n € N, and,
since 1/n — 0, we have that lim,, o, X, = X. However, by assumption, it is not true
that limn o f(xn) =y, which contradicts the initial hypothesis.

23
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For necessity, consider any sequence (xn)%_; such that all x, € X\ {x} and that
Xn — X. Fix ¢ > 0. Since lim, _,3 f(x) =y € R, then, there is some § > 0 such that
for all x € B{(X) N X it is true that |[f(x) —§| < e. Since limp_y00 Xxn = X, there is
n* € N for which x, € Bg(x) for all n > n*. Moreover, since each x, € X\ {x}, we
have that, when n > n*, x, € B§(X) N X and, therefore, [f(xn) — Y| < . Since ¢ > 0
was arbitrarily chosen, this implies that limp o f(xn) = y. O

2.6.3 Properties of limits

THEOREM 2.6.7. Letf: X — R and g: X — R. Let x be a lzmat point of X. Suppose
that for number yi,ys € R one has that lim,_.; f(x) =y; and lim,_.5 g(x) = ys.
Then,4

1. limy 5 (f49)(x) = Y1+ U2,
2. lim, 5 (af)(x) = ay1, for all x € R;
3. lim,_,3(f.g)(x) =yi1.y2, and
4. Y2 #0, then lim, 5 £(x) =T1/2-

Proof. Let us prove only the first two statements of the theorem. For the first state-
ment, we have that for all ¢ > 0, there exist 81, 5 > 0 such that |f(x) —y1| < &/2 for all
x € By, (X)NX, and |g(x) —Ya| < &/2 for all x € By (x)NX. Let & = min{81, 82} > 0.
Then, by construction, for all x € B{(X) N X we have that [f(x) —yi| < €/2 and
lg(x) —ya| < €/2, which implies, by triangle inequality, that

I(f + g)(x) = (Y1 + Y2l < If(x) —y1l+1g(x) — Yol <e.

For the second statement, note first that if « = 0 the proof is trivial. Then, consider
o # 0. Since lim, 3 f(x) =y; € R, then for all ¢ > 0, there is some & > 0 such that,
for all x € B{(X) N X, [f(x) —y1| < ¢/|«|. This implies that

[(ocf) (x) — oy| = |x(f(x) = Y1)l = ledIf(x) — Y1l <,
and, therefore, that lim, .5 (af)(x) = ays. O

Given the relationship found in Theorem 2.6.6 , it comes as no surprise that a
theorem analogous to the previous one holds for sequences.

THEOREM 2.6.8. Let (an)Y_; and (bn)Y_; be two sequences in R. Suppose that
for numbers a,b € R, we have that limn o0 an = a and limp oo by =b. Then,

1. limp yo(an +bn) =a+b;
2. limn,o(xan) = aa, for all « € R;

3. limn oo(an.bn) = a.b; and

>

if b £0 and by #0 for alln € N, then limy_(an/bn) = a/b.

The proof of the first two parts is left as an exercise. The following theorem is also
very useful:

14 The following notation is intro-

duced. We define
(f+g): X—=R
by
(f+g)(x) = f(x) + g(x).

We define (f.g) and («f), for x € R,
accordingly. Now, define

Xg={xeXlg(x)#0}

Then, we define

g 1 Xg =R
by

f f(x)

—(x) = .

g g(x)
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THEOREM 2.6.9. For sequences (an)%_; (in R) such that an > 0 for alln € N,
the following equivalence holds:
. . 1
lim ap =0 & lim — =0.
n—oo n—oo dpn
Proof. Let us prove the sufficiency statement, leaving necessity as an exercise. Suppose

that limp_,(1/an) = 0 and fix A > 0. Then, for some n* € IN one has that
|1/an — 0| < 1/A when n > n*; since each a, > 0, it follows that a, > A. O

EXERCISE 2.6.8. Repeat the last part of Exercise 2.6.1, using the previous theorem.
Is it easier? Show that

lim

n—00

1515+ 73n* —118n% — 98\ 1
30n® + 19n3 B

A very useful property of limits (for both sequences and functions) is that they
preserve weak inequalities. This is the content of the following theorem, whose proof
is left as an exercise.

THEOREM 2.6.10. Consider a sequence (an)y_; m R and a number a € R. If
an < «, for alln € N, and limn o an = q, then a < «. Stmilarly, if an > «, for
alln € N, and limp 0 an = q, then a > «.

EXERCISE 2.6.9. Can we strengthen our results to say: “Consider a sequence (an)y_;
in R and a number a € R. If ay, < «, for all n € N, and limp_, an = a, then

a<«.”?

The next result is the counterpart for limits of functions; again, the proof is left as
an exercise.

THEOREM 2.6.11. Consider f: X — R and §j € R, and let X € RX be a limit point
of X. Iff(x) < vy for all x € X, and lim,_,5 f(x) =y, theny < vy. Simularly, if
f(x) > v for all x € X, and lim,_,3 f(x) =y, theny > .

EXERCISE 2.6.10. The previous theorem can be proved by two different arguments.
Can you give them both? (Hint: one argument is by contradiction,; the other one
uses Theorem 2.6.10 directly.)

COROLLARY 2.6.1. Consider f : X — R and g : X = R, let y1,Yy2 € R, and let
X € RX be a limit point of X. If f(x) > g(x), for all x € X, limy_,5 f(x) = §; and
lim, , g(x) = Uz, then G > Ua.

Obviously, a sequence (an)y_; in RX is nothing but an array of K sequences in R:
sequence (ay n)%_; for each k =1,...,K. So, it should not come as no surprise that
some relations exist between these objects.

THEOREM 2.6.12. Sequence (an)y_; n RX is bounded if, and only if, for each

k=1,...,K, sequence (axn)x_; m R 1s bounded.

THEOREM 2.6.13. Sequence (an ) _; in RX converges to a if, and only if, for each
k=1,...,K, sequence (ayxn)_; 1 R converges to ay.

Proof. Let us prove sufficiency first. Given any € > 0, for each k there is some ny. € IN
such that |ay n — ax| < €/y/n whenever n > nj. Letting n* = max{n},...,n{} e N

25
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and n > n*, by construction,

1/2 2\ 1/2
lan —al = (Z(ak,n - ak)2> < (Z K) =e€.

k k

For necessity, fix k and let e > 0. By assumption, there is n* € IN after which
|lan — al| < €, which suffices to imply that |ay , — ax| < e. O

2.7 Euler’s Number and the Natural Logarithm

ONE OF THE MUST IMPORTANT NUMBERS in mathematics is Euler’s Number,

which is
1 n
e= lim <1+> .
n—oo n

It can be shown (later you will) that
o0
1
eZEZ;@
n=0

and, numerically, e = 2.71828182.... For x € R, we define the natural logarithm
of x, denoted In(x), as the number y such that e¥ = x.

2.8 Application: The Value of a Perpetuity

A PERPETUITY IS AN ASSET that promises to pay a constant return, which we denote
by R, periodically, ad infinitum. Suppose that the interest rate is v > 0 at all future
periods. Then, the present value of the perpetuity is

R R R

V=R .
Tt aer taree o

where the sum in the right-hand side contains the term R/(1+1)T, for all T € IN.15
Factoring out the constant R, we write

> 1
V=RY ——

where the infinite sum

= 1
J;) (1+47)t

is defined as the limit of the sequence
o0
(i : )
t )
t=0 (1+7) T=1

provided that this limit exists.
Denoting, for simplicity, § = 1/(1+ 1), we can simply write V. =R Y 2,8 Also,
we can write vr = ZtT:o 5%, so that V = R x limT_,o, VT, if this limit exists.

15 Indeed, it contains infinitely many
non-trivial summands!
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EXERCISE 2.8.1. Argue that, if |8| < 1, im7_,0 6" = 0.

Note that

T+1

T T T
vr(1=8) =) 8'—-5) st=) s'—) st=1-5""",
t=0 t=0 t=0 t=1

so, if & # 1,16 we have that
1 6T+1
VTZ1°5 1%
And it now follows from Exercise 2.8.1 that if we further assume that |5| < 1,17 then
vr = 1/(1—98)and V=R/(1—=58) =R(1+71)/r.

2.9 Application: Choice under Uncertainty

CONSIDER THE CASE IN WHICH the consequences of a decision-maker’s choices are
not fully determined by her, and are subject to uncertainty. For this purpose, it is
useful to endow the choice problem with a probabilistic framework. A state of the
world is a comprehensive description of the state of all the contingencies that can affect
a decision-maker.’® Let S be the set of states of the world. A random variable is a
function whose domain is 8. If the codomain of a random variable is the set Y, we say
that it is a random variable over Y.

Let X # @ be a set of outcomes (or prospects),'® and let A be the space of all prob-
ability distributions over X. For example, if X is finite, we can write X = {1,..., X},
and, then, A={p € ]Rif | > «Px =1}

In general, a lotteryis defined as a random variable over A: it is a function L : § — A.
That is, a lottery is a device that assigns to each state of the world, s, a probability
distribution over the set of prospects, p® = L(s); under this device and given that
state, the probability of prospect x is p5 = L(s)(x), and J'x L(s)(x) dx =1.

A lottery fixes the probability of a prospect, given a state, but it does not determine
the probability of that state. It is commonly interpreted that the probabilities of
states are exogenous to economic models, and are usually taken to be subjective to
the decision-maker, whereas the probabilities induced by lotteries, given a state, are
objective. A full theory that handles both types of probability is possible, but here,

for simplicity, we will deal with only one of the two types of uncertainty at a time.2°

2.9.1 Preferences over lotteries

For simplicity, let us assume that there is only one state of the world, so that we can
ignore the set § and can refer to A itself as the space of lotteries: in the language of
the general setting introduced above, we will now study a problem where the choice
space D is the set of lotteries A. Henceforth, we assume that - is rational, and define
> and ~ as before.

Conceptually, while it may seem to follow naturally that the individual’s preferences,
>, are a binary relation over A, it should be noted that when we define preferences
in this way, we are imposing the condition that the individual cares about the risk
(randomness) she faces, and not about the process that ultimately determines that
risk; this condition is known as «consequentialism.»

16 Namely if r # 0.

17 Which is the case, since T > 0.

'8 In the words of K. Arrow (1971, Es-
says on the Theory of Risk Bearing, p.
45.), it is «a description of the world so
complete that, if true and known, the
consequences of every action would be
known.»

1% This could be an abstract set, or, if
you would like more definiteness, a set
X C R, of monetary values.

20 In fact, a richer theory where the
decision maker is unsure of what sub-
jective probabilities to assign to states
of the world is possible. Often, peo-
ple reserve the term «uncertainty» for
the latter phenomenon, and use «risk»
for the randomness that remains even
when probabilities (subjective and ob-
jective) are fixed. Here, we won’t need
this distinction.
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2.9.2 Further properties of preferences

We say that - satisfies monotonicity if given two lotteries, p and p’ such that p > p’,
the following statement is true: op + (1 —)p’ = Bp + (1 —B)p’ if, and only if, x > B.
In words, a decision-maker with monotonic preferences prefers more of a better lottery
to more of a worse lottery.

Another condition imposes that the decision-maker values the outcomes of the lot-
teries for themselves and then, independently, the randomness induced over them by
the lottery: we say that - satisfies independence if given two lotteries p and p’, the
following statements are true:

1. if p = p’, then for any number 0 < « < 1 and any lottery p” we have that

1

ap+(1—a)p” Z ap’ + (1 —a)p”;

2. if for some number 0 < « < 1 and some lottery p”/ we have that

1!

ap +(1—a)p” Z ap’+ (1 —a)p”,
then p = p’.

The latter property is controversial, and we will come back to it later. The following
exercises relate the two properties.

EXERCISE 2.9.1. Argue that independence of 7~ implies the following property: for
any pair of lotteries p and p’:

1. if p~p’, then for any 0 < a < 1 and any lottery p”,

1

oap+ (1 —a)p” ~ap’ +(1—a)p”;

2. if for some 0 < o« < 1 and some lottery p”’ we have that

1

oap+(1—o)p” ~op’+ (1 —a)p”,
thenp ~p’'.
3. ifp=7p’, then for any 0 < x < 1 and any lottery p”/,

1

ap+(1—a)p” = ap’ + (1 —a)p”;

. if for some 0 < a < 1 and some lotte " we have that
4. 1f f TY P

1

oap+(1—o)p” = ap’+ (1 —a)p”,
then p = p’; and
5 ifp=p and0<a<l, thenp=oap+(l—a)p’ and ap+ (1 —ax)p’ > p’.

EXERCISE 2.9.2. Argue that independence of = implies its monotonicity.?!

2.9.83 Ezpected-utility representability

We again ask the question of when - can be represented by a utility function. But in
the current setting of uncertainly, we may want to have special properties on the utility

21 This exercise is a tiny bit more com-
plicated than the others. Hint 1: sup-
pose that you want to write

Bp+(1—p)p’
as
Yp+ (1—v)(axp + (1—o)p’),

given that 3 > «; what value must
v have? Hint 2: now, notice the last
property of Exercise 2.9.1.
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function that represents the person’s preferences: we say that 2~ has an expected-utility
representation if there exists a function u: X — IR such that for any pair of lotteries
p and p’, we have that p Z p’ if, and only if, Ep(u) > Ep/(u). In this case, we can
define the utility function over lotteries U(p) = Ep(u), and it is immediate that U
represents =.22

EXERCISE 2.9.3. Argue that if 7= has an ezpected-utility representation then it
satisfies independence.

EXERCISE 2.9.4. Constder a decision-maker who faces uncertainty over a finite
set of possible outcomes, X ={1,2,...,X}

1. Suppose that there are only three possible outcomes and the individual’s pref-
erences over lotteries are that p = p’, if, and only if,

p1>pi or (pr=p; and pz >p3).
Argue that p ~p’ if, and only if, p =p’.

2. Suppose, alternatively, that the individual’s preferences are represented by the
following function:

1, 1 =1/X for all x;
0, otherw:se.

Argue that the individual’s preferences do not satisfy the following property:
for allp and p’ and all x € [0,1], if p~p’, then ap + (L —o)p'~p’.

3. Suppose now that the individual has the following preferences: for all p and
/

p’, it is true that p = p’. Find a Bernoulli index for the expected-utility

representation of these preferences.

4. Argue that, in any case, if the indwidual’s preferences have an expected-utility
representation with Bernoulli indez u(x), then the indez 1i(x) = au(x) + b, for
any numbers a >0 and b, also represents : it is true that p == p’ if, and only
i,

X

X
> paii(x) = Y plilx).
x=1

x=1
A seminal result is decision theory is the following:

THEOREM (The von Neumann-Morgenstern Theorem). Suppose that 7, satisfies the
following continuity assumption: for any x,x’,x” € X such that x = x' = x", we
can find a number 0 < p < 1 such that (p,x,x”) ~x'. If = satisfies independence,
then it has an expected-utility representation (with continuous indez u).

Here, we give an informal argument for why the von Neumann-Morgenstern theorem
is true. For simplicity, we concentrate only on a small subclass of lotteries, rather than
on the whole space A.

We say that a lottery is stmpleif it gives positive probability to at most two outcomes
in X.23 For simplicity, then, we can denote a simple lottery as a triple consisting of
a number and two outcomes, L = (p,x,x’), with 0 < p < 1 and x,x’ € X, and with

22 A couple of words on jargon are

in order, for sometimes different things
are given the same name in eco-
nomics: some people refer to u as
«Bernoulli utility function» and to U
as «von Neumann-Morgenstern utility
function,» while some other people re-
fer to u itself as the «von Neumann-
Morgenstern utility function,» and
some other people use both names for
u and leave U nameless. This can be
problematic, as the two functions are
not the same thing: u measures utility
over outcomes, while U does it over lot-
teries. Here, we will refer to U as the
utility function and to u as the utility
index.

23 The term «simple» is normally used
for lotteries that pay in outcomes and
not in other lotteries; here, I am using
it is that sense, but making it stronger
to require that they pay in only one or
two outcomes.
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the interpretation that the lottery gives outcome x with probability p, and outcome
x' with probability 1 —p. Let £; be the space of simple lotteries, £1 = [0, 1] x X x X.

A compound lottery is a device that gives other lottery or lotteries as prizes. We
will concentrate on compound lotteries that give positive probability to at most two
simple lotteries,2* and denote them by (p,L,L’), a number and two simple lotteries,
L,L’ € £1. Let Lo be the space of compound lotteries, £5 = [0,1] x L1 x L1.

For our argument, we consider only degenerate, simple and our simplified definition
of compound lotteries, so we take =~ as defined over L =X U L1 U Ls. In order to keep
consistency with the analysis above, we need consider an individual who cares about
outcomes, and not about how these outcomes are presented, so we impose the following
«consequentialist» assumptions on =: for all p,p’ € [0,1] and for all x,x’ € X,

1. (PaX,X/) ~ (1_P:X/1X);
2. (1,%x,x") ~x;
3. (P: (p/aXyX/))X/) ~ (PPI;X»X/)~

For simplicity, suppose also that we can find x,,x* € X such that for every outcome
x € X we have that x - x, and x* - x.

EXERCISE 2.9.5. Argue that:
1. x=x" and 0 < p’ < p < 1 imply that (p,x,x’) = (p’,x,x');
2. L=1L"and 0<p’ <p <1 wmply that (p,L,L") = (p’,L,L");

3. if x
(p,x’

x/, then for any x” and any 0 < p < 1 it is true that (p,x,x") =

/!
//).
7

z

,X

4. if for some x"" and some 0 < p < 1 it is true that (p,x,x") = (p,x’',x"), then
x = x';

5. 4f L = L', then for any L” and any 0 < p < 1 it is true that (p,L,L") =
(p’LI)L/I);

6. if for some L” and some 0 < p < 1 it is true that (p,L,L") = (p,L’, L"), then
L-L1.

Since -, satisfies continuity and monotonicity, it is relatively easy to construct a
utility function representing it over the space of simple lotteries: by continuity, for any
lottery in £, we can find p € [0,1] such that L ~ (p,x*, x«); by monotonicity, such
p € [0,1] has to be unique; then, just let U: L — R be defined by letting U(L) be the
unique number p € [0, 1] such that L ~ (p, x™, x«).

Since £ includes degenerate lotteries, we can define u: X — R by letting u(x) =
U((1,x,x)). Now, we just want to show that the expected utility property is satisfied
in the following sense: for every simple lottery (p, x,x’),

U((p, %, x")) = pulx) + (1 —plu(x).
Notice that, by construction,

(p:xyxl) ~ (u((p)xix,))a)(*)x*)y

24 As before, the term «compound» is
normally used for lotteries that pay in
other lotteries; here, I am using it is
that sense, but making it stronger to
require that they pay in only one or
two lotteries.
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whereas, by independence,

(P %, x") ~ (p, (), X7, %), (u(x), %", %),

By direct computation, it follows that

(an»X/) ~ (PU(X) + (1 —P)U(X/):X*,X*),

which implies, by monotonicity, that U((p,x,x’)) = pu(x) + (1 — plu(x’), as we
wanted.

EXERCISE 2.9.6. Argue the following: If U 1s an expected-utility representation of
7=, then it satisfies the following «linearity» property: for any pair of lotteries p
and p’ and any number 0 < « < 1,

U(ap + (1 —a)p’) = all(p) + (1 — a)U(p).

THEOREM 2.9.1. Suppose that U and U are expected-utility representations of .
Let u and 1t be their respective utility indices. There exist numbers o and 3 > 0
such that 1i(x) = o+ Bu(x) for every x.

The previous proposition is important: only positive affine transformations of a
utility index preserve the expected-utility representation of »;?° this means that u
itself is a cardinal object.

25 Don’t get confused: any monotone
transformation of U will represent - as
well; but the transformation need not
preserve the expected-utility property,
which is what requires affinity.






3
Topology of R¥

FROM NOW ON, WE DEAL only with subsets of R¥, for a finite number K; that
is, whenever we introduce sets X or Y, we assume that X,Y C R¥ and use all the
algebraic structure of RX. We also use the structure induced in RX by the Euclidean
norm. Whenever we take complements, they are relative to R¥.

3.1 Open and Closed Sets

THE TWO KEY CONCEPTS IN topology are those of open and closed sets. Intuitively,
a set is open if, at any point in the set, one is allowed to «move freely». Intuitively, a
set is closed if one has to «jump» in order to get out of it.

3.1.1 Open sets

DerINITION 3.1.1. Set X 1is open if for all x € X, there is some ¢ > 0 for which
Be(x) C X.

ExaMPLE 3.1.1 (Open intervals are open sets in R). We define an open interval,
denoted (a,b),! where a,b € R, as {x € R | a < x < b}. To see that these are
open sets (in R), take x € (a,b), and define ¢ = min{x —a,b—x}/2 > 0. By
construction, B¢ (x) C X. As a consequence, notice that open balls are open sets
in R. The same is true in R¥, for any K.

It is easy to see that if we extend the definition of the open interval (a,b) to the
case where a,b € R U {oo0, —o0o}, then it continuous to be true that open intervals are
open sets. The following theorem is a specific instance of a more general principle: in
any space, the empty set and the universe are open sets.

THEOREM 3.1.1. The empty set and R¥ are open.

Proof. A set X fails to be open if one can find x € X such that for all ¢ > 0 one has
that B¢ (x) N X¢ # @. Clearly, @ cannot exhibit such property. The argument that R¥
is open is left as an exercise. O

THEOREM 3.1.2. The union of any collection of open sets is an open set. The
intersection of any finite collection of open sets is an open set.

! Sometimes open intervals are de-

noted by ]a, b[ rather than (a,b) in
order to distinguish them from ordered
pairs in R2. We will, however, follow
the more standard notation.
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Proof. For the first statement, suppose that Z is the union of a given collection of
open sets,? and suppose that x € Z. By definition, then, there exists a member X of
the collection of sets such that x € X. By assumption, X is open, so that for some
€ > 0 one has that B, (x) C X, and it follows, then, that B¢ (x) C Z.

For the second part, suppose that Z is the intersection of a finite collection of open
sets, say {X1,Xa,...,Xn+}, and suppose that x € Z. By definition, then, for each n =
1,2,...,n%, it is true that x € X;,. By assumption, each X}, is open, so that there exists
en > 0 such that B¢, (x) C Xn. Let ¢ = min{eq, €g,...,en+} > 0. By construction, for
each n, we have that B¢ (x) C B¢, (x) C Xy, and therefore B¢ (x) C Z. O

We say that point x is an interior point of the set X, if there is some ¢ > 0 for
which B¢ (x) € X. The set of all the interior points of X is called the interior of X,
and is usually denoted int(X).3 Note that int(X) C X.

EXERCISE 3.1.1. Show that for every X, int(X) is open and that X is open if, and
only if, int(X) = X.

EXERCISE 3.1.2. Prove that if x € int(X), then x is a limit point of X.

EXERCISE 3.1.3. Did we really need finiteness in the second part of Theorem 3.1.27
Consider the following infinite collection of open intervals: for alln € IN, define
In = (=1/n,1/n). Find the wintersection of all those intervals, denoted NY_;Iy.
Is it an open set?

3.1.2 Closed sets

DEFINITION 3.1.2. Set X 1s closed if for every sequence (xn)3°_; in RX that satisfies
that xn € X, at all n € N, and for which there is some X € RX to which it
converges, we have that x € X.

Given a set X C R¥, we define its closure, denoted by cl(X), as the set®
c(X) ={x € RX | Ve > 0,B:(x) N X # ).

As before, the empty set and the universe are closed sets.
THEOREM 3.1.3. The empty set and R¥ are closed.

Proof. In order for set X to fail to be closed, there has to exist (xn)}_; satisfying
that all x, € X, and that x,, — X, yet x ¢ X. Clearly, one cannot find such sequence
if X = @. The argument for RX is left as an exercise. O

Recall that @ and RX are also open. In RX these are the only two sets that have
both properties;® we will prove this result later, but state it here as a theorem for
K=1:

THEOREM 3.1.4 (Conectedness of R). Let A,B C R be open and disjoint. If AUB =
R, then either A =@ or B=g.

EXERCISE 3.1.4. If a,b € RU{—00,¢}, a < b, is (a,b) closed? We define the
half-closed interval (a,b], where a € RU{—o0}, b € R, a < b, as (a,b] = {x €
R | a < x < b}. Similarly, we define the half-closed interval [a,b) where a € R,
beRU{cc}, a<b, asla,b) ={x € R|a < x<b}. Are half-closed intervals closed
sets? Are they open? If x € RX, is {x} an open set, a closed set or neither?

2 Whether finite or infinite.

3 Alternative, but also usual notation
is X°.

4 Alternative notation is X.

5 But this principle does not generalize
to other spaces.
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THEOREM 3.1.5. A set X is closed 1f, and only if, X¢ is open.

Proof. Suppose that X is open, and consider any sequence (xn)°_; satisfying that
all x, € X and converging to some x; we need to show that x € X. In order to argue
by contradiction, suppose that x € X¢. Since X€ is open, there is some ¢ > 0 for which
B¢ (x) C X€. Since xn, — X, there is n* € IN such that ||xn —X|| < ¢ when n > n*.
Then, for any n > n*, we have that x,, € B.(x) C X€, which is impossible.

Suppose now that X is closed, and fix x € X¢. We need to show that for some
¢ > 0 one has that B¢(x) C X¢. Again, suppose not: for all ¢ > 0, it is true that
Be(x) N X # 9. Clearly, then, for all n € N we can pick xn € By, (x) N X. Construct
a sequence (xn)_; of such elements. Since 1/n — 0 it follows that x, — x, and all
xn € X and X is closed, then x € X, contradicting the fact that x € X¢. O]

THEOREM 3.1.6. The wntersection of any collection of closed sets is closed. The
unton of any finite collection of closed sets is closed.

Proof. This argument is left as an exercise. (Hopefully, you can use the generalized
version of DeMorgan’s laws that you proved in Exercise 1.2.1.) O

EXERCISE 3.1.5. Prove that, given a set X C RX, x € cl(X) if, and only if, there
exists a sequence (xn)y_; in X such that xn, — x.

EXERCISE 3.1.6. Prove that for every set X C RX, X C cl(X), and X is closed if,
and only 1f, X = cl(X).

ExampLE 3.1.2. Closed intervals are closed sets. We define an closed interval,
denoted [a,b], where a,b € R and a < b as{x € R| a < x < b}. To see that
these are closed sets, notice that [a,b]¢ = (—o0, a) U (b, 00), and conclude based on
previous results.

EXERCISE 3.1.7. Did we really need finiteness in the second part of Theorem 3.1.67
Consider the follounng tnfinite collection of closed intervals: for alln € N, define
Jn =[0+1/n,3—1/n]. Find the union of all those intervals, denoted UX_;Jn. Is
it a closed set?

EXERCISE 3.1.8. A point x € RX is said to be in the boundary of set X C RX, if for
all e >0, Be(x) N X # @ and B¢ (x) N XE #£ &. Let bd(X) be the set of all points in
the boundary of X.8 Argue that bd(X) = cl(X) \ int(X).

3.2 Compact Sets

A sET X C RK 15 sAID to be bounded above if there exists « € RX such that x < «
for all x € X; it is said to be bounded below if for some B € RK one has that x > p
is true for all x € X; and it is said to be bounded if it is bounded above and below.

EXEBRCISE 3.2.1. Show that a set X s bounded if and only if there is some o € R
for which one has that ||x|| < « for all x € X.

DEFINITION. A set X C RX is said to be compact if it is closed and bounded.

6 Alternative notation is X°.
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The previous definition is fine for subsets of R¥ but this is not true for more general
spaces. The general concept (in topology) is that a set is compact if, whenever you can
"cover" it with a collection of open sets, then you can also do it with finitely many of
those sets (people usually say: "if every open cover has a finite subcover").

EXERCISE 3.2.2. Prove the following statement: if (xn)%_; 15 a sequence defined
on a compact set X, then it has a subsequence that converges to a point in X.

3.3 Infimum and Supremum

Fix A NONEMPTY SET X C R. A number « € R is said to be an upper bound of X
if x < o for all x € X, and is said to be a lower bound of X if the opposite inequality
holds. Number o € R is said to be the least upper bound of X, denoted o = sup X,
if: (i) o is an upper bound of X; and (ii) Yy > « for any other upper bound vy of X.
Analogously, number 3 € R is said to be the greatest lower bound of X, denoted
B =infX, if: (i) B is a lower bound of X; and (ii) if vy is a lower bound of X, then
Y < B.

THEOREM 3.3.1. Let X # @, X C R. « = sup X f, and only f, for all € > 0 1t is
true that (i) for all x € X, one has that x < « + ¢; and (i1) for some x € X one
has that @ — ¢ < x.

The proof of the previous theorem is left as an exercise. Now, remember that in
Chapter 1, we announced one axiom of R that is not satisfied by the Rationals? It is
the following;:

Axiom 3.3.1 (Axiom of Completeness). Let X C R be nonempty. If X is bounded
above, then it has a least upper bound.

The Axiom of Completeness gives us the tool for a formal proof of the Bolzano-
Weierstrass Theorem (2.6.5), as well as the proof of Theorem 3.1.4.

Proof of Theorem 2.6.5: By Theorems 2.6.12 and 2.6.13, it suffices that we consider
just the case K = 1. Since (an){_; is bounded, there exists a € R such that,
—a < an < a for all n. Define the set

X ={x € R| an > x for infinitely many terms of (an)5_;}

Since —a € X and for all x € X, x < a, it follows from Axiom 3.3.1 that X has a least
upper bound. Let o« = sup X. Fix ¢ > 0 and i € IN. By definition, « + ¢/2 ¢ X,
which means that for some n* € IN one has that a,, < o + ¢ for all n > n*. Now, if
there is i € IN that satisfies that, for all n > 1, inequality a,, < « — ¢/2 holds, then,
it follows that if x € X, then x < o« — ¢/2, which contradicts the fact that o = sup X.
So, it must be that for all i € IN, one can find some n > 7 for which an > ax—¢/2
is true. It follows, then, that there is n > 1, such that « — ¢ < an < x + ¢.
Then, we can define a sequence (n, )%, _;, as follows:

ni=minfneN|a—1<an < x+1},
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and, recursively,
nm=minfneN|n>n,_1Aa—1/m<an < a+1/m}
It is straightforward that (an,, )5, _; is a convergent subsequence of (an)y_;. O

Proof of Theorem 3.1.4: Suppose otherwise: let A, B C R be such that ANB =g,
AUB =R, A # @ and B # &. Fix a € A and b € B, assuming, with no loss of
generality, that a < b.

Let X = AN[a,b] and Y = BN [A, B]. Note that these sets are disjoint and satisfy
that XUY = [a, b]. Importantly, they satisfy the following properties:

Vx € X,de >0:[x,x+¢) CX, (%)

and
YyeY,de>0:(y—e,ylCY (%%)

Let x = sup X, which exists by Axiom 3.3.1. By construction, x € [a,b]. If x € Y,
by (xx), (x — €, x] C Y for some ¢ > 0. This implies that x — €/2 is an upper bound for
X, which is impossible since X is its least upper bound. If x € X, by (x), [X,x+¢) C X,
which is impossible since X is an upper bound of X. It follows that x ¢ X UY, which
contradicts the fact that XU Y = [a, b]. O

3.4 Application: Consumption Budgets

CONSIDER THE PROBLEM OF a consumer who must choose a bundle of L € IN
perfectly divisible commodities. Assume that this individual can only consume non-
negative amounts of these goods, so that her consumption space is ]RI;L. Letp € ]RL-L 4
denote the prices that are in place. If she has a nominal wealth m that constrains her
purchases of commodities, then her budget set is B(p, m) = {x € ]R& | p-x < mj}.
We want to observe that this set is compact.

First, let us argue that it is bounded. This is easy to see, for if x € B(p, m), then for
all commodity 1 = 1,..., L, one has that x; < m/p, where p = min{py,...,pr} >0,
given the assumption that no commodity can be consumed in a negative amount.

Now, suppose that x ¢ B(p, m). This can happen for one of two (nonexclusive)
reasons. First, it could be that for some | one has x; < 0; in this case, letting
e = |x1]/2 > 0, one immediately has that B, (x) C B(p, m)€. The other possibility is
that p - x > m; in this case, one can let

p-x—m

g= P X7 g
Lmax{p:}

and note that, if X € B¢ (x), then

X > — >p-x—L =m,
p-% ;m(m e) > p-x—Lmax(pile =m

so that X ¢ B(p, m). In any case, for some ¢ > 0 we have that B¢ (x) C B(p, m)€,

C

so we conclude that B(p, m)€ is open and, hence, by Theorem 3.1.5, that B(p, m) is

closed.
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4

Continuity

THROUGHOUT THIS CHAPTER, MAINTAIN the assumption that X is a subset of the
finite-dimensional space RX.

4.1 Continuous Functions

DEFINITION 4.1.1. Function f : X — R s continuous at x € X «f for all ¢ > 0, there
exists & > 0 such that |f(x) — f(x)| < ¢ for all x € Bg(x) N X. It is continuous if it
is continuous at all x € X.

Note that continuity at x is a local concept. Second, note that x in the definition
may but need not be a limit point of X. Therefore, two points are worth noticing: if x
is not a limit point of X, then any f : X — R is continuous at X (why?); and if, on the
other hand, X is a limit point of X, then f : X — IR is continuous at x if, and only if,
lim, 5 f(x) = f(x). Intuitively, this occurs when a function is such that in order to
get arbitrarily close to f(x) in the range, all we need to do is to get close enough to x
in the domain. By Theorem 2.6.6, it follows that when X € X is a limit point of X, f
is continuous at x if, and only if, whenever we take a sequence of points in the domain
that converges to X, the sequence formed by their images converges to f(x) (that in
this case the concept is not vacuous follows from Exercise 2.6.5).

EXERCISE 4.1.1. Consider the function introduced in Ezercise 2.6.7. Is it contin-
uous?

EXERCISE 4.1.2. Consider the function introduced in Example 2.6.1. Is it contin-
uous? What if we change the function, slightly, as follows: f: R — R, defined
as

1, if x > 0;
f(x) =< 0, if x =0;
-1, ifx<0.

Is 1t continuous?

4.2 Images and Pre-Images under Continuous Functions

THE FOLLOWING RESULT OFFERS a characterization of the definition of continuity.
This result has been useful in economics.
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THEOREM 4.2.1. Function f : RX — R is continuous if, and only if, for all open
set U C R, one has that £ 1[U] is open.

Proof. Fix X € RX and ¢ > 0. By Example 3.1.1, we know that B (f(X)) is open and,
therefore, so is f1[B(f(x))]. Since X € f~1[B,(f(X))], we have that there exists
some & > 0 for which Bs(x) C f~1[B,(f(X))]. For such &, the latter means that that
for all x € Bs(x) one has that |f(x) — f(x)| < ¢.

Now, let U C R be an open set, and let X € f~1[U]. By definition, f(X) € U, and
since U is open, there is some ¢ > 0 for which B, (f(x)) C U. Since f is continuous,
there exists & > 0 such that |f(x) — f(x)| < € for all x € Bgs(x). The latter implies
that Bs(X) C f—1[U]. O

I stated the previous theorem in a weaker form than it really has to be. Actually,
we don’t really need the domain of f to be R¥. If the domain is X C R¥, the result
continues to hold, but we need to qualify the definition of open set, to make it relative
to the set X. We implicitly do that in the following theorem, which we leave without
proof.

THEOREM 4.2.2. Function f : X — R 1is continuous if, and only if, for every open
set U C R, there exists an open set O C RX such that f~1[U] = O N X.

Of course, analogous results for the pre-images of closed sets follow. Importantly,
continuous functions also preserve some properties on the images of sets.

THEOREM 4.2.3. If function f : X — R s continuous and set C C X is compact,
then set f[C] is compact too.

Proof. Let (yn)¥_; be a sequence in f[C] and such that yn — y. Fix (xn)$_,

in C such that f(xn,) = yn. Since C is bounded, by Theorem 2.6.5 there exists a

subsequence (xn,, )% _; that converges to some x, with x € C because C is closed.

m=1

By continuity, y = limm 00 Yn,, = liMm 00 f(Xn,,) = f(x), soy € f[C].
Now, suppose that for all A € R, there is y € f[C] such that |[y| > A. Then, for
all n € N, there is x, € C for which |f(xny)| > n. Since C is compact, as before,
there exists a subsequence (xn,,)S _; that converges to some x € C. By continuity,

If(x)] = limm— oo |f(xn,, )| = oo, which is impossible. O

It is important to note that the result does not hold for sets that are only closed, or
only bounded.

4.3 Properties and the Intermediate Value Theorem

THE FOLLOWING PROPERTIES OF continuous functions are derived from the prop-
erties of limits.

THEOREM 4.3.1. Suppose that f: X - R and g: X — R are continuous at x € X,
and let « € R. Then, the functions f+ g, «f and f.g are continuous at X.
Moreover, if g(x) # 0, then g 18 continuous at X.

Proof. This theorem follows from Theorem 2.6.7. For example, if X is a limit point of X,
then, continuity of f and g at x implies that lim, 5 f(x) = f(x) and lim, _,5 g(x) =
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g(x). Since f(x) € R and g(x) € R, it follows from Theorem 2.6.7 that

lim (f +g)(x) = f(x) + g(%) = (f+ g) (X),

X—X

so that (f + g) is continuous at Xx. The proof of the rest of the theorem is similar. [J

The following result is very intuitive:

THEOREM 4.3.2 (The Intermediate Value Theorem in R). If function f: [a,b] = R
is continuous, then for every number vy between f(a) and f(b) there exists an
x € [a, b] for which f(x) =vy.1

Proof. If y = f(a) or vy = f(b), the result is obvious. Assume that f(a) <y < f(b),
and denote S = f~1[(—o0,y)]. Since a € S, it follows that S # &. Since S C [a,b], it

follows that S is bounded. Then, by the Axiom of Completeness (Axiom 3.3.1) we have
that X = sup S exists. By definition, for all n € IN, the number x — % is not an upper
bound of S (see Theorem 3.3.1). Hence, for all n there must exist x, € S for which

1

X — 5 < xn < X. Construct such sequence (xn )%

n=1-
whereas, since 1/n — 0, we have that x,, — X. And since f is continuous, we have that

By comstruction, f(xn) < v,

lim f(xn) =f(x) <,

n—oo

where the inequality follows from Theorem 2.6.10.

Now, define X,, = min{b,x + 1/n}. Consider any n. If X, = b, then X, ¢ S. Else,
Xn =X+ 1/n > X, from where if X,, € S, we have that for some x € S it is true that
x > sup S which is a contradiction. It must then be that every X,, ¢ S, which implies
that f(Xn) > v. Again, since X, — X,2 we have that

lim f(Xn) =f(x) >y

n—o00

by continuity of f and Corollary 2.6.10.
The argument when f(b) <y < f(a) is similar. O

It should be clear that if we consider f defined on X C R, even with a,b € X, the
object [a, b] is not well defined. The (line) segment connecting a and b, however, is:

(xeRX |3 e0,1]:9a+(1—9)b e X}
The following result generalizes the previous theorem:

THEOREM 4.3.3. Let a,b € X be such that the segment connecting them is contained
in X.3 If function f : X — R 4s continuous, then for every numbery lying between
f(a) and f(b), there is some X in the segment connecting a and b for which
f(x) =v.

Proof. Define the function ¢ : [0,1] - R by ¢(¥) = f(da+ (1 —9)b), which we can
do because
(xeRX |30 e0,1]:9a+(1—9be X} CX.

By construction, ¢(1) = f(a) and ¢(0) = f(b). By a later result, Theorem 4.6.1,* we
have that ¢ is continuous, so it follows that for some 9 € [0, 1] it is true that @(9) =-y.
Let X = da+ (1—d)b. O

! It does not matter whether f(a) >
f(b)or f(a) < f(b) — we could simply
have written that v € [f(a),f(b)]U
[f(b),f(a)l.

2 Can you see why?

3 That is, a and b are such that the
set

{xeR¥ |39 e€0,1]:9a+ (1—9)b e X}

is a subset of X

4 Which does not require the theorem
we are now showing!
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4.4 Left- and Right-Continuity

WHEN WE ARE DEALING with functions defined on X C IR, we can easily identify,
for each x € X, which part of the domain is above X and which one is below. This
property allows us to study how the function behaves as we approach x from above
(the right) or below (the left).

Consider a function f: X — R, where X C R. Suppose that X is a limit point of X,
and let £ € R. One says that

lim f(x) = ¢,
XN\(X

when for every € > 0 there is a number 6 > 0 such that |f(x) — €| < ¢ whenever
x € XNBg(x) and x > X. In such case, { is said to be the limit of function f as x
tends to x from above. Similarly,

lim f(x) ={¢,
x,'x
when for every ¢ > 0 there is & > 0 such that [f(x) — £ < ¢ for all x € XN Bg(x)
satisfying that x > x. In this case, { is said to be the limit of function f as x tends
to X from below.
Function f : X — R is right-continuous at X € X, where X is a limit point of X, if

lim f(x) = f(x).

lim () = (%)
It is right-continuous if it is right-countinuous at every x € X that is a limit point of
X. Similarly, f: X — R is left-continuous at x if

)}i/mif(X) = f(x),

and one says that f is left-continuous if it is left-continuous at all limit point x € X.

EXERCISE 4.4.1. Consider the function introduced in Ezercise 4.1.2. Is it right-
continuous? Left-continuous? What if, keeping the rest of the function un-
changed, we redefine f(0) = —12 Is it left- or right-continuous? What if f(0) = 1.

4.5 Application: Preferences and Utility Functions

CONSIDER AGAIN THE SITUATION of Section 3.4. The individual’s preferences are
a complete pre-order =~ on X = ]Ri, as in Section 1.5, with > and ~ defined as there.

In this setting, =~ is said to be strictly monotone if x > x’ implies x = x’, and
strongly convez if for any bundle x, any bundle x’ # x such that x = x/, and any
scalar 0 < o < 1, it is true that ox + (1 — &)x’ = x/. It is continuous if for every
pair of convergent sequences (xn)_; and (x],)%°_; defined in ]RI;L and satisfying that

xn 75 x5, at all n € N, one has that
lim xn - lim x),.
n—o0 n—00

Finally, relation - is represented by function u: IR& — R if u(x) > u(x’) occurs
if, and only if, x >~ x’. The function u that represents - is called a wutility function.®

5 Notice that if a preference relation is
representable, then there are infinitely
many different utility functions that
represent it.
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THEOREM 4.5.1. Suppose that = s strictly monotone, strongly conver and contin-
uous. Then, i1t can be represented by a continuous utiity function.

Proof. The argument is constructive: for each x € ]Ril: define u(x) as the number
for which u(x)e ~ x, where e = (1,...,1), provided that such number exists and is
uniquely defined. For this assignment to constitute a function, we must show that
such number does indeed exist and, moreover, is unique. So, fix x, and define the sets

B={teR;|tex} and W ={te R4 |x 7 te},

both of which are closed, since = is continuous. Also, since =~ is strictly monotone,
by the Axiom of Completeness there exist numbers t and t such that B = [t, 00) and
W = [0, t]. Given that = is complete, we further have that R, = BUW, from where
t < t, and, therefore, BNW # &, which implies that at least one number that can be
assigned as u(x) exists. By monotonicity, such number must be unique.

Now, suppose that x =~ x’. By transitivity of -, it must be that u(x)e = u(x’)e. By
monotonicity, then, u(x) > u(x’). On the other hand, if u(x) > u(x’), by monotonicity
we would have that u(x)e = u(x’)e and by transitivity x = x’. This proves that u
represents -

To complete the proof, we need to argue that u is continuous. By Theorem 4.2.2,
it suffices that we show that for all pair of numbers a,b € R, set u=1[(a, b)] is open,
as a subset of IRI;L. By monotonicity and transitivity,

u(aq,b) ={xe IRPF | be = u(x)e = ae} ={x € ]Rk | be = x = ae}.
That is,

u M(a,b)] = {xe€RE [be=x}n{x € R} x> ae}
= {xeRL [xzbelN{x e R |ae x}¢

By continuity, each of the sets on the right-hand side of the expression is open (as a
subset of ]RI;), since their complements are closed. It follows from Theorem 3.1.2 that
u~1[(a,b)] is open too. O

4.6 Continuity of Composite Functions

Fix THE sETs X C RK, for a finite dimension K, and Y C R. Given the functions
f:X —=Yand g:Y — R, we define the composite function gof: X — R by letting
(gof)(x) =g(f(x)), for all x € X.

THEOREM 4.6.1. Suppose that f: X — Y 1s continuous at x € X, and g: Y — R s
continuous at f(x). Then, go f is continuous at x.

Proof. Fix ¢ > 0. Since g is continuous at f(x), there is some y > 0 such that
lg(y) —g(f(x))| < e for all y € B (f(x)) NY. Since f is continuous at x and y > 0,
there also is some & > 0 such that f(x) € B, (f(x)) for all x € Bs(x) N X. And since
f(x) € Y, we then have that f(x) € B (f(x)) NY, and therefore [g(f(x)) — g(f(X))| <
¢ for all x € Bg(Xx) N X, which proves the claim. O

COROLLARY 4.6.1. If f: X = Y and g: Y — R are continuous, g o f is continuous.
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5
Dafferentiability

FOR SIMPLICITY OF PRESENTATION, we first consider functions defined on R, and
study higher-dimensional spaces later.

5.1 Functions on R

THROUGHOUT THIS SECTION, WE maintain the assumption that X C IR is open.
Suppose that we have a function f: X — R, fix x € X, and define the function

Hy ={h e R\ {0} | x+h e X}

Now, for all h € Hy, evaluate the expression

f(x +h) —f(x)
—

Since x is fixed, the expression depends on (is a function of) h only, on the nonempty
(why?) domain Hy. Moreover, since 0 is a limit point of Hy, we can use definition
2.6.1, to study the object
. f(x+h)—f(x)
lim ———.
h—0

5.1.1 Dafferentiability

DEeFINITION 5.1.1. Function f: X — R 1s differentiable at x € X «f for some { € R it

1s true that
. f(x+h)—~f(x)
lim ——MM——~=

h—0 h
It 1s differentiable if it is differentiable at all x € X.

=L

Notice that the definition does require the limit to be a real number. Besides, since
we only define lim,_,5 g(x) when X is a limit point of the domain of function g, our
definition of differentiability implicitly requires x to be a limit point of X\ {x} and,
therefore, of X. But it follows from Exercises 3.1.1 and 3.1.2 that this is always the
case since X is open.!

Suppose that f: X — R is differentiable at x € X, then we define the derwvative of

! One can study differentiability in a
slightly more general context by not
restricting X and only defining the
concept at limit points of the do-
main. In R, applying our definition
to non-interior limit points will encom-
pass the concepts of left- and right-
differentiability, which we won’t cover
here.
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f at x, denoted f’(x), to be the number

f/(x) = }{iino WL})L_M

ExaMPLE 5.1.1. Let f: R — R be defined by f(x) = x2. We want to know whether
the function is differentiable. Fiz x € R. Now, for any h #0,

f(x +h) —f(x) Coxih

so, by Ezercise 2.6.6, we know that f is indeed differentiable and f'(x) = 2x at all
x € R.

ExaMmPLE 5.1.2. Let f:IR — R be defined by f(x) = |x|. We want to know whether
the function is differentiable at 0. Fix x =0 and evaluate, for h #0,

f(x+h)—f(x) | 1, if h > 0;
h ] -1, #h<o.

By Ezample 2.6.1, we know that in this case

. f(x+h)—f(x)
11m —_—
h—0

does not exist, so f 1s not differentiable at 0.
A useful characterization of differentiability is the following:

THEOREM 5.1.1. A function f: X — R 1s differentiable, and has derivative f'(x) =
¢, at x of, and only tf, for some ¢ > 0 and some function @ : B¢(0) — R 1t is true
that

¢(h)

lim —— =0
h>0 h !

while f(x +h) = f(x) + th+ @(h) for all h € B¢(0).

Proof. Suppose first that there are ¢ and ¢ that obey the mentioned properties. Then,
by direct computation,

="
h h ’
from where the fact that
lim 2
h—0 h

implies the sufficiency claim.

Now, suppose that f is differentiable at x. Since x is open, there is ¢ > 0 such that
Be(x) C X. Define ¢ : B.(0) — R by @(h) = f(x + h) — f(x) — £h, which is well defined
since, x +h € B¢ (x) C X. Then,

e(h) f(x+h)—~f(x)

= —0
h h ’

from where, by definition,

h—0 h

implies necessity. O
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5.1.2 Continuity and differentiability

For simplicity of notation, notice that if h € Hz, then there exists x € X for which
x = X + h. Thus, it follows that

. f(x+h)—f(x) . flx) —f(x)
hm —_— 11m _—
h—0 h x—3x  X—X

A very important relation is the following:

THEOREM 5.1.2. If a function f : X — R, s differentiable at x € X, then it is
continuous at x € X.

Proof. Since f is differentiable at x € X, lim,_,3(f(x) — f(x))/(x — %) = { for some
{ € R. By Theorem 2.6.7, then

_ f(x) —f(x _ _
lim f(x) = lim {f(x) + { (x _(X)] (x—x)} = f(X),
X—X X—X X—X
so that f is continuous at x. O

5.1.3 Computing derivatives
There are some very well known rules to compute derivatives.

THEOREM 5.1.3. Suppose that functions f: X — R and g: X — R are differentiable.
Then for all x € X and all k € R, we have that

1. (f+g)'(x) =f'(x)+g'(x);
2. (k) (x) =k.f'(x);
3. (f.g)'(x) = g(x)f'(x) +f(x)g’(x);

4. 1f g(x) #0, then

5 (f9(x) =k-f(x)* 1. f(x).

Proof. The first two parts follow straightforwardly from the properties of limits. These
two parts are left as exercise. Once the first part has been proven, the fifth part can
be proven for the case k € IN using the Principle of Mathematical Induction (over k).
The general case is more complicated and we will not attempt to prove it. We now
prove the third and fourth parts.

For the third part, notice that for x € X, and h € R\ {0} such that x + h € X,

(f-g)(x +h) — (f.g)(x) fix+h) —f(x) glx+h)—g(x)

o = g(x) n +f(x+h) o ,
so the claim follows frm Theorems 5.1.1 and 2.6.7.
For the fourth part, notice that, if g(x +h) # 0 and g(x) # 0,
(f/g)(x+h)—(f/g)(x) _  (fx+h)—f(x))g(x)  (g(x+h)—g(x))f(x)
h hg(x+h)g(x) hg(x +h)g(x)

so the result follows, again, from Theorems 5.1.1 and 2.6.7. O



48 ANDRES CARVAJAL — UC DAVIS

EXERCISE 5.1.1. Find the derwatives of f(x) = v/x/(1+x), f(x) = x/(1++/x) and
f(x) =1/(1++/x) atx € Ry .2

EXERCISE 5.1.2. Let n € IN. Suppose that each function in the collection f, : X —
R, n =1,...,n is differentiable, and define g : X — R by g(x) = f1(x) X fa(x) x
... xfa(x). Argue that g is differentiable, compute g'(x) and show that>*

LA
o) ~ Ak f00 T Tl

Another important result is, whose proof we will not attempt here, even though it

is not complicated, is the following.

THEOREM 5.1.4. If x € R, y € Ry, then (e*)' =e* and In(y)' = 1/y.

5.2  Differentiability of Composite Functions: the Chain Rule

As 1N SECTION 4.6, fix XCR,YCR,and f: X—Yand g:Y — R.

THEOREM 5.2.1 (The Chain Rule). Suppose that f: X — Y s differentiable at x € X,
and g:Y — R is differentiable at f(x). Then, gof is differentiable at x, and

(gof)(x) = g'(f(x))f'(x).
Proof. By definition of derivative, we are interested in

(gof)(x+h)—(gof)(x) _ g(fx+h))—g(f(x))
h B h '

for any number h # 0 for which x +h € X. For simplicity of notation, let y = f(x),
denote the set O ={k € R| (y +k) € Y} and define the function ¢ : QO — R by

k)— .
(P(k)_ gly+ ]l 9(9)791(1”, 1fk#0,
0, otherwise.

Notice that limy .o @(k) = 0, which, together with the fact that g is continuous (by
Theorem 5.1.2), suffices to ensure that ¢ is continuous, by Theorem 4.3.1. Also, for
all k € Q it is true that g(y + k) —g(y) = k(e(k) + g’(y)).
Denoting ky, = f(x + h) — f(x),5 we have that, for h # 0,
g(f(x+h)) —g(f(x)) _ kn

o = T((p(thg/(y)).

Now, notice that, by definition,

. kn .. fx+h) —f(x)
fim = o, R e
whereas® limp_,0 @ (k) = limy_,0 @(k) = 0 and g’(y) = g’(f(x)) € R. By Theo-
rem 2.6.7,
o 9T ) = g(f(x)

hs0 n =g/(f(x))f'(x) € R,

as claimed. O

The following is now immediate.

2 If this has not been (boring) enough
for you, also solve Exercise 2.11 (except
for part k), in page 29 of Simon and
Blume.

3 Hint: use the Principle of Mathemat-
ical Induction.

4 Shorthand notation for the
last two expressions would respec-
tively be g(x) = [[n_;fn(x) and
9’ (x)/g(x) = X n_q Fh(x)/fn(x).

5 We keep the subscript h to remark
that k will change as h does. For-
mally, we are introducing a function
k:{fheR ]| (x+h) e X} - Q.
(Notice that this function is continu-
ous.) For simplicity, we are denoting
the function using just the subscript:
we are writing ky, rather that k(h).

6 By construction,

li =i .
lim @ (k(h)) = lim (¢ ok)(h)
Now, by Corollary 4.6.1, ¢ o k is con-
tinuous, so limp_,o(@ o k)(h) = (@ o
k)(0) =o0.
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COROLLARY 5.2.1. Suppose that f: X =Y and g:Y — R are differentiable. Then,
(gof): X — R s differentiable.

5.2.1 Higher order derivatives

Suppose that function f : X — IR is differentiable. Then, for all x € X, there is a unique
number f/(x) € R. In other words, this means that f’ : X — IR, for the derivative itself
assigns a real number f’(x) to each x € X.

If f: X — R, is differentiable and f’ : X — R is continuous, we say that f is
continuously differentiable. In such case, we say that f € C!, and refer to C! as the
class of continuously differentiable functions.

Now, suppose that f € CL. If f/ is differentiable at x € X, we say that f is twice
differentiable at x, and define the second-order derivative of f at x, denoted f”(x), to
be the derivative of f’ at x. In other words, we define f”/(x) to be (f')’(x), whenever
f’ is differentiable at x. This means that for some { € R,

. f'(x+h)—f(x)
lim ———— =,
h—0 h
and we let f”/(x) = {. Consequently, function f : X — R is said to be twice differentiable
(on X) if it is twice differentiable at all x € X.

As before, if f: X — R is twice differentiable, then f”/ : X — IR. In this case, if
f”” : X — R is continuous, we say that f is twice continuously differentiable and that
f € C2, where C? is the class of twice continuously differentiable functions. It follows
then that C2 C C1.

We can continue to define higher-order levels of differentiability in a recursive man-
ner. Fix k € N, and denote by C*~! the class of (k — 1) times continuously differen-
tiable functions. For f € C¥~!, denote by f'*~1(x) the (k — 1)-order derivative of f at
x € X. Then, if f*~1 is differentiable at x € X, we say that f is k times differentiable
at x, and define the k-order derivative of f at x, denoted f'¥/(x), to be the derivative
of f*~1) at x. Then, f is said to be k times differentiable if it is k times differentiable
at all x € X.

And once again, if f is k times differentiable, then f*/ : X —» R, and if f*/ : X - R
is continuous, we say that f is k times continuously differentiable and that f € Ck,
where CK is the class of k times continuously differentiable functions. It follows, then,
that Ck cck-lC...cc2ccl

Finally, if for all k € IN, we have that f € CX¥, then we say that f is infinitely
differentiable (or “smooth”) and that f € C*°, where C*® is the class of infinitely
differentiable functions.

ExaMPLE 5.2.1. Consider the function f: R — R, defined by

It 1s easy to see that f is differentiable and

f/(X):{ XZ) fo>oa

—x?, ifx <0,

which is continuous, so that f € C1. From f', we further conclude that f is twice
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differentiable and f”(x) = 2|x|, which is continuous, so that f € C2. However, we
know from Ezample 5.1.2 that f” is not differentiable at 0. Thus, we conclude
that for all k > 3 it is true that f ¢ C*, or thatf € C%\ C3.

EXERCISE 5.2.1 (Polynomials). A polynomial of degree n, defined on a domain
X, 1s a function P : X — R, defined by P(x) = Z]Tl:o ajxj, where for each j €
{0,1,2,...,1}, a5 € R, and an # 0. Show that any polynomial is of class C*®.
(Hint: Probably the easiest way to do this is by mathematical induction on the
order of the polynomzial.)

5.2.2 Derwatives and limits
A very useful result is the following theorem, whose proof we will not give here.

THEOREM 5.2.2 (L’Hopital’s Rule). Suppose that f : (a,b) - R and g : (a,b) —
R\ {0}, where —c0 < a < b < oo, are differentiable. Let x € [a,b], suppose that
lim, 5 f'(x)/g’(x) = ¢, for { € RU{—o00,00}. Iflim,_,5 f(x) =0 and lim,_,5 g(x) =
0, then lim,_,x(f/g)(x) = L.

5.8 Functions on RK

5.3.1 Partial differentiability

We now consider a general, higher-dimensional set X C R¥, open. Suppose that x € X
and fix k € {1,...,K}. It is easy to see that the set

A={8€R| (X1, Xk—1,XK + 8, X141, --,Xk) € X}
is an open subset of IR, and that the function ¢ : A — R, defined by

(9(6) = f(xll <y Xk—1, Xk + 67Xk+11 s rXK)

is well defined. So, we can directly apply all the ideas of the previous section of this
chapter to function ¢ and study the differentiability of function f when, starting from
the point x, we change the k-th argument of the function, while maintaining the other
arguments fixed at (x1,...,Xx_1,Xk41,---,XK). When ¢ is differentiable at zero, we
say that f s partially differentiable with respect to x at x, and say that the partial
derivative of f with respect to xj at x,

o
an

(x) = @'(0).

When f is partially differentiable with respect to xy at every x € X, we say that f
1s partially differentiable with respect to xi. When f is partially differentiable with
respect to xy for every k € {1,...,K}, we say that f ¢s partially differentiable.

Notice that each
of

a(x)

depends on x and not just on xy (obviously, exceptions exist). Importantly, we can
study continuity of these functions and talk of continuous partial differentiability, and
we can also study differentiability of the functions and introduce higher-order partial

differentiability. For example, if the function 0f/0xy is differentiable with respect to
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xj at x, then we say that the second derivative of f with respect to x; and xy is

of
02f ) — a(Txk)
an an aXJ

(x).

When possible, we define the Hessian of f at x as the double-array (K x K matrix)

o2f o2%f
0x10X1 ( ) T 0x10XK (X)
Hf(x) =
92f o2%f
OXKOX1 (x) - OXKOX1 (x)

A crucial result in calculus, whose proof we will omit, is the following theorem.

THEOREM 5.3.1 (Young’s Theorem). If f is twice partially differentiable and all its
second partial derivatives are continuous, then Hf(x) is symmetric.

5.3.2 Dafferentiability

The concept of partial differentiability is important (and straightforward) but, at least
in principle, limited: it only considers perturbations in the “canonical” directions: one
keeps all but one of the arguments fixed. A stronger concept is needed for more general
perturbations, which we can do by analogy to Theorem 5.1.1.

DEeFINITION 5.3.1. A function f: X — R is differentiable, and has gradient Df(x) = A,
at x € X if there are a number ¢ > 0 and a function ¢ : B;(0) = R such that

. @(h)
1 _—
hs0 ||

and that f(x + h) = f(x) + Ah+ @(h) for all h € B¢(0).

For reasons that will later be obvious, the gradient of a function point x is the
direction in which the function increases most rapidly, when perturbed infinitesimally
in its domain. As before, we can study continuity of Df as a function of f and talk of
continuous differentiability.

The definition is not easy to verify, but the following result bridges the gap between
differentiability and the more operational concept of partial differentiability

THEOREM 5.3.2. If f 1s continuously partially differentiable at x, then it is differ-
entiable at x, and
of of
Df(x) = =—(x),...,—(x) ] .
0x1 Oxk

If, on the other hand, f is continuously differentiable at x, then it is continuously
partially differentiable at x, and

( of (x),...,af(x)> = Df(x).

TX]_ aXK

Higher-order differentiability is also possible. If f: X — IR is differentiable at x and
there exist € > 0 and ¢ : B.(0) — R such that

lim ||[h]|2¢@(h) =0
hlgloll [T“e@(h)
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and f(x+h) = f(x) + Df(x)h + %hTAh—F @(h), for all h € B¢(0), for some real-valued
K x K matrix A, then we say that f is twice differentiable at x and D?f(x) = A. It
follows from the previous theorem that if f is twice continuously partially differentiable
at x, then it is twice differentiable at x, and D?f(x) = Hf(x), whereas, on the other
hand, if f is twice continuously differentiable at x, then it is twice continuously partially
differentiable at x, and Hf(x) = Df(x).

5.4 Taylor Approzimations

FOR SIMPLICITY OF EXPOSITION, throughout this section, we maintain fixed an
open set X C IR.

5.4.1 Approzimations by polynomaials

Suppose that we have a function f: X — R, f € C™, and that 0 € X. Suppose also that
for some integer n < m, we want to construct an n-degree polynomial, P : X — R,
such that the values of f and its first n derivatives evaluated at 0 are the same as the
values of P, and its first n derivatives at that same point.

We know that for all (aj )}1:0, a polynomial has the form

Pn(x) = ag+ aix+ agx® + ... + anx™,

7 7 In what follows, we are going to use

an extensive notation. If you want to

and we know that any P, € C*®. Also, since

/ _ n—1 keep notation short, although compli-
Pn(x) a1+2ax+... +nanx ! cated, notice that for each k < n,
P/(x) = 2a3+(3x2)azx+...+nn—1)anx™2, N

" 3 P (x) = Z L a; k.,
P/(x) = (B3x2az+(4x3x2agx+...+nn—1)(n—2)anx""7, " S G- )

PMx) = nn—1)(n-2)...2)(1)an.

Immediately, Pr,(0) = ag, P/ (0) = a1, PJ(0) = 2az, PY/(0) = (3 x 2)ag = 3lag, and
so on, up to

PYO0) =nm—1)(n—2)...(2)(1)an = nlan.
Now, since what we want is to find (a]-)]T‘ZO such that P, (0) = f(0), P, (0) = f'(0),
P//(0) = f”(0), and so on, until, PT[IL] (0) = f™)(0), it is immediate that the (only) array
(qj )]T‘:O that satisfies such equalities is given by ag = f(0) and a,, = %f (k1 (0), for each
k=1,...,n. Put another way, our desired polynomial is

Po(x) = f(0) + f(0)x + %f“(o)x2 NI ;f[n] (0)x™.

Since the restrictions we imposed are such that f and P;, are very close to each other
and have the same derivatives when x is close to 0, we say that P, is an n-th-order
approximation to f about 0. Usually, this fact is expressed by saying that

1 1
f(x) ~ £(0) + f'(0)x + 5f“(o)x2 +.+ ﬁf“ﬂ (0)x™.

One important remark is in order. Notice first that for all array {q; )T‘:O, all x € X
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and all k > n one necessarily has that
P (x) = 0.

This implies that we should not try to equate more than the first n derivatives of the
polynomial to the ones of the function. However, it is true that the higher the degree
of the polynomial (subject to the differentiability of f), the better the approximation
to the function. We will later come back to this point, but the following example may
be illustrative:

ExAMPLE 5.4.1. Let f:[—0.5,0.5] — R be defined by

One can check that f € C®. Also, we have that

—2

) = e

and
6

(14+x)4
In particular, f(0) = 1, f'(0) = —2 and f”(0) = 6. Thus, we have that P1(x) = 1—2x
and Py(x) = 1 —2x+ 3x2. The graph of function f and these two polynomial

f//(x) —

approzimations is Figure 5.1. Notice how well the second-order polynomzal (green
curve) approzimates the function (blue curve). It certainly does better than the
first-order polynomaial (red line)!

yﬂ

\
N\

XV

EXERCISE 5.4.1. Develop first- and second-order polynomial approzimations to
f:[-1,1] = R, defined by f(x) = eX.

EXERCISE 5.4.2. Argue that e =) 7 4(1/n!).

5.4.2 Taylor approrimations

The method that we used in the previous section is limited in that it requires that
0 € X, and in that we can only approximate the function about 0. The natural way to
generalize this particular case is the use of Taylor polynomials.

Let x € R. An n-degree polynomial about X is a function P, 3 : R — R of the form

Poz(x) =ag+ai(x—x)+as(x—%)%?+...+an(x—x)™,

)

Figure 5.1: Accuracy of Taylor approx-
imations
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where a; € R, for j =0,...,n, and an # 0. It is easy to show that every such function
is of class C*°.

Now, suppose that we have a function f : X — R of class C™, and that for some
n < m and some x € X, we want to construct an n-degree Taylor polynomial such that
the values of f and its first n derivatives evaluated at x are the same as the values of
P, x and its first n derivatives at that same point. Then, we only have to repeat the
procedure we already used: we have that

PT/I’,;(X) = a;+2ax(x—x)+... Jrnan(x—)_()n_1’
PT/l/,’_C(X) = 2a2+(3X2)‘13(7(—7_()+...—|—n(n_1)an(x_)—()n72’
Plz(x) = (3x2)az+ (4x3x2)ag(x—X)+...+nn—1)(n—2)an(x —x)"3,

P ) = nn—1)n—2)...(2)(1)an,

so that Py, 3(X) = ao, P

1 (X)) = a1, P} 5 (X) = 2ap, P/’ (X) = 3!as, and so on, up to

] = .
Pn’;((x) =nlan;

and, since what we want is to find {a;}J'_4 such that Py, 3(X) = f(x), P/ < (x) = f'(X),

P < (x) = f”(x), and so on, until
P (R) = fM(R),

it is easy to see that the (only) sequence (aj)}‘zo that satisfies such equalities is to let
ag = f(x) while

1 ) (%

anzﬁf X)

forallk=1,...,n.
When we use these particular values of (aj)]T;O we obtain the n-th-degree Taylor
polynomial approximation to f about x. We denote this function by T, 5z : X = R,

and define it as

Tinz(x) = f(i)+f’(>’c)(x—>—c)+%f”()’()(x—i)2+...+%fw(>—c)(x—>_<)“
= fX)+)_ %f[j](i)(x—i)j.
j=17"

Again, in order to highlight that this is an approximation to f, it is usually written
that

f(x) ~ f(X) + /(%) (x —X) + %f“(i) (x—%X)2+...+ %f[n] (R)(x—x)™.

EXERCISE 5.4.3. Argue that
o
e* = Z (1/n!)x™.
n=0

EXERCISE 5.4.4. Develop first- and second-order Taylor approximations around 1
to f: Ry — R, defined by f(x) = In(x).
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5.4.3 The remainder

In this section, we maintain the assumption that we have f: X — R, f € C™, and that
for some n € N, n < m, and some x € X, T, 3 : X = R is the nth-degree Taylor
approximation to f about X.

DEFINITION 5.4.1. We define the remainder of the n-degree Taylor polynomaial
approzimation to f about X, denoted R¢ ,, z, by the function R¢ 5 : X — R, where,
for all x € X,

Ren,x(x) = f(x) = T n z(x)

The remainder measures (locally) the error that we are making when approximating
the function by the nt"-degree Taylor polynomial. It follows then, by definition, that

f(x) = Temx (%) + Ren z (%)

and that
Rf,n,i(’_‘) =0

but these properties are of no particular interest, since they are imposed by construc-
tion.

5.4.4 Mean value and Taylor’s theorems

Before we introduce the most important property of the remainder, the following result
is interesting:

THEOREM 5.4.1 (The Mean Value Theorem). Suppose that we have f : X — R,
fdifferentiable. If x,x € X are such that [x,x] C X, [x,x] # @, then Ix* € [x,X] such
that

f(x) = f(x) + ' (x*) (x — %)

Similarly, if x,x € X are such that [x,x] C X, [X,x] # &, then Ix* € [X,x] such that
f(x) = f(x) + f'(x*) (x — )

Notice the similarity between the expression resulting from the mean value theorem
and a first-degree polynomial approximation about x. The only difference is that the
derivative is not (necessarily) evaluated at X, but (maybe) at some other point in the
interval between X and x. The importance of the result is that, with just that little
change, our result is no longer an approximation: it is exact!

The mean value theorem allows to prove the following result. Recall that we main-
tain the assumptions introduced at the beginning of this section:

THEOREM 5.4.2 (Taylor’s Theorem). Suppose that f is (n+ 1) times differentiable
(i.e. fn+1l . x 5 R ezists). If x,x € X are such that [x,X] C X, [x,X] # &, then

Ix* e [x,x] :
1

(n+1)!
Swmalarly, if x,x € X are such that [x,x] C X, [x,x] # &, then Ix* € [x,x] :

R nz(x) = FmFL e (x —x)mH

1 « _
Rf,n,i(x) = mfhﬁ%} (x )(X_x)nJrl

55



56 ANDRES CARVAJAL — UC DAVIS

Two remarks are in order. Notice first that n < m suffices as hypothesis for the the-

n+1) t6 be continuous,

orem. But it is also important to notice that we do not require f!
only to exist.

Second, notice again how similar this expression for the remainder is to each one of
the terms of the Taylor polynomial. Again, the only difference is that the derivative in
the remainder is computed at some point in the interval between X and x (an interval
that must, obviously, be part of the domain), rather than at x. The importance comes
then from the fact that, if we have f : X — R, f € C", and f"1 exists, then, for

some in the x* interval between X and x, the expression

) = fR)+ R —%) + 51 R0+ ..
+%f[n] (72) (X — 72)“ + ﬁf[n+l} (X*)(X . 7_()“+1

is not an approximation. It is exact.

Unfortunately, we do not (yet) have the necessary elements to prove the mean value
theorem (and, therefore, Taylor’s theorem). However, we should be able to convince
ourselves that the mean value theorem is intuitively clear.

5.4.5 Local accuracy of Taylor approximations

Although the mean value and Taylor’s theorems are very important, in many cases one
doesn’t have the possibility to find which particular point in the interval between x
and x will make our expressions exact. In those cases, we must stick to our nt"-order
approximation. In this section, we claim that Taylor approximations are very good
whenever x and X are close to each other, and that the higher n the better (locally) is
the approximation. The exact sense in which this is true is that we will argue that as
x — X, we have that Ry  5(x) — O faster than (x —%)™. In other words, we claim that

Rfnx(x
T QALA LI
x—x \ (x —%x)™
Notice that if n < m, then, by Taylor’s theorem, the result is straightforward.
However, since we didn’t prove the theorem, you may still be doubting about the

result. We now offer a heuristic argument, for n = 1.
In such a case, it is clear that

Re,1,z(x) = f(x) = f(X) — '(X) (x — %)

so that for all x # X,
Re1x(x)  f(x) —f(X)

x—%)  (x—% —t®
and, by definition,
tim ANy (f(x) — —f’(i))
x—x (x—%) xX—X (x —%)
= (%)~ (%)
- 0

meaning that Ry 1 5(x) goes to O faster than x —x.



SHORT COURSE ON REAL ANALYSIS FOR ECONOMICS

EXERCISE 5.4.5 (L'Hopital’s rule is really useful, I). Remember L’Hopital’s rule? If
so, you can further convince yourself of our claim for n > 2. For example, if
n = 2, notice that

R x(x) = Reqx(x) — %f”({() (x —%)2

Now, you can use L’Hopital’s rule (after showing that it applies, of course,) to

argue that

. Repzx(x) 1,
lim ———— = —f
— (x—%)2 2 ()
from where 1t follows that
. Reox(x)
lim —==—— =0
ey (x —X)?

Moreover, if you do this, you can prove the general result by mathematical induc-
tion.

57






6
Linear Algebra

WE NOW REVIEW, VERY briefly, the theory of linear spaces and linear operations on
Real spaces. For the purposes of this chapter, fix numbers K, J,L,N € IN.

6.1 Matrices

IT 1S OFTEN USEFUL to generalize the idea of vector to richer arrays of numbers. A
K x ] matrix is an array of ] € IN vectors in R¥, each of which is taken as a column.
If K =] the matrix is said to be square.

EXAMPLE 6.1.1. The identity matriz of size K, denoted II, is I = (e, eq,...,ex).

Given a K x ] matrix

aii1  4i2 - arg

az1 Qg2 -+ d2g
A= . . . . )

ak,1 ak,2 -+ ag,J

the transpose of A, denoted by AT, is the ] x K matrix

ap1 azi -0 ag
AT ai2 Qg2 - Aag2
apjy dzjy -0 Ak

EXERCISE 6.1.1. Prove the following: if A is a K x ] matriz and B is a | x L matriz,
then (AB)T =BTAT.

A matrix A is said to be symmetric if AT = A, which obviously requires it to be

square.

6.2 Linear Functions

A VERY SIMPLE, YET extremely useful kind of functions is defined by restricting the
images they give to sums of vectors and to products of vectors and scalars. A function
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f: RX — RJ, where J,K € N, is said to be linear if:
1. for all x,x’ € RX, f(x +x’) = f(x) + f(x');
2. for all x € RX and for all 9 € R, f(dx) = df(x).

THEOREM 6.2.1. A function f : RX — RJ is linear if, and only if, there exists a
] x K matriz A such that for all x € RX, f(x) = Ax.

Proof. Sufficiency is obvious. For necessity, consider the following (] x K) matrix
A:(f(el)yf(eQ))'” 7f(eK))' O

EXERCISE 6.2.1. Show that if f : RX = RJ and g: R — RL are linear, then gof
15 linear.

N
n=1

in R¥, we define the span of (xn)N denoted

Given a finite sequence (xn,) n=11

SP(Xn)Ezl, as

N
Sp(xn)l:]:l = {x c RK | 3(1971)1\1':1 eR: Z Inxn = x} .

n=1

That is, the span of a sequence of vectors is the set of all its possible linear combinations.
Let f: R — R/ be linear, and fix the ] x K matrix A such that f(x) = Ax for all
x € RK. The range of f is simply the span of A. The set

ker(A) = {x € R | Ax = 0}

is known as the kernel, or nullspace, of A.

6.3 Determinants

GIVEN A 2 X 2 MATRIX A, its is the number determinant
det(A) = aj1az2 —az;1a2.

The absolute value of this number is the are of the parallelogram defined by the origin,
the two rows of the matrix and their sum.
For any K x K matrix

aii1 ai2 - 4arx

az1 agz2 - 42K
A= . ) )

ak,1 ak,2 --- aKK

denote by A7 0:8) the (K — 1) x (K — 1) matrix resulting from deleting the jth row
and the ! column. The determinant of A, denoted by det(A), is recursively defined
by?
K
det(A) = > (—1)""*ay  det(A7(HR)
k=1

It is an important fact that the determinant of a matrix can be found using any one of

the rows or columns for the cofactor expansion, which implies that det(A) = det(AT).

! The latter definition is known as co-
factor expansion along the first row.
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EXERCISE 6.3.1. Prove the following results:
1. det(I) =1
2. For any pair of K x K matrices A and B, det(AB) = det(A) det(B).

Important and easily verifiable facts about determinants are the following: let
(ak)Ezl be a finite sequence in RX,

1. for all x € RX

det(al +X)a21"' ,(1]() :det(a1)a2a"' 1aK)+det(X1a2)"' aaK);

2. for all ¥ € R,

det (Day, az,---,ax) =Vdet (a,az,---,ax);
3. det(a; +ag,as,---,ax) =det (ay,as, - ,ax); and
4. det (a2;a11"' ,O.KJ = —det (Cl]_,a2,"' aaK)'

6.4 Linear Independence, Dimension and Rank

THE CANONICAL VECTORS IN RK are the sequence (ek)}le in RX, where, for all
k=1,...,K, ex¢ =1if k = {, and ey ¢ = 0 otherwise. Evidently, Sp(ek)Ezl = RK
and

These two properties are important, as they imply that the vectors suffice to “generate”
the whole of RK.
In general, a finite sequence (xn)yzl in RX is said to be linearly independent if

N
Z Inxn = (0)]'5:1 = (8n)rl\1':1 = (O)T]:lzl-
n=1

EXERCISE 6.4.1. Prove the following: (xn)hjzl 1s linearly dependent if, and only

if, for some n* € {1,...,N} and some (In)nef1,.. NP\ {n*}s
Xn* = Z Ixn
n#n*

A set £ C RKX is said to be a linear subspace of R¥, denoted by £ C RK, if: (i) it
is closed under addition: for all x,y € £, x+y € £; and (ii) it is closed under scalar
multiplication: for all x € £ and all ¥ € R, we have that 9x € L.

EXERCISE 6.4.2. Prove the following: for every (xnmzl in RK, SP(Xn)Ezl C RX.

he1 = RX is called a basis for RX.
In particular, (ek)Ezl is called the canonical basis for RK. In general, sequence

Any sequence (xn)li:l in RX such that Sp(xn )X

(xn)T]:':l is a basis for a linear subspace £ of RX if it is linearly independent and
N —
Sp(xn)h_; = L.

61
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Any two bases of a linear subspace £ have the same number of vectors. This common
number is known as the dimension of £, denoted dim(£). The dimension of RX is K,
while the dimension of any linear subspace of R¥ is at most K.

Using our previous notation, given a | x K matrix A = (a1, az,---, ay), the column
span of A, denoted by Sp(A), is Sp(aq; )31:1' The rank of A, denoted by rank(A), is the
dimension of Sp(A). The nullity of A, denoted by nul(A), is the dimension of ker(A).

THEOREM 6.4.1 (The Fundamental Theorem of Linear Algebra, I). Given a J x K
matriz A,

1. rank(A)+nul(A) =K;

2. {(x e R¥ vy e Sp(AT),x -y =0} =ker(A).

Proof. For the first part, let {uy,...,u;} be a basis for ker(A),? and let {vq,...,vk_1} 2 So L =nul(A).
be such that

{ul)"‘)uL)vla"')VK—L}

is a basis for R¥. It suffices for us to show that {Avq,..., Avk_1}is a basis for Sp(A).
To see this, let x € R¥ and find (unique) scalars such that

L K—L
3wt Y by -
=1 j=1
Then,
L K—L K—L
Ax = ZochuH— Z BjAv; = Z BjAv;.
=1 j=1 j=1
Since x was arbitrary, it follows that Sp{Avi,...,Avk_1} = Sp(A). To complete
the argument, it remains to show that {Avq,..., Avk_1} is linearly independent. For
this, suppose that Z}(:]L vjAv; = 0. Then, AZ};}L Y;jv; = 0, which means that
Z};}L v;jvj € ker(A). We can then find scalars such that

K—L L
Z Yivy = Z deug,
=1 =1

or
K—L L
Z YV + Z(*ég)ug =0.
j=1 =1

Since {uy,...,u,v1,...,Vk_r} is a basis for R, it follows that

}/1:...:’}/]_:61:...:6](,[_:0,
as needed.
The second part is left as an exercise. O

Note that, necessarily, rank(A) < min(K,]). Intuitively, the rank is the largest
number of linearly independent rows or columns of the matrix.
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6.5 Inverse Matriz

A K x K MATRIX A IS SAID to be invertible if there exists another K x K matrix B
such that BA = AB = II. In this case, matrix B is said to be the inverse3 of A and is
denoted by AL

EXERCISE 6.5.1. Prove that if A is invertible, then so is A~ L, and (A~1)"1 = A.

EXERCISE 6.5.2. Prove that if A and B are invertible K x K matrices, then AB 1s
invertible and (AB)"! =B 1AL,

The second part of the Fundamental Theorem of Linear Algebra says the following:

THEOREM 6.5.1 (The Fundamental Theorem of Linear Algebra, II). Given a K x K
matriz A, the following statements are equivalent:

1. A 1s wnvertible.

2. det(A) #0.

3. rank(A) =K.

4. the columns of A, (ak)]‘jzl, are linearly independent.

A quick way to see that the first two claims of this theorem are equivalent is to
verify, by direct computation, that given invertible A,

1
1 .
— —~ _adj(A
det(A)aJ( ),
where T

ay1 Qa2 - 4k

) dg1 Qg2 -+ dax
adj(A) =

ag,1 akz2 -+ 4gx

and

i1 = [(—1) det(A0)]

The number a; ¢ is known as the (j,¢) co-factor of A. Matrix adj(A) is called the
adjugate matriz of A, and its transpose is the co-factor matriz.

An important implication of the theorem is that a linear function f : RJ — RX is
bijective if, and only if, the matrix A that generates it is invertible. In such case, the
inverse function is f~1(y) = A~ly, which is linear too.

6.6 FEigenvalues and Eigenvectors

LET A K x K MATRIX A BE FIXED. An eigenvector of A is x € RX \ {0} such that
Ax = Ax for some A € R. The A associated to an eigenvector is called its eigenvalue.*
Intuitively, an eigenvector is such that the linear transformation simply re-scales it by
its associated eigenvalue. This implies that eigenvectors can only be determined up to
scalar multiplication.

3 Notice that we are saying the, and
not an inverse. The reason is that a
matrix can have at most one inverse:
Suppose that

BA=AB=1=AC=CA.

Then,
(B—C)A =0,
o)
(B—C)AB =0,
and
(B—C)I=o0.

Obviously, this means that B = C. It
follows that if B and C are inverses of
A, then B = C.

4 Less common names are characteris-
tic vector and characteristic value. In
Latin languages, they are also called
“auto” vector and “auto” value, with
the same semantic root as the German
“eigen”. The reason why the German
term remains used in English, I imag-
ine, is that Euler was probably the first
person to discover these objects. La-
grange discovered them independently,
but a few years later.
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The system that defines them eigenvectors and eigenvalues of matrix A is
(A—Al)x =0,

and is known as the matrix’s characteristic equation. We are interested in solutions
x # 0, so we can find the eigenvalues by solving the equation

det(A — AlI) =0,

which is known as the matrix’s characteristic function. Notice that it is a Kth—degree
polynomial, so it has at most K real roots.® 5 And, in fact, has K roots, whether

Three key results are the following: denote by A1, ..., Ak the eigenvalues of A; then, real or imaginary.

1. ZE:1 }\k = ZE:I (lk,k;6 6 This number thl ayg,x is known as
K the trace of A and is denoted Tr(A).

3. the number of non-zero eigenvalues of A is rank(A).

6.7 Quadratic Forms

LET A K x K MATRIX A BE FIXED, once again. The quadratic form associated to A
is the function fa : RX — R; fa(x) = x| Ax.

DEFINITION 6.7.1. Matriz A 1s:

1. negative definite if for all x € R¥\ {0}, fa (x) < O;

2. negative semidefinite if for all x € R¥, fa(x) <0

3. positive definite if for all x € RK\ {0}, fa(x) > 0; and

4. megative semidefinite if for all x € RX, fo(x) > 0.

EXERCISE 6.7.1. Show that 1 is positive definite and that matrix A s positive
(semi- )definite if, and only if, —A 1is negative (semi-)definite.

EXERCISE 6.7.2. Show that A 1s negative semidefinite if, and only if, fao satisfies
the following property: for all x,x’ € RX, for all ® € [0, 1],

fA(8X+ (1 —19)7(/) > ﬁfA(X) + (l —S)fA(X/).

A very useful result is the following: A is positive definite if all its eigenvalues are
(strictly) positive, and negative definite if all its eigenvalues are (strictly) negative;
moreover, it is positive semidefinite, but not definite, if all its eigenvalues are non-
negative and at least one is zero, and negative semidefinite, but not definite, if all its
eigenvalues are nonpositive and at least one is zero.

The last observations and the second result about eigenvalues make the following
theorems very intuitive. Given a K x K matrix A, define its principal minor of order
k=1,...,K as the number

a1 ar2 - a1k

ag;1 G422 - 42k
det . ] ]

agx,1 Qax,2 -+ Qagk
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that is, the determinant of the sub-matrix resulting from keeping the first k rows and
columns, dropping the rest. Also, the determinant of any sub matrix resulting from
keeping k rows and the corresponding columns, and dropping the rest of the matrix,
is called @ minor of A of order k.

THEOREM 6.7.1. A 1is negative definite if, and only if, each principal minor of
order k of A has sign (—1)%. It is positive definite if, and only if, all principal
minors are positive.

THEOREM 6.7.2. A 1s negative semidefinite if, and only if, all minors of order k of

k

A have sign (—1)% or 0. It is positive semadefinite if, and only if, all minors are

nonnegative.

6.8 Linear Systems of Inequalities

A VERY IMPORTANT RESULT in linear analysis, known as The Theorem of the
Alternative or the Minkowski—Farkas Lemma, studies the existence of solutions to
linear systems. It says:”

THEOREM 6.8.1 (Minkowski-Farkas). Let A be a given K x ] matriz. One, and only
one, of the following two statements is true:

1. there exists column vector x € R) such that Ax >0 (resp. Ax>0); or,
2. there exists a row vector y € ]RE+ (resp. y € lRﬁ \{0}) such that yA = 0.

This theorem is proved in an exercise of the following chapter. The next section
offers an important application of it in economics.

6.9 Application: Testing Consumer Theory

THE STANDARD FOR WHAT is to be considered scientific knowledge has been a promi-
nent topic of debate in epistemology. Karl Popper argued that scientists should actively
try to prove their theories wrong, rather than merely attempt to verify them through
inductive reasoning. The Popperian postulate thus states that a scientific discovery
ought to distinguish the theory from its empirical implications and that the empirical
implications should be contrasted to reality, in order for the theory to be corroborated
(however, not verified) or refuted. If a theory fails a test, and there exists no reasonable
excuse that can itself be tested, then the theory should be abandoned.

This “empiricist” position, often referred to as “falsificationism,” had been previously
exposed by Poincaré who, in 1908, wrote that

[W]hen a theory has been established, we have first to look for cases in which the rule
stands the best chance of being found at fault.

This principle was introduced to economics by Paul Samuelson, for whom “meaningful
theorems” are hypotheses about “empirical data which could conceivably be refuted.®
It seems desirable to obtain testable implications from the equilibrium concepts in
economics, even if one considers the views of Popper to be an extreme. We now
consider this problem for the case of a consumer in the context of Section 4.5.

7 Note that 9 is taken as a column
vector, while TT is a row vector.

8 P. Samuelson (1947, Foundations of
Economic Analysis, p.4).
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Suppose that we have observed a data set D = {(x¢, pt, mt)}zzl, with T € IN, where
for all t, pt € ]RI;L+, me € Ry, x¢ € B(pt, my), and py - x¢ = my.
We shall say that (utility) function u: IRL; — R rationalizes data set D, if

argmax,cp (ptymt)u(x) ={x¢}

for all t. We shall also say that D satisfies the Strong Aziom of Reveaked Preferences,
SARP, if for any finite sequence (xk,pk,mk)}gzl definied in D we have that if p* -
Xt <mk forallk=1,...,K—1, and x* # x¥, then pX . x! > m!.

THEOREM 6.9.1. Let D = {(x¢, pt, mt)}zzl be a data set such that xy # xy/ whenever
t #£t’.2 The next statements are equivalent:

1. There ezists a function u:RY — R that rationalizes D.
2. D satisfies SARP.

3. There exist numbers (At, ut) € Ry+ X R, for each t € {1,...,T}, such that,

He < e+ Apper - (e —xyr),

whenever t £ t'.

4. There exist a continuous, strictly concave, strictly monotonic function u :
RL — R that rationalizes D.

Proof: Note that it suffices for us to show that 1 =2 =3 = 4= 1.

Proof that 1 = 2: Let (xk,pk, mk)}jzl be a finite sequence defined in D, such that
the following conditions are satisfied:

(i) foreach k=1,...,K—1, p* . xk*1 < mk;
(i) x* #xK; and

K 1

(iii) pX-x! < m?l.

Let function u : ]R& — R rationalize D. Condition (i) implies that u(x*t1) < u(xk)
for all k = 1,...,K — 1. It immediately follows that w(x) < u(x!). Since, by (iii),
pK -x} < m! and

xK e argmax, - u(x),

pK,mK)
we further have that
u(x).

xt e argmax, g (pK mk)

But, then, (ii) contradicts the fact that

argmaxxeB(meK)u(x) ={x*%

® This assumption is made only for
simplicity of the argument that follows.
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Proof that 2 = 3: Define the T(T — 1) x 2T matrix

1 —1 0 0 pl'(xz—X1) 0 0
1 0 -1 ... 0 pl-(Xg—Xl) 0 0
1 0 0 ... =1 p1-(xt—x1) 0 0
-1 1 o ... O 0 p2-(x1—x2) ... 0
W = . . . .
0 0 0 1 0 0 pT - (X121 —%T)
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 o ... O 0 0 1

and suppose that there is no vector

D= (Hl,HQ:HS,'u»HT,)\l,}\z,-«-,)\T)T

such that W9 > 0. Then, by Theorem 6.8.1,10 there exist two arrays of non-negative
numbers {mr; ¢/ [t =1,...,T and t #t'}and {y¢ [t =1,...,T}, at least one of which
is strictly positive, such that:

(1) For all t, Zt’;ﬁt T[t,t’ = Zt’;ét T[t’,t; and
(11) For all t, Zt’;ﬁt ﬂt,t’Pt . (th — Xt) —|—yt = 0.

If ty ¢+ = O for all t and t’, condition (ii) implies that y¢ = 0 for all t, which is
impossible. It follows that for some t;, there exists t; # t; for which 7y, ¢, > 0.
Since ¢, > 0, condition (ii) implies that we can fix ty such that 7y, ¢, > 0 and
Pt1 - (Xt —x¢;) <O

Now, by condition (i), there exists t3 # ta such that 7y, ¢; > 0. As before, y¢, >0
and condition (ii) imply that we can fix t3 such that ¢, t, > 0 and py, - (x¢53 —Xt,) < O.
If t3 = t1, we have a contradiction of WARP, so it must be that t3 # t;.

Using condition (i) again, as before there must exist t4 # t3 such that 7, ¢, > 0
and pi, - (xt, —Xt5) < 0. If t3 =13 or t3 = t3, we again have a contradiction of WARP.
To avoid this contradiction it must be that t4 # t; and t4 # t5, and we can proceed
as before. But since T € IN, after at most T steps the contradiction of WARP cannot
be avoided.

Proof that 3 = 4: Define function h: Rt — R, by

h(x) =4/[|x||?+1—1.
This function is differentiable, strictly concave and satisfies that
(1) h(x) =01if, and only if, x = 0;
(ii) h(x) > 0 for all x # 0; and
(iii) for all 1 €{1,...,L}, and all x,

10 For simplicity, we rephrase under
the current notation:
Let W be a T(T—1) x 2T ma-
triz. One, and only one, of
the folloutng statements s
true:

1. there ezists 9 € R2T such
that W9 > 0; or,
(T—1)

2. there exists I1 € ]Rl ,
T #0, such that TTW = 0.
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Since T € IN, there exists ¢ € R4 such that for all t,t/,
M < pt APt - (X —xt) — ehlxgr —x).
Now, for each t, define function ¢ : Rt — R por
(%) = pe +Aepe - (x —xt) — eh(x —x¢),

which is strictly concave. Note also that for all 1, la cual es estrictamente coéncava.
Ademaés, note que

9 oh
%(X) = AP, — 5871(X—Xt) > AP -8,

11

so one can take ¢ > 0 small enough that ¢ is strictly monotonic. 1 Of course, we can do this since L €

Now, define the utility function u: R} — R by N and T € N.
u(x) = min_{d¢(x)}
te{l,..,T}
This function is continuous, strictly concave and strictly monotone,!? so all that re- 12 1t is also differentiable, except at T

points. These kinks can be smoothed
using a technique called a convolution,
argmaxy cp (pt,mt)u(x) ={xt}, which is beyond these notes.

mains to show is that

for all t. By definition of D, x¢ € B(pt, m¢). Also, note that u(x¢) > p, since
otherwise there would be t’ such that
Grr(xt) = my +Aupe - (xe —x¢r) — ehlxe —xpr) < py,

which would contradict the definition of ¢. Also, by definition there exists t’ for which

u(xe) = Grr(xe) < dPelxe) = pe.
These last two results imply that w(x¢) = pt.

Now, suppose that x € ]RI;L \ {x¢} satisties that p¢ - x < my. Then,

u(x) = min _{$pe/(x)} < Pe(x) = we +Aepe - (x —x¢) — eh(x —x¢).
t’'efl,..., T}

Then, as
APt - X < Agmy = AP - Xt

we have that A¢pt - (x —x¢) < 0. And since ¢h(x —x¢) > 0, moreover u(x) < py =
u(x¢), as needed.

Proof that 4 = 1: This is obvious. Q.E.D.
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Convex Analysis

THROUGHOUT THIS CHAPTER, WE maintain the assumption that X C RX, K ¢ N
and X # @.

7.1 Convex Sets and Separation

SET X IS SAID to be convez if for all x,y € X and for all & € [0, 1], we have that
Ix+(1—d)y e X.

EXERCISE 7.1.1. Show that X = {x} is convez. Show that for all x € R and for all
e >0, Be(x) 2s conver. Is N convezx? Is & convex? Is R conver? Show that if
X and Y are convez, XNY 1is conver. Is XUY convez in that same case?

A key result in mathematical economics is the following theorem.

THEOREM 7.1.1 (The separating hyperplane theorem). If Q, Q' C R are disjoint
and convez, there exist 9 € R\ {0} and k € R such that qd < k for all q € Q,
and q9 >k for all q € Q’.

The reason why this result is called the separating hyperplane theorem is that
9 € RA\ {0} and k € R define the set

{q € R*| g9 =k},

is indeed a plane if A = 3 For general A, this set is known as a hyperplane. Vector
¥ is called the hyperplane normal vector, since it is orthogonal to any vector of the
form (q —q'), for q, q' in the set. Scalar k determines the position of the hyperplane.
Once the hyperplane is defined, R” is split in two half-spaces, one on each side of the
hyperplane. The theorem says that any two disjoint convex sets can be separated, in
the sense that we can find a hyperplane that leaves each set on a different hyperplane.

For the sake of simplicity, we shall give the proof of a weaker version of the theorem,
based on the following result.

LEMMA 7.1.1. If Q C R” is nonempty, closed and convez, and g € R\ Q, there
ezist q* € Q, ¥ € RA\ {0} and k € R such that 9 < k, q*9 =k and g9 > k for
all g € Q.



70 ANDRES CARVAJAL — UC DAVIS

We have to defer to the next chapter the proof of this lemma. A simple consequence
of it is the following:

Proof of a weak version of Theorem 7.1.1: For a simple argument, let us prove the
following statement:

If Q,Q' C RA are disjoint, closed and convez, there exists & € R\ {0} such that
qd < g9 for allq € Q and all ¢’ € Q’.

For this, define the set
A=Q-Q ={eR*|3(q,q) €QxQ :q—q’ =5}

This set is nonempty, closed and and convex. Since QN Q’ = &, 0 ¢ A. By Lemma
7.1.1, there exist * € A, ¥ € R*\ {0} and k > 0, such that §*9 = k and &3 > « for all
b€ A. Now, forallqe Qandall ¢’ € Q’, (q—q’) € A,s0 (q—q')d >k > 0. O

A stronger version of the theorem of separation of convex sets is the following:

THEOREM 7.1.2. Let Q,Q’ C RT be disjoint and convez. If Q is closed and Q' is
compact, then there ezist 9 € RT \ {0} and k € R such that for all q € Q, ¢d <k,
and for all ¢ € Q’, g9 > k.

EXERCISE 7.1.2. In this ezercise you are going to prove Theorem 6.8.1. Furst,
define the sets
(W) ={peR" |3 ecR*:Wd=p),

which is known as the column span of W, and the (T — 1)-dimensional simplez,
A={peRl|p-(1,...,1) =1}
The folloutng steps will give you the desired proof.

1. Argue that if (W) NA = @, then there exists some TT € RT \ {0} such that for
all p e (W) and all p’ € A, Tlp < TTp’.

2. Fiz the TT € R" found in the previous step. Noting that 0 € (W), argue that
for any p’ € A, 0 < TIp’'.

3. Argue that the previous result implies that TT > 0.

4. Noting that (1/T,...,1/T) € A, argue that, for all ® € R?,
T
(MW)9 < = 3 T
t=1

5. Argue that the previous result tmplies that TTW = 0.

6. Whith respect to the two statements in the Theorem of the Alternative, argue
now that if the first statement s not true, then the second statement must be
true.

7. Again with respect to the two statements in the theorem, argue that they cannot
be true at the same time.
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7.2 Application: No-Arbitrage Pricing in Financial Economics

CONSIDER AN ECONOMY IN WHICH there are only two periods: present and future.
A state of nature is a comprehensive description of the world. In the future one of S
states of nature can occur.! Denote by 8 ={1,...,S} the set of dates — technically, the
sample space. For simplicity of notation, we will refer to the present as state s = 0.

An asset is a promise to pay a certain return, which may depend on the state of
the world: it is a random variable r: § — IR, with r(s) being the return in state s. In
this simple setting, we can simply identify an asset r with a (column) vector in RS,
namely with

T (1)

T T(2)
r= =

r-s r(é)

We assume that there are A assets, which we index by a € A ={1,..., A} and denote
by (+1,v2,...,1). We will follow the convention of using superscripts to denote assets
and subscripts to denote states of nature:

a
T1
a
T3

a
TS

2

The return matrix, or financial market, is R = (v, r2,...,t?)

,an S x A matrix. We
also denote

so that rs € R is the vector of returns of all assets in state s, taken, by convention,
as a row.
The following conditions are assumed:

CONDITION 1. There ezists a positive asset: 1 > 0.
CONDITION 2. There are no redundant assets: rank(R) = A.

The first condition implies little loss of relevance: cash, or sovereign debt, are con-
sidered to be positive. The second condition implies some loss of generality, but the
theory is well equipped to deal with this, as we will later see. The condition implicitly
requires that A <S.

The column span of the return matrix, (R), is called the space of feasible revenue
transfers, or the space of admissible claims. For a given revenue transfer p € (R), the
(column) vector ¥ € RA such that p = R9 is a portfolio with return p, or an investment
strategy that delivers p.

For each asset a € A, we denote by q¢ € R its price in the present market. The
vector of asset prices is q = (q', g2, ..., q”"), which we take as a row.

! In the words of K. Arrow (1971, Es-
says on the Theory of Risk Bearing, p.
45), it is “a description of the world so
complete that, if true and known, the
consequences of every action would be
known.”
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7.2.1 No arbitrage

We say that an arbitrage opportunity exists at prices q if one can make money for
sure and for free: there is a portfolio ¥ such that R} > 0 and qd < 0 — that is, there
is a portfolio that makes no losses, and does win money in a certain state, and which
people can get for free, or even be paid to get it.

EXERCISE 7.2.1. Show that if there exists & such that R® > 0 and q9 < 0, then an
arbitrage opportunity exists at prices (.

DEeFINITION 7.2.1. We say that q allows no arbitrage opportunities ¢f R9 > 0 mplies
qd > 0.

The basic theory of asset pricing is that markets in equilibrium cannot allow for
arbitrage opportunities. We, therefore, concentrate on the set of prices that allow no
arbitrage opportunities:

Q={qeR* RO >0 = qd >0}

EXERCISE 7.2.2. Show that Qi is nonempty and convez, is a (positive) cone? and
satisfies that for all q € Qq, q1 eR;;.

EXAMPLE 7.2.1. Suppose that there are two assets and two states in the economy,
so that S = A = 2. Let the financial market be

R:(ll ;).

Figure 7.1 shows the area of portfolios with positive returns. Two portfolios
there characterize this area: ¥ = (0,1) and § = (—1,1). These two portfolios have
to be priced strictly positively, for otherunse they would be arbitrage opportunities.
This, then, requires that q1§ =q% >0, and that qd = —q' +q? > 0. It is immediate
that

Q1 =1{q€R*|¢* > q" and ¢° > 0}.

To verify this result, 1t suffices to notice that if q2 < ql, thend = (—1,1)T is an
arbitrage opportunity; while if q2 <0, thend = (0,1)T is an arbitrage opportunity.

EXAMPLE 7.2.2. Suppose now that there are three states and two assets (namely,
S=3and A=2), and let

~

Il
w NN =
= N W

be the financial market.
Figure 7.2 shows the set of portfolios with positive return. Using some reference
portfolios, as in Example 7.2.1, we get that

Q1={q€1R2|%ql<q2<3q1}QJRL.

Once again, a good sanity check is to find arbitrage opportunities for typical
prices outside set Q1. Notice that if q2 < %ql, then ® = (—1,3)7 is an arbitrage
opportunity; if q? > 3q*, then so is ® = (3,—1)"; if q* <0, then so is & = (1,0)7;
and if q° <0, then 9 = (0,1)7 is an arbitrage opportunity.

2 That is, for all q € Qg, for all « €
Ryt, xq € Q1
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D) Figure 7.1: Space of positive returns in
Example 7.2.1.
RY >0
5 9
™
91+92,=0
d9 Figure 7.2: Space of positive returns in
Example 7.2.2.
RY >0
41 +39 =0
L4
31 +3892,=0

It turns out that the set of no-arbitrage prices is closely related to another set of
asset prices: those that can be explained as discounted expected returns of the assets.
For reasons that will be clear below, we define as rationalizable all vectors of asset

prices in set
Q2={qeR*|3Ine R}, : 7R = q}.

It turns out that Qi is closely related to another set of asset prices: those that can
be explained as discounted expected returns of the assets. Let

Q2={q e R |3Inec R}, : 7R = q},

where 7t is a measure (a generalization of a probability) and is taken as a row vector.
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EXERCISE 7.2.3. Show that Q2 is nonempty and convez, is a (positive) cone and
satisfies that for all q € Qa, q* € Ry .

ExaMpPLE 7.2.3. Consider the case of Example 7.2.1 above. It follows by direct
computation that
Q2 =1{q €R*| ¢* > q" and ¢° > 0}.

Stmilarly, in the case of Example 7.2.2, notice that
Q:={aeR?|1q' <q®<3q'}.

EXERCISE 7.2.4. Let S=A =2, and

1. Find Q1 and Qo.

2. Find an arbitrage opportunity for each of the following prices: (1,1), (—1,1),
(—1,-1), and (1,-1).

EXERCISE 7.2.5. Let S =3 and A =2, and

1 2
R=|—-2 3
6 1

1. Find Q1 and Qs.
2. Let q ¢ Q1 and find an arbitrage opportunity.

3. For the same q as in 3, find a portfolio with nonnegative returns in both states
and strictly negative cost, and show that this portfolio can be used to define an
arbitrage opportunity.

7.2.2 State prices

Given the previous examples and exercises, it should not be surprising that Q1 and
Q? are closely related.

THEOREM 7.2.1. Under Conditions 1 and 2, Q1 = Q2.

Proof. Suppose first that g € Q1 \ Q2. Let Q ={q} and Q' = Q5. By the separating
hyperplane theorem, there exist € R\ {0} and k € R such that G < k and for all
q € Q2, while 9q > k. Fix one such (9, k), and observe the following:

1. If k > 0, then for § € Q’, if & > 0 is close enough to 0, then d(g) = ad§ < k,
which is impossible because «§ € Q’; so, k < 0.

2. If thereis § € Q' such that 8§ < 0, then, for « > 0 large enough, d(xg) = adqg < k,
which is impossible because «§ € Q’. So, we conclude that for all q € Q’, 9q > 0,
from where it follows that 9q < 0 and for all q € Q’, 9q > 0.

3. If rz¥ < 0, then, by defining 7 € IRi+ by m; =1 — € and for all s € §\ {8}, s = €,
with € € (0,1), we get that, if € is small enough, g% = RY < 0, which is impossible
because q = 7R € Q’; so, it follows that RY > 0.
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The latter implies that R} > 0, because ¥ # 0 and Condition 2 holds. But, now,
RY > 0 and g9 < 0, which is impossible because q € Q. It follows that Q; C Qa.

Now, suppose that q € Q2. Then, for some 7 € IRi+ we have that 7R = q. Now,
it is immediate that if R} > 0, then q® = R > 0, which implies that q € Q1. Then,

Q2 € Q1. O

The vector of m € ]R§r 4 such that R = q, given ¢ that allows no arbitrage opportu-
nities, is the key variable in asset pricing theory (it is called an equivalent martingale
measure). Before we go further, it is important to understand what this variable mea-
sures.

Suppose that r;d = 1 and 749 = 0 for every s € §\ {§}.3 If q allows no arbitrage,
then mR = q implies that ¥q = 7. This means that s is the cost of a portfolio that
delivers 1 if state § realizes and nothing otherwise: it is the marginal cost of one unit
of revenue in state §. For this reason, 7t is called the vector of state prices.

Now, suppose that portfolio ¥ is such that r¢d = 1+ 1, for some constant i € R, .
This means that portfolio ¥ has a risk-less return of 1 +1i. If q allows no arbitrage,
then R = q implies that 9q = Zle ms(1 4+ 1), so if 1 is taken to be an interest
rate paid on an investment of cost 1, without risk, it follows that qd = 1, and so
Zle g = (1+1)~1. Let mp = Zgzl 7s. By our previous result, it follows that g is
the discount factor associated to interest rate i.

7.2.3 The fundamental theorem of asset pricing

Clearly, state prices need not be well defined probabilities: Zle s = 1 is not guar-
anteed. Importantly, if we now define p € ]R§r 4 by

M1 Tl 7ts
P=\—">—rHr— |
7o T )

it follows that p is a legitimate vector of probabilities (it is crucial to notice that we
do not imply that these are the real probabilities, or some agent’s beliefs).
Before proceeding further, we strengthen Condition 1 to:

CONDITION 3. There is a riskless asset: 1 = (1,1,---,1)T.

THEOREM 7.2.2 (The fundamental theorem of asset pricing). Let q € Q1 and p € (R).
If 9 € RS is such that R® = p, then qd = (1—|—i)_1Ep(p), for any probability
measure p € RS, that can be constructed as

p= < st T2 U >

- S ) S y T S )
Zs:l s Zs:l s Zs:l s

with 7 € R§r+ such that Zle s = (14+1)"1 and "R = q.

Proof. Since q € Q!, 3Im e ]Ri+ such that 7R = q. Since r! = (1,1,...,1)7, it follows
that q! = Zle ms. Define

and

p= < st T2 U >
- S ) S P S )
Zs:l s Zs:l s Zs:l Tts

3 That is, portfolio ¥ pays 1 if state
§ realizes and nothing otherwise; when
that portfolio consists of just one unit
of a given asset, such asset is called an
Arrow, or elementary, security.
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That Zle ms = (1+1)~1 is by construction. Now,

S S
@ =mRO = () m)pRO = (D m)pp = (1+1) By (p),
s=1 s=1

which completes the proof. [

It is important to notice that any two 7 and nt’ such that ¢ = R = 7'R will gener-
ate the same i. The theorem does not imply that portfolios should be valued as their
discounted expected return using one’s probabilistic beliefs, or some objective proba-
bilities! What it says is that if there are no arbitrage opportunities in the market, then
the value of a portfolio must necessarily be its discounted expected return according
to some probabilities.

7.8 Concave and Convexr Functions

SUPPOSE THAT X IS A convex set. Function f : X — IR is said to be concave if for
all x1,x9 € X and all & € [0, 1], it is true that

F(Ox1 + (1 —9)xg) = df(x1) + (1 —9)f(x2).
It is said to be conwvez if for all x1,x5 € X, and 9 € [0, 1],
Of(x1) + (1 =9)f(x2) = f(Ix1 + (1 —9)x2)
EXERCISE 7.3.1. 1. Let X =R. Is f(x) = x a concave or a convez function?
2. Let X =R. Is f(x) = x? a concave or a convex function?
3. Let X =R. Is f(x) = x3 a concave or a convez function? What if X = R, ?
4. Let X =Ry. Is f(x) = \/x a concave or a convez function?
5. Let X =1R. Is f(x) = |x| a concave or a convez function? What if X =R ?
6. Let X =R2. Is f(x) = x1 + Xo a concave or a convex function?
7. Let X = ]R%L. Is f(x) = x1x2 a concave or a convezx function?

THEOREM 7.3.1. A function f : X — R s concave if, and only if, the function
(—f) : X = R, defined as (—f)(x) = —f(x), is convez.

The importance of the previous theorem is that it allows us to derive properties of
convex functions straightforwardly from those of the concave functions.

THEOREM 7.3.2. If f: X — R 1s concave, then for all k € N, and for any finite
sequences (xn)ﬁzl and (1911)51:1 satisfying that for alln € {1,2,...,k}, xn € X,
and 9, € [0,1] and that Zﬁzl Yn =1, it is true that*

k k
f (Z 1()nxn> = Z 1()nf(xn)
n=1 n=1

4 Hint: remember Principle 1.3.1.
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7.4 Concavity and Second-Order Derivatives

NOTICE THAT CONCAVITY IS not a differential property. However, when a function
is twice differentiable, there exists a tight relationship between concavity, and the sign
of the second derivatives of the function.

THEOREM 7.4.1. Consider f: X — R, f € C2. Then, f is concave if, and only if,
for all x € X, D?f(x) is negative semidefinite.

Proof. (If:) Let x1,x2 € X and 9 € [0, 1]. Since X is convex, we have that 9x; + (1 —
d)x2 € X, and by Taylor’s theorem, we have that

flx1) = F(Ox1+ (1—9)xz) + (1—9)DF(Ox1 + (1 —9)xz)(x1 — x2)
+@(x1—xz)TD2f(x*{)(x17xz)
and that
flxg) = F(Ox1+ (1—9)x2) +IDF(Dxg + (1 —)xa)(xz —x1)
192

+?(X2 —x1) TD?f(x3) (x2 —x1),

where x] lies in the interval between x; and ¥x; + (1 —9)x2, and x3 lies in the interval
between x5 and 9x; + (1 —9)xg. Since for all x € X, D2f(x is negative semidefinite, it
follows that

flx1) < fOx1+(1—9)xg)+ (1 —9)DFf(Ox1 + (1 —)xa)(x1 —x2)
< (O + (1 —9)xg) +IDF(dxq + (1 —9)xa)(xg — x1).

Now, multiplying the first equation by ¥ and the second one by (1 —4¥), both of
which are nonnegative, and adding, one gets that

If(x1) + (1 —9)f(x2) (Ox1 + (1 —9)xa).
(Only if:)® For all ® € (0,1] and for all x,X € X, x # X, we have that
fOx + (1 —9)x) = ¥f(x) + (1 —9)f(x).
Denote A = x —x # 0. This implies that x = X + A and that
x4+ (1 —9)x =x+ A,
so that our inequality becomes
f(x +3A) = f(x + A) + (1 —9)f(x),

Since © # 0, this is

f(x +9A) —f(x)

f(x+A) < f(x) + SA

A,

and since the latter is true for all ® # 0 it is also true when we take & — 0.6 This
implies that”

5 For simplicity, we consider only the
case K = 1 here, and defer the general
case for the Appendix of the Chapter.

6 By Corollary 2.6.1.

7 The following inequality is impor-
tant by itself. If says that when
a differentiable function is concave,
it first-order Taylor approximation al-
ways overestimates it.
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f(x +A) < f(x) + ' (X)A. (*)
Now, keeping X fixed, fix also z € R\ {0}. Consider the function
@:{9c01]l(x+9z) € X} = R,
defined by @ (9) = f(X +9z). Since f € C?, we have ¢ € C? , and by the chain rule
') =f(x+92)z
and
e"(®) = (X +92)22.
Also, for all & € (0, 1], by Taylor’s theorem, 5.4.2, we have that for some 9* € [0, 9],

0(9) = 9(0) + ¢'(0)9 + S o" (9197,
which means that
f(x4+9z) = f(x) + f/(X)zd + %f”(i +9%2)2292,
so that 1
5f”(>‘< +9%2)229% = (X +9z) — (%) — £/ (X)zD.

By Equation (%) above, we have that the right hand side of the last inequality is
non-positive.® Moreover, since ¥ > 0 and z # 0, this implies that f”/ (X +9*z) < 0.

Finally, since 9* € [0,9] and f € C2, if we take the limit as ® — 0, we find that
(%) <0. O

COROLLARY 7.4.1. Consider f: X — R, f € C2. Then, f is convez if, and only if,
for all x € X, D?f(x) is positive semidefinite.

Proof. 1t follows directly from Theorems 7.3.1, 7.4.1 and 5.1.3. [

EXERCISE 7.4.1 (L'Hopital’s rule is really useful, II). We now get another proof of
the only if part of Theorem 7.4.1 for the case K =1. Your job is to complete and
Justify all the steps. We argue by contradiction: given f: X — R, f € C2, suppose
that f is concave but for some x € X, f"(x) > 0. Takey € X\ {x} and 9 € (0,1).
By concavity, we have that

fOx+ (1 —9)y) = f(x) + (1 —9)f(y).

Now, since f € C?, we can use the mean value theorem to get that

fOx + (1 =Dy) > f(x) + (1= f' (x)(y —x) + (1 —3)%1‘”(76*)(14 —x)?

for some x* in the interval between x and y. Since y € X\ {x}, this implies

(1_8)%]“,()(*) < f(8x+(1—ﬁ)y)—(;(x)x—)2(l—ﬁ)f )y —x)

You can use L’Hopital’s rule and the chain rule (twice) to show that

g TR+ (1= 0)y) — () — (1= ) (x)(y —x)
v (y—7?

21
2

= (1-9)* " (x),

& Just use z9 instead of A.
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while 1 1
lim ((1—9)=f"(x*)) = (1 —-9)=f"(x),
y—x 2 2
and, therefore,
(1 fﬁ)%f”(x) < (1719)2%#/(@.

Now, since f”(x) > 0, this implies that (1 —9) < (1 —9)2, contradicting the fact
that 9 € (0,1).

7.5 Quasiconcave and Strongly Concave Functions

AGAIN, SUPPOSE THAT X IS a convex set. A function f : X — IR is said to be
quasiconcave if for all x1,xo € X, and all & € [0, 1], it is true that

f(Ox1 + (1 —9)x2) > min{f(x1), f(x2)}.
It is said to be strictly concave if for all x1,x5 € X and & € [0, 1] it is true that
f(Ox1+ (1 —9)xg) > Of(x1) + (1 —9)f(xa).

Finally, f : X — R is said to be strongly quasiconcave if for all x;,x2 € X and
9 € (0, 1), it is true that

f(dx1 + (1 —9)xg) > min{f(xq1), f(x2)}.

As before, we can find relationships between concavity, convexity and second-order
derivatives. Again, we assume that X is convex.

THEOREM 7.5.1. Consider f : X — R € C2. If for all x € X, Df(x) # 0 and for
all A € R¥\ {0} such that A-Df(x) = 0, it is true that AT D?f(x)A < 0, then f
15 strictly concave.

Proof. The proof is complicated and therefore omitted. O

Notice that the previous result is pretty intuitive from the point of view of a second-
order Taylor approximation.

THEOREM 7.5.2. Consider f : X — R, a twice differentiable function. If for all
x € X, D2f(x) is negative definite, then f is strictly concave.

Notice that in Theorems 7.5.1 and 7.5.2, the condition is sufficient but not necessary
(in contrast with Theorem 7.4.1). Of course, definitions and corollaries for convex,
quasiconvex and strictly convex functions follow straightforwardly.

7.6 Composition of Functions and Concavity

A KEY POINT TO OBSERVE is that quasiconcavity is an ordinal property, whereas
concavity has cardinal character:

THEOREM 7.6.1. If f : X — R is quasiconcave and g : R — R s increasing (i.e.
y' >y =g9(y’) >gl(y)) then gof is quasiconcave.

79
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THEOREM 7.6.2. Iff: X — R s concave and g : R — R is concave and increasing,
then gof s concave.

EXERCISE 7.6.1. Propose and prove a result analogous to the previous one to imply
that g o f s strictly concave.

Appendix

Our goal is to generalize the necessity part of Theorem 7.4.1 to K > 2. That is, to argue
that f € C2 is concave only if for all x € D, matrix D2f(x) is negative semidefinite.
Given x € D and A € RX \ {0}, define

Dya = {0eR[x+8AcD}CR
Px,A DX,A _>IR;(PX,A(6) = f(x +04A)

We use the following lemmas

LEMMA 7.6.1. Letx € D and A € R™\{0}. If D is convez, Dy A is convex. Iff is
concave, @y A 15 concave. If A is open, Ay A s open. If f is differentiable, then
©x,A 18 differentiable and for all 8 € Dy a, (p,’(,A(é) =A-Df(x+0A). Iff € C?,
then @ A € C2 and for all § € Dy A, NG ATD2f(x + 5A)A.

Proof. We first show that D, A is convex: let 6,8’ € Dy A and A € [0,1]. By
definition, x + 8A € D and x + 8’A € D. Since D is convex, A(x + 8A) + (1 —A) (x +
O'A)=x+ (A6 + (1 —A)d")A € D,so (A6 + (1 —A)d’) € Dy a.

We now show that ¢ A is concave. Let 5,5’ € Dy A and A € [0, 1]. By definition,
x+08A € D and x + 8’A € D. By concavity,

f(x 4+ (A6 4+ (1 —=2A)8")A)

= f(A(x+8A)+ (1 —A)(x+8'A))
Af(x +8A) + (1 —=A)f(x+8'A)
= A@x,a(8) + (1 =2A)@x,a(8")

©x,AAS+ (1 —2A)§")

WV

To see that Dy A is open, let & € Dy a. By definition, x + 0A € D and, since D is
open, d¢’ > 0 such that B,/(x + 8A) C D. Define ¢ = ¢’/||A|| > 0 and suppose that
8" € B¢(8). Then, [[x — (x+8'A)|| = [8]||Al < e||Al| =¢’,sox+8'A € B/ (x) CD
and, hence, 5’ € Dy A, which implies that B¢ (5) C Dy A.

That if f is differentiable, then @ A is differentiable and for all 8 € Dy a, ‘P;,A (0) =
A - Df(x 4+ 8A), and if f € C2, then ©x,A € C? and V6 € Dy A, (p)’(”A(é) =
ATD2f(x + 8A)A is left as an exercise. O

LEMMA 7.6.2. Suppose that there exists x € D such that D?f(x) is not negative
semidefinite. Then, there ezists A € R™ \ {0} such that @« A is not concave.

Proof. Since D?f(x) is not negative semidefinite, there is A € R™ \ {0} such that
ATD?f(x)A > 0,

and by the previous lemma @, A € C2 and @’ A(0) > 0. From the case K = 1, it
follows that @ A is not concave. O



8
Unconstrained Mazximaization

THROUGHOUT THIS CHAPTER, WE maintain the assumptions that set D C RX, for
a finite K, is nonempty.

8.1 Mazxzimizers

WE START WITH A RESULT that illustrates that, in a sense, the supremum of a set
may be too weak as a concept of optimality.

THEOREM 8.1.1. Let Y C R and let b =supY. One has that b € Y if, and only if,
for all a €Y, there is an a’ € Y such that a’ > a.

Proof. Sufficiency is left as an exercise. For necessity, note that if there isan a € Y
such that for all a’ € Y it is true that a’ < a, then, by definition, b < a, whereas
a < b, which implies that b = a € Y, a contradiction. O

It follows that we need a stronger concept of extremum, in particular one that
implies that the extremum lies within the set. Thus, a point b € R is said to be the
mazimum of set Y C IR, denoted b = max A, if b € Y and for all a € Y it is true
that a < b. The proofs of the following two results are left as exercises.

THEOREM 8.1.2. If maxY exists, then it 1s unique.

THEOREM 8.1.3. If max VY exists, then supY ezxists and supY = maxyY. IfsupY
exists and supY € Y, then maxY ezists and maxY =supY.

EXERCISE 8.1.1. Given Y,Y’ C R, prove the following:

1. IfY # @ and Y' # @ are such that for all (a,a’) € Y x Y’ one has that
a < a’, thensupY and inf Y’ exist, and supY < inf Y’.

2. IfsupY and sup Y’ ezist, \, A’ € R, and
Y={a|3(a,a’)eYxY :Aa+Aa' =dl,
then supY = AsupY + A’ sup Y'.

3. If supY and supY’ ezist, and for all a € Y there is an a’ € Y' such that
a<a’, thensupY <supY’.



82 ANDRES CARVAJAL — UC DAVIS

Show also that a strict version of the third statement is not true.
The following theorem will prove useful.

THEOREM 8.1.4. If Y C R 15 closed and supY ezists, then maxY ezists and
maxY =supY.

Proof. Let y = supY. By Theorem 3.3.1, for all n € IN there is some yn, € Y for
which y — 1/n < yn < y. Clearly, yn — U, so, since Y is closed, y € Y. O

Now, it typically is of more interest in economics to find extrema of functions, rather
than extrema of sets. To a large extent, the distinction is only apparent: what we will
be looking for are the extrema of the image of the domain under the function. A point
Xx € D is said to be a global mazimizer of f : D — R if for all x € D it is true that
f(x) < f(x). Point x € D is said to be a local mazimizer of f : D — R if there exists
some ¢ > 0 such that for every x € B¢ (Xx) N D it is true that f(x) < f(x).

When X € D is a local (global) maximizer of f : D — R, the number f(X) is
said to be a local (the global) mazimum of f. Notice that, in the latter case, f(x) =
max f[D], although more standard notation for max f[D] is maxp f or maxycp f(x).1
Notice that there is a conceptual difference between maximum and maximizer! Also,
notice that a function can have only one global maximum even if it has multiple global
maximizers, but the same is not true for the local concept. The set of maximizers of a
function is usually denoted by argmaxpf.

By analogy, b € R is said to be the supremum of f: D — IR, denoted b = supp f
or b = supycp f(x), if b = sup f[D]. Importantly, note that there is no reason why
Ix € D such that f(x) = supp f even if the supremum is defined.

8.2 FEmistence

WE NOW PRESENT A weak version of a result that is very useful in economics.

THEOREM 8.2.1 (Weierstrass). Let C C D be nonempty and compact. If the function
f:D — R s continuous, then there are x,x € C such that for all x € C 1t s true

that f(x) < f(x) < f(x).

Proof. 1t follows from Theorem 4.2.3 that f[C] is compact. Now, let y = sup f[C],
which exists by Axiom 3.3.1. By Theorem 8.1.4, y € f[C], and it follows that there
is x € C such that f(x) = y. By definition, then, for every x € C it is true that
f(x) <y = f(x).and it follows that there is x € C such that f(x) = y. By definition,

then, for every x € C it is true that f(x) < y = f(x).
Existence of x is left as an exercise. O

The importance of this result is that when the domain of a continuous function is
closed and bounded, then the function does attain its maxima and minima within its
domain. This allows is to obtain many important results in economics and mathemat-
ics. The following argument illustrates this.

Proof of Lemma 7.1.1: Since Q # &, we can fix § € Q. Note that set

C={qeQlllgq—qll <§g—aql}

! A point X € D is said to be a local
manimizer of f: D — R if there is an
e > 0 such that for all x € B.(x)N D
it is true that f(x) > f(x). Point
X € D is said to be a global minimizer
of f : D — R if for every x € D it is
true that f(x) > f(x). From now on,
we only deal with maxima, although
the minimization problem is obviously
covered by analogy.
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is nonempty and compact. Since function ||q — q|| is continuous, 8.2.1 guarantees that
problem mingcc ||q — gl has a solution. Any solution to this problem also solves

min || —q|l, *
qEQIIq qll (*)

by construction.
Let q* solve the latter problem, and construct 4 = q* —q and k = d9q*. By
construction, & # 0 and q*9 = k. To see that qd < k, it suffices to note that

G0 =(q" =99 =k—|9]* < k.

We need to prove that qd > k for all q € Q. We argue by contradiction: suppose
that for some q € Q, g9 < k. Note that for every « € [0,1], qx = xq+ (1 —x)q* € Q,
since Q is convex. Now,

la—q* 1P —ld—aul?>=13—q*I°—3—q" — alq—q")|?
=2x(G—q*) - (G—q*) —o?lq—q*|?
= af2(k—q*9) — of|q — q*|| 2.

By assumption k — q*9 > 0. For alpha > 0 small enough, then,
1G—a*1> 13— qall® >0,

5o ||g—q*|| > ||g — q«]|0, which is impossible since q« € Q and q* solves (x). Q.E.D.

8.3 Characterizing Maximazers

EVEN THOUGH MAXIMIZATION IS not a differential problem, when one has differen-
tiability there are results that make it easy to find maximizers. For this section, we
take set D to be open.

8.3.1 Problems in R

For simplicity, we first consider the case K = 1.

LEMMA 8.3.1. Suppose that f: D — R is differentiable. Let x € X. If f'(x) > 0,
then there 1s some b > 0 such that for every x € Bg(x) N D we have f(x) > f(x) if
x > X, and that f(x) < f(x) if x < X.

Proof. By assumption, we have f/(x) € R . Then, by definition, there is some & > 0
such that for any x € B§(x) N D,

=T gy < (),
X —X
and, by Exercise 2.2.2, since f'(x) > 0, (f(x) —f(X))(x —%) > 0. O

The analogous result for the case of a negative derivative is presented, without proof,
as the following corollary.

83
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COROLLARY 8.3.1. Suppose that f: D — R 1is differentiable. Letx € D. Iff/(x) <0,
then there is some b > 0 such that for every x € Bg(x) N D we have f(x) < f(x) if
x > X, and that f(x) > f(x) if x < X.

THEOREM 8.3.1. Suppose that f: D — R s differentiable. If x € int(D) is a local
mazimizer of f then f'(x) = 0.

Proof. Suppose not: f/(x) # 0. If f/(x) > 0, then, by Lemma 8.3.1, there is & > 0
such that for all x € Bs(x) N D satisfying x > x we have that f(x) > f(x). Since X
is a local maximizer of f, then there is ¢ > 0 such that for all x € B¢(Xx)ND it is
true that f(x) < f(x). Since x € int(D), there is v > 0 such that B, (x) C D. Let
B = min{e, §,y} > 0. Clearly, (Xx,Xx+ ) C Bé(i) # @ and Bfg(i) C D. Moreover,
Bé(i) C Bs(x)ND and Bé(i) C B:(X) N D. This implies that for some x one has
f(x) > f(x) and f(x) < f(X), an obvious contradiction. A similar contradiction appears
if f/(x) < 0, by Corollary 8.3.1. O

THEOREM 8.3.2. Let f: D — R be of class C2. Ifx € int(D) is a local mazimizer
of f then f”(X) < 0.

Proof. Since x € int(D), there is a ¢ > 0 for which B (Xx) C D. For every h € B¢(0),
since f is twice differentiable, by Taylor’s theorem (Theorem 5.4.2), there is some xj,
in the interval joining x and X + h, such that

fR+h) = f(R) +f (R + %f”(xmhz'

Since x is a local maximizer, there is a 6 > 0 such that x € Bs(x) N D implies f(x) <
f(x). Let p = min{e, 8} > 0. By construction, for any h € Bé (0) one has that

_ 1 _ _
f/(X)h+ 5f”(x;;)h2 =f(x+h) —f(x) <0.
By Theorem 8.3.1, since f is differentiable and X is a local maximizer, f/(x) = 0, from
where h € Bé(O) implies that f”(x},)h? < 0, and hence that f”(x};) < 0. Now, letting
h — 0, we get, by Theorem 2.6.11, that limy,_,o f”(x};) < 0, and hence that " (x) <0,
since f”/ is continuous and each x;, lies in the interval joining X and X + h. O

EXERCISE 8.3.1. Prove theorems analogous to the previous two, for the case of
local minimazers.

Notice that the last theorems only give us necessary conditions:? this is not a tool
that tells us which points are local maximizers, but it tells us what points are not. A
complete characterization requires both necessary and sufficient conditions. We now
find sufficient conditions.

THEOREM 8.3.3. Suppose that f: D — R s twice differentiable. Let x € int(D). If
f/(x) =0 and f"(X) <0, then X is a local mazimizer.

Proof. Since f: D — R is twice differentiable and f”/(x) < 0, we have, by Corollary
8.3.1, that for some & > 0 it is true that whenever x € Bs(x) N D we have that (i
)’ (x) < f'(x) = 0, when x > X; and (ii )f’(x) > f’(x) = 0, when x < X. Since
x € [(D), there is an ¢ > 0 such that B¢ (x) C D. Let = min{$, ¢} > 0. By the Mean
Value Theorem (Theorem 5.4.1), we have that for all x € Bg (),

f(x) = f(x) + £/ (x*)(x — )

2 And there are further necessary con-
ditions.
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for some x* in the interval between X and x (why?). Thus, if x > X, we have x* > X,
and, therefore, f'(x*) < 0, so that f(x) > f(X). On the other hand, if x < X, then
f/(x*) > 0, so that f(x) < f(x). O

EXERCISE 8.3.2. Prove an analogous theorem, for the case of a local minimaizer.

Notice that the sufficient conditions are stronger than the set of necessary conditions:
there is a little gap that the differential method does not cover.

8.3.2 Higher-dimensional problems

We now allow for functions defined on higher-dimesional domains (namely K > 2), and
use the results of the one-dimensional case, using the definition on the appendix of
Chapter 7.

LEMMA 8.3.2. Ifx* € D is a local mazimizer of f: D — R, then for all A € RK\{0},
0 is a local mazimizer of @+ -

Proof. Let A € R¥\{0}. By construction there is ¢/ > 0 such that f(x) < f(x*)
for all x € B¢/(x*)ND. Define ¢ = ¢’/||A|| and suppose that 5 € B¢(0) N Dy+ o. By
construction, ||x* — (x* 4+ 8A)|| = 3]||A|| < €||A|| = ¢, while x* +3A € D, which implies
that x* +8A € B./(x*)ND and, hence, @+ A(8) = f(x* +8A) < f(x*) = @x+ a(0). O

The previous lemma implies the following result.

THEOREM 8.3.4. If f: D — R is differentiable and x* € D 1is a local mazimizer of
f, then Df(x*) = 0.

Proof. By Lemma 8.3.2, for every k = 1,...,K, 0 is a local maximizer of @xx ¢, , Where
ex is the k-th canonical vector in RX. Since @x*,e, is differentiable, by Lemma 7.6.1,
it follows from Theorem 8.3.1 than (p;*,ek(O) = 0, whereas, again by Lemma 7.6.1,
@l o, (0) = er - DF(x*) = 2L (x*). O

- an

THEOREM 8.3.5. Iff: D — R is of class C? and x* € D is a local mazimizer of f,
then D%f(x*) is negative semidefinite.

Proof. Let A € R¥\{0}. By Lemma 8.3.2 and Theorem 8.3.2, cp;’*,A(O) < 0, whereas,
by Lemma 7.6.1, @[, 5(0) = ATD?f(x*)A. O

As before, these conditions do not tell us which points are maximizers, but only
which ones are not. Before we can argue sufficiency, we need to introduce the following
lemma.

LEMMA 8.3.3. If f : D — R is of class C? and D2f(x*) is negative definite, then
there exists € > 0 such that for every x € B¢(x*), D2f(x) is negative definite.

Proof. Suppose not. Then, for each n € IN, there are an x,, € By, (x*) and a A, €
RX \ {0} such that A;'L—sz(xn)A > 0. Since A, # 0, we can assume, without losing
generality, [|An || = 1. Then, it follows that for some subsequence (Xp (m), An(m))5n—1
we have that, for all m € IN, Al(m)Dz(xn(m))An(m) > 0, and (Xn(m),Bn(m)) —
(x*,A) for some A such that ||A|| = 1. Since f € C2, ATD?f(x*)A > 0, contradicting
the negative definiteness of D2f(x*). O
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THEOREM 8.3.6. Suppose that f: D — R 4s of class C2 and let X € D. If Df(x) =0
and D2f(X) is negative definite, then X is a local mazimizer.

Proof. The argument is left as an exercise. (Hint: use the previous lemma.) [

8.4 Maxima and Concavity

FOR THE PURPOSES OF this section, we take D C RX, K € N, D # & and drop the
openness assumption.

Note that the results that we obtained in the previous sections hold only locally.
We now study the extent to which local extrema are, in effect, global extrema.

THEOREM 8.4.1. Suppose that D is a conver set and f : D — R is a concave
function. Then, if X € D 1s a local mazimazer of f, it is also a global mazimizer.

Proof. We argue by contradiction: suppose that X € D is a local maximizer of f, but
it is not a global maximizer. Then, there is ¢ > 0 such that for every x € B.(x) N D,
f(x)(x); and there is x* € D such that f(x*) > f(x). Clearly, then, x* ¢ B.(x), which
implies that ||[x* —X|| > ¢. Now, since D is convex and f is concave, we have that for
9 € [0,1],

X" + (1 —9)%x) = H(x*) + (1 —9)f(x),

but, since f(x*) > f(x), we further have that if & € (0, 1], then 9f(x*) 4+ (1 — 9)f(X) >
f(x), so that f(dx* + (1 —d)x) > f(x).

Now, consider 9* € (0, ¢/||x* —x||). Clearly, 9* € (0,1), so f(9*x* + (1 —9*)x) >
f(x). However, by construction,
€

[ X" + (1 —9°)%) — X[ = 9*|[x* =X < (==
[ =X

JIx* —x| =,

which implies that (8*x* + (1 —9*)x) € B¢(x), and, moreover, by convexity of D, we
have that (9*x* + (1 —9*)x) € B¢(Xx) N D. This contradicts the fact that f(x) < f(x)
for all x € B.(x)ND. O

EXERCISE 8.4.1. Prove an analogous theorem, for the case of a local minimizer.

THEOREM 8.4.2. Suppose that D is convex, f: D — R is of class C2 and for each
x € D, D?f(x) is negative definite. Then, there exists at most one point X € D
such that Df(x) = 0. If such point exists, it is a global mazimizer.

Proof. We first prove the last part of the theorem. Suppose that there is x € D
such that Df(x) = 0. By assumption, Df”/(X) is negative definite, and therefore, by
Theorem 8.3.6, X is a local maximizer. Since Df(x) is negative definite everywhere,
by Theorem 7.5.2, we have that f is concave and, therefore, by Theorem 8.4.1, X is a
global maximizer.

We must now show that there cannot exist more than one such point. We argue by
contradiction: suppose that there are distinct X1,%Xy € D such that f/(x;) = f/(X2) = 0.
By our previous argument, both X1 and x5 are global maximizers, so that f(x1) = f(X2).
Now, since D?f(x) is negative definite everywhere, by Theorem 7.5.2, we have that f
is strictly concave, and

1 1 1 1
(37t g7 > S1(R)+ 1(Ra) = (Ra) = (52
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contradicting the fact that both x; and x5 are global maximizers, since D is convex. [J

EXERCISE 8.4.2. Prove an analogous theorem, for the case when D2f(x) is positive
definite everywhere.






9

Constrained Mazxzimaization

SUuPPOSE THAT f: R — R IS DIFFERENTIABLE, and suppose that for a,b € RR,
a < b, we want to find x* € [a, b] such that f(x) < f(x*) at all x € [a, b]. That is,
we want to solve the problem

maxf(x):x > aand x < b.

If x* € (a,b) solves the problem, then x* is a local maximizer of f (why?), and
it follows from Theorem 8.3.1 that f’(x*) = 0. If, alternatively, x* = b solves the
problem, then by Corollary 8.3.1, it must be that f/(x*) > 0. Finally, if x* = a solves
the problem, it follows from Lemma 8.3.1 that f/(x*) < 0.

It is then straightforward that if x* solves the problem, then there exist A5, A} €
R, such that f(x*) — A} + A% = 0, AL(x* —a) = 0 and A} (b—x*) = 0.1 Itis
customary to define a function

L£:R3 5 R; L(x,Aa, A\p) = F(x) +Ap (b —x) +Aa(a—x),

which is called the Lagrangean, and with which the first condition can be re-written
as oL
a(x*,?\z,hﬁ) =0.
In this section we show how these Lagrangean methods work, and emphasize when

they fail.

9.1 Equality constraints

FOR THIS SECTION, WE MAINTAIN the assumptions that D C RX, K finite, is open,
and that f: D — R and g: D — R/, with ] < K.
Suppose that we want to solve the problem
f(x): =0 9.1

max f(x) : g(x) =0, (9.1)
which means, in our previous notation, that we want to find max( cp|g(x)—o0 f- The
method that is usually applied in economics consists of the following steps: (1) defining
the Lagrangean function £ : D x R) — R, by £(x,A) = f(x) + A - g(x); and (2) finding
(x*,A*) € D x RJ such that D£(x*,A*) = 0. That is, a recipe is applied as though

! The second and third conditions sim-
ply express that (i) if x* € (a, b), then
Ay = 0and Ay = 0; (ii) if x* = b, then
Ay =0and A} > 0; and (iii) if x* = a,
then A5 > 0 and Ay =0.
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there is a “result” that states the following:

Let f and g be differentiable. x* € D solves Problem (9.1) if, and only if, there exists
A* € R such that Df(x*) +A*TDg(x*) = 0.

Unfortunately, though, such a statement is not true, for reasons that we now study.
For simplicity of presentation, suppose that D = R? and | = 1, and denote the
typical element of R? by (x,y). So, given f: R? - R and g : R? — R, we want to find

max _f(x,y):g(x,y) =0.
(x,y)€R?

Let us suppose that we do not know the Lagrangean method, but are quite familiar
with unconstrained optimization. A "crude" method suggests the following:

(1) Suppose that we can solve from the equation g(x,y) = 0, to express y as a function
of x: we find a function y : R — R such that g(x,y) =0 if, and only if y = y(x).

(2) With the function y at hand, we study the unconstrained problem maxycRr F(x),
where F: R — R is defined by F(x) = f(x, y(x)).

(3) Since we want to use calculus, if f and g are differentiable, we need to figure out
function y’. Now, if g(x,y(x)) = 0, then, differentiating both sides, we get that
0x9(x,y(x)) +9y9(x,y(x))y’(x) = 0, from where

0xg(x,y(x))

V) =3 gy ()

(4) Now, with F differentiable, we know that x* solves maxycRr F(x) locally, only if
F/(x*) =0.
In our case, the last step is simply that
OxF(x™, y(x™)) + 0y F(x*, y(x") )y’ (x*) = 0,
or, equivalently,

*)) aXQ(X*1y(X*))

OxT(x*,y(x*)) — 0y T(x*,y(x =0.
h b Oy g(x*,y(x*))
So, if we define y* = y(x*) and
NI
Oy g(x*,y(x*))
we get that
Oxf(x*, y(x™)) + A" 0xg(x",y(x")) =0,
whereas
Oy f(x™, y(x™)) + A"y g(x*, y(x*)) = 0.
Then, our method has apparently shown that:
Let f and g be differentiable. x* € D locally solves the Problem (9.1),2 only if there 2 That is, there is ¢ > 0 such that
exists \* € R) such that Df(x*) +7\*TD9(X*) =0. £(x) < f(x*)
The latter means that: (i) as in the unrestricted case, the differential approach, at for all

least in principle, only finds local extrema; and (ii) the Lagrangean condition is only x €Be(x*)N{x €D |g(x) =0}
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necessary and not sufficient by itself. So, we need to be careful and study further
conditions for sufficiency. Also, we need to determine under what conditions can we
find the function y and, moreover, be sure that it is differentiable.

For sufficiency, we can again appeal to our crude method and use the sufficiency
results we inherit from unconstrained optimization. Since we now need F to be dif-
ferentiable twice, so as to make it possible that F”/(x*) < 0, we must assume that so
are f and g, and moreover, we need to know y”/(x). Since we already know y’(x), by
differentiation,

9 (6x9( y(x))
- x dyg(x,y(x)
1

_ / 2 1
= ﬁgmg(x))( 1 y'(x) )Dg(x,y(x)) ( W) )

Now, the condition that F”/(x*) < 0 is equivalent, by substitution,® to the requirement
that

y'(x) = )

1(o* * ok oy ok 1
(1 y'(x*) D% ) L0x"y",A )(y,(x*) ) <o0.

Obviously, this condition is satisfied if D%X y )L(x* ,Y*,A\*) is negative definite, but this
would be overkill: notice that

(1 y'(x*) ) -Dg(x*,y*)=0

so it suffices that we guarantee that for every A € R?\ {0} such that A-Dg(x*,y*) =0
we have that ATD%X L0,y M)A <.
So, in summary, we seem to have argued to following result:

Suppose that f,g € Cl. Then:

(1) x* € D locally solves Problem (9.1), only if there exists A* € RJ such that
DL(x*,A*) =0.

(2) If f,g € C? and there exists \* € R} such that (i) DL(x*,\*) =0, and (i1) that for
every A € R?\{0} such that A-Dg(x*,y*) = 0, we have that ATD%XYU)L(X*,y*,A*)A <
0, then, x* € D locally solves Problem (9.1).

But we still need to argue that we can indeed solve y as a function of x . Notice that
it has been crucial throughout our analysis that d,g(x*,y*) # 0. Of course, even if
the latter hadn't been true, but 95 g(x*,y*) # 0, our method would still have worked,
mutatis mutandis. So, what we actually require is that Dg(x*,y*) have rank 1, its
maximum possible. The obvious question is: is this a general result, or does it only
work in our simplified case?

To see that it is indeed a general result, we introduce without proof the following
important result:

THEOREM 9.1.1 (The Implicit Function Theorem). Let D C RX*J) and let g: D —
RJ € Cl. If (x*,y*) € D is such that rank(Dyg(x*,y*)) =
£,6>0 and vy :Be(x*) = Bs(y*) € C! such that:

J, then there exist

1. for all x € B¢(x*), (x,v(x)) € D;
2. for all x € B¢(x*), g(x,y) = g(x*,y*) fory € Bs(y*) #f, and only if y =v(x);

8. for all x € Be(x*), Dy(x) = —Dyg(x, v(x)) 'Dxg(x, v(x)).

3 Note that F”(x) equals
02 f(x,y(x))

+ 02, f(x,y(x))

+ 07 (%, y (x))y' (x )
+6 yFOy(x))y’ (x
+ 0y f(x, ( Ny (x)),

or, by substitution,

91

i 2 1
(1,y'(x))D f(X,y(X)J( y'(x) >

_ 9yf(x,y(x)) «
9y g(x,y(x))

’ 2 1
(1,y'(x))D g(x,y(X))< v/ (x) )

Substitution at x* yields the expression
that follows, by definition of y* and A*.
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This important theorem allows us to express y as a function of x and gives us the
derivative of this function: exactly what we wanted! Of course, we need to satisfy the
hypotheses of the theorem if we are to invoke it. In particular, the condition on the
rank is known as “constraint qualification” and is crucial for the Lagrangean method
to work (albeit it is oftentimes forgotten!). So, finally, the following result is true:

TueEOREM 9.1.2 (Lagrange). Let f: D — R and g : D — RJ be of class C!, with
] < K. Let x* € D be such that rank(Dg(x*)) =]. Then,

1. Ifx* locally solves Problem (9.1), then there exists \* € R} such that DL(x*,\*) =
0.

2. If there exzists \* € RJ such that (i) DL(x*,\*) = 0 and (i) for every A €
R¥\ {0} such that Dg(x*)A =0, it is true that ATD2  L(x*,A*)A < 0; then, x*
locally solves Problem (9.1).

9.2 Inequality constraints

9.2.1 Linear programming

Let A be an m x n matrix, and let b € R™ and ¢ € R™.4 Consider the following 4 We will follow the convention that
problem: all vectors are taken as columns.

Vp = max c-x:Ax < b.
x€R™

This is one of several equivalent representations of linear programs: problems where
a linear function is to be optimized over a polyhedron. There are several interesting
results and well understood algorithms that solve this kind of problem. Here, we focus
on two specific results.

Define the following “dual” problem,

vqg= min b-y :yTA:cT.
yeR
From now on, refer to the original problem as the “primal.” Notice for any (x,y) €
R™ x R™ such that Ax < b and yTA=c',itistruethat c-x =yTAx <y'b, soit
follows that, if they exist, vp < vg.

That is, for any y > 0 such that y' A = ¢, the number b -y is an upper bound
to the solution of the primal problem; the dual problem finds the lowest such upper
bound. Crucially, if both problems are feasible, then they both have solution and their
solutions are the same!

THEOREM 9.2.1 (The Duality Theorem). Suppose that there exists (x,y) € R™ x RT"
such that AX<b and YA =c'. Then, vp =vg € R.

Proof. 1t suffices to show that there exists (x,y) € R™ x RT* such that Ax < b,
yTA=c" and c-x > b-y. By the Theorem of the Alternative (or Farkas’s lemma),
it suffices to show that for any (o, 3, ) € RT* x Ry x R™, if a'A—pc’ =0 and
Bb" + uTAT =0, then a'b+p'c > 0. Now, to see that this true, consider the
following two cases:
(1) If B >0, then

x'b="bla= —luTAToc = —lchTu = —lﬁcTu.

B B P 8
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(2) If B =0, then
x'b>aAx=0= uTATg = pTc.

O

THEOREM 9.2.2 (Complementary Slackness). Suppose that (x,y) € R™ x RT* satisfies
AX<b and ' A =c'. The following statements are equivalent:

1. X solves the primal problem and y solves the dual problem;
2. §'(b—AX) =0.

Proof. To see that 1 implies 2, notice that, by the Duality Theorem, c-x = b -y, while
grA=c'.

To see that 2 implies 1, it suffices to show that c-x = b -y. But this is immediate,
sincej'A=c',ifg"(b—AX)=0. O

9.2.2 Non-linear programming

As before, let f: D - R € Cl and f: D — RJ € C!. Now suppose that we have to
solve the problem

Xmeal%cf(x) tg(x) = 0. (9.2)

Again, the “usual” method says that one should try to find (x*,A*) € D x IR{L such
that Dy L(x*,A*) =0, g(x*) > 0 and A* - g(x*) = 0. It is as though there is a theorem
that states:

Ifx* € D locally solves Problem (9.2), then there ezists \* € ]RlL such that Dy L(x*,A\*) =
0, g(x*) > 0 and A* - g(x*) =0.

Now, even though in this statement we are recognizing the local character and (only)
the necessity of the result, we still have to worry about constraint qualification. To see
that this is the case, consider the following example:

ExampLE 9.2.1. Consider the problem

max —((x—3)2+y?):0<y < —(x—1)%
(x,y)ER?

The Lagrangean of this problem can be written as
L(x,9,A1,A2) = —(x = 3) =y + A1 (—(x = 1)° —y) + Ay.

Notice that, although (1,0) solves the problem, there is no solution (x*,A],A3) to
the following system:

(1) —2(x* —3) +3A}(x* —1)2 =0 and —2y* —A} + A} =0;

() A\ >0 and A5 > 0,

(viz) —(x* — 1)3 —y* >0 and y* > 0; and

(iv) N (—(x* —1)3 —y*) =0 and A\jy* =

If the first order conditions were necessary even without the constraint qualification
(i-e. if the statement were true) the system of equations in the previous example would
necessarily have to have a solution. The point of the example is just that the theorem
requires the constraint qualification condition: the following theorem is true.

93
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THEOREM 9.2.3 (Kiihn - Tucker). Let f: D - R € C! and g: D — RJ € C. Let

x* € D be such that g(x*) > 0. Define the set J = {j € {1,...,]} | g;(x*) = 0},

let 1 = #J, and suppose that rank(D§(x*)) =1 for §: D — R! defined by §(x) =

(gj(x))jeg- Then,

1. If x* is a local solution to Problem (9.2), then there exists \* € ]RLr such that
DxL(x*,A*) =0, g(x*) > 0 and A* - g(x*) =0.

2. Suppose that f,g € C2 and there exists \* € IRL such that:
(i) DxL(x*,A*) =0,
(i) g(x*) >0,
(its) A* - g(x*) =0, and
(w) ATD2  L(x*,\*)A <0 for all A € R'\{0} such that A-Dj(x*) =0.
Then, x* is a local solution to Problem (9.2).

As before, it must be noticed that there is a gap between necessity and sufficiency,
and that the theorem only gives local solutions. For the former problem, there is no
solution. For the latter, one can study concavity of the objective function and convexity
of the feasible set. Importantly, notice that with inequality constraint the sign of A does
matter: this is because of the geometry of the theorem: a local maximizer is attained
when the feasible directions, as determined by the gradients of the binding constraints is
exactly opposite to the desired direction, as determined by the gradient of the objective
function. Obviously, locally only the binding constraints matter, which explains why
the constraint qualification looks more complicated here than with equality constraints.
Finally, it is crucial to notice that the process does not amount to maximizing £: in
general, £ does not have a maximum; what one finds is a saddle point of £.

The proof of the following result is left as an exercise

THEOREM 9.2.4. Suppose that f: RX = R and g: RX — RJ are both of class CL.
1. Suppose that the set F = {x € R™ | g(x) > 0} is compact, and that for every
x € F, of we denote J(x) ={j € {1,...,]} | gj(x) = 0} and I(x) = #J(x), we have
that
rank([Dg; (x)]jeg(x)) = 1(x).
If there exists x* € F such that
(i) there is some A* € R for which D L(x*,A\*) =0 and A* - g*(x*) =0, and
(i) for every x € F\{x*} and all A € RT", the equality DxL(x,\) = 0 implies
that A - g(x) > 0;
then x* uniquely solves Problem (9.2).
2. Suppose that there exists no pair (x,A) for which DxL(x,A\) =0, A >0, g(x) > 0,
and A-g(x) =0. Then, x* locally solves Problem (9.2) only if

rank((Dgi(x))ieg) <1,

where J={i €{1,...,J}| gi(x*) =0} and [ = #7.

9.3 Parametric programming

WE NOW STUDY HOW THE solution of a problem depends on the parameters that
define the problem.
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9.3.1 Continuity

Let O C RM be nonempty, and let D : QO — RX be a correspondence from Q into
RX: for every w € Q, this correspondence assigns a subset D(w) C RX.

Suppose that D : Q — RX is nonempty- and compact-valued, in the sense that for
all w € O, the set D(w) is non-empty and compact.

DEeFINITION 9.3.1. Correspondence D s upper hemicontinuous at w € Q if for every
pair of sequences (wn)y_; n RM, and (xn)¥_q1 RX, such that

(i) for alin e N, wn € Q,

(it) imn 00 Wn = w and

(i13) for alln € N, xn € D(wn),

there exist a subsequence (xn,, )% _; of (xn)X_; and a point x € D(w) such that

lim xp, =X
k—o00

The correspondence s upper hemicontinuous if it is upper hemicontinuous at every
w e Q.

An upper hemicontinuous correspondence has the property that its graph is “closed”

at points where the correspondence explodes.® 5 More formally, what suffices for up-
per hemicontinuity is that the graph of
DEFINITION 9.3.2. Correspondence D is lower hemicontinuous at w € Q if for every the correspondence be closed, and that

. for all bounded B C Q, the set
sequence (wn)X_; n RM such that -

(i) for alln € N, w, € Q and VwepD(w)
(“) limn e Wn = W, be bounded too.

and for every point x € D(w), there ezists a sequence (xn)y_; n RX such that

(i11) for alln € N, xn € D(wn), and

(iv) imn 00 Xn = X.

The correspondence s lower hemicontinuous if it s lower hemicontinuous at every

w e Q.

A lower hemicontinuous correspondence has the property that its graph is “open”
at points where the correspondence explodes.

DEFINITION 9.3.3. Correspondence D is continuous at w € Q if it s upper and
lower hemicontinuous at w. It is continuous if it is continuous at every w € Q.

A continuous correspondence does not explode.

THEOREM 9.3.1. If correspondence F : Q — RX is singleton-valued® and upper 6 That is, if for all w € Q, one has
or lower hemicontinuous, then the function f : Q — RX, defined implicitly by that D(w) is a singleton set.

{f(w)} = F(w), is continuous.
Proof. The argument is left as an exercise. O

In fact, the relationship between the concepts introduced in the previous theorem
is stronger: in the case of single valued correspondence, both types of hemicontinuity
are equivalent to continuity of the associated function (and equivalent to each other,
then).

The importance of the concept of continuity of correspondences is given by the
following result
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THEOREM 9.3.2 (Theorem of the Maximum). Let function f: RX x Q — R be con-
tinuous and let correspondence D : Q — RX be nonempty-, compact-valued and
continuous. The correspondence X : Q — RX defined by

X(w) = argmax, cp () f(x, w)
is upper hemicontinuous’ and the value function v: Q — R, defined by

v(w) = max )f(x,w),

18 continuous.

Proof. Since D is nonempty- and compact-valued, and f is continuous (in x), Weier-
strass’s Theorem guarantees that X is non-empty valued and v is well defined. These

same assumptions imply that X is compact-valued.

[e.e]
n=1

and (xn){y_; such that the three conditions in Definition 9.3.1 are satisfied. Since D

To see that X is upper hemicontinuous, fix w € Q and take sequences (wm)

is upper hemicontinuous, there exists a subsequence (xn, )% _; such that x,  — x,
for some x € D(w). Now, let x’ € D(w). Since D is lower hemicontinuous at

w, there exists a sequence (x},)%°_; such that x/, € D(wn,,), for all m € IN and

m=1
x4, — x/. By construction (property ii), we have that f(xn, ,wn,, ) = f(x5, Wn,,)-
Since wn,, — w, xn,, — x and x},, — x’, and since f is continuous,
f(x,w) = lim f(xn,,wn, )= lIm f(xj,wn,,)="fx w).
m—0o0 m—0o0
Since the latter is true for all x’ € D(w), we have that x € X(w).

Now, to see that v is continuous, fix w € Q and suppose that v is not continuous at
w. Then, for some ¢ > 0 we can construct a sequence (wn)Y_; in Q that converges
to w, but such that |v(wn) —v(w)| > ¢ for all n € N. Fix x,, € X(wy) and x €
X(w). Since X is upper hemicontinuous, we can find a subsequence (xn,,)5._; that
converges to x. It is immediate that (xn, ,wn,,) — (x,w), but, by construction,
If (X Wnpm ) — f(x, w)| > € for all m € IN. This implies that f(xn,,, wn,,) = f(x, w),
which is impossible since f is continuous. O

9.4 Application: Continuity of the Marshallian demand

WE NOW WANT TO STUDY WHETHER the Marshallian demand of an individual is
continuous. By the Theorem of the Maximum, if the individual’s utility function is
continuous, all we need to show is that the budget correspondence is continuous as
well.

THEOREM 9.4.1. The budget correspondence B — RL | x Ry — RL is continuous.

Proof. Fix (p,m) € IRI;L+ x Ry and a sequence (pn,mn)Y_;, defined in ]RI;L+ X
R, and such that (pn,mn) — (p,m). Let (xn)_; be a sequence such that x,, €
B(pn, mn) for all n € IN.

For each 1 € {1,..., L}, since py n — p1 € Ry, there is some p] € R, such that,
foralln € N, py,n = p]. Denote p* = (p7,...,p7). Since my — m, there exists m*
R for which my, < m*, for alln € IN. By construction, x, € B(pn, mn) C B(p*, m*).

7 And nonempty-

valued.

and

compact-
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By Theorem 2.6.5, there is a subsequence (xn, )3 ; of (xn)%_; that converges to

some x € ]RI;L. By continuity of the inner product, pn, - xn, — p-x, while pn, -
Xn, < Mp, — m implies that p-x < m, so that x € B(p, m). This shows that B is
upper hemicontinuous at (p, m). Since (p, m) was arbitrary, it follows that B is upper
hemicontinuous.

Now, let (pn, mn)S_; be a sequence in ]RPHr x Ry such that (pn,mn) — (p, m),
and let x € B(p,m). If m = 0, it is trivial that B is lower hemicontinuous at (p, m),
so let us assume that m > 0. Define, for all 1 € {1, ..., L},

_ P
m

S1

and, for all n € IN,

Xln =
Pin

and xn = (X1n,...,X1,n). Clearly xn € B(pn, mn), and, each L € {1,...,L},

N 5. .
m Pin

S0 X — x. This shows that B is upper hemicontinuous at (p, m), and, hence that it

is upper hemicontinuous, since (p, m) was arbitrary. O

COROLLARY 9.4.1. If u: IRI; — R s a continuous utility function, then its Mar-
shallian demand correspondence is upper hemicontinuous, and its indirect utility
function is continuous. If, in addition, u is strictly quasiconcave, then its Mar-
shallian demand is a continuous function.

COROLLARY 9.4.2. If =~ s a complete, strictly monotone, conver and continuous
pre-order, then its Marshallian demand correspondence is upper hemicontinuous.
If, in addition, = s strictly convez, then its Marshallian demand is a continuous
function.

9.5 Dafferentiability

Suppose now that both sets D C RX and QO € RM, are open and finite-dimensional.
Suppose that f : DxQ — Rand g: DxQ — RJ, and consider the following
(simplified) parametric problem: given w € Q, let
viw) = ineaécf(x,w) tg(x,w) =0.

Suppose that the differentiability and second-order conditions are given, so that a point
x* solves this maximization problem if, and only if, there exists a A* € RJ such that
DL(x*,A*, w) =0.

Suppose furthermore that we can define functions x : Q — D and A: Q — R/, given
by the solution of the problem and the associated multiplier, for every w. Then, it
follows directly from the Implicit Function Theorem that if, for a given @ € Q,

0 Dyg(x*, @)
k ]XI x ! = K
rat (ng(x*,@)T D2 L(x*,\*, ®) JK

then there exists some € > 0 such that on B¢ (@) the functions x and A are differentiable

97
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and

( DA(&) ) __< 01 Dig(x", &) >_1< Dug(x(®), ®) )
Dx(®) Dyg(x*,@)" DZ L(x*,A*, @) D2,  L(x(®),A(w),®) /)
It is then immediate that v is differentiable at @ and
Dv(w) = Dxf(x(w), ®)Dx(w®) + Dy (w).
A simpler method, however, is given by the following theorem

THEOREM 9.5.1 (The Envelope Theorem). If, under the assumptions of this subsec-
tion, v is continuously differentiable at @, then Dv(®w) = D, L(x(w),A(w), ®).

Proof. One just needs to use the Chain Rule: by assumption,
D f(x(w), w) + Dyg(x(w), w) "A(w) =0,
whereas g(x(w), w) =0, so

Dyg(x(w), w)Dx(w) + Dy g(x(w),w) =0;

meanwhile,
Dv(w) = Dx(w) Dyf(x(w),w)+ Do f(x(w),w)
= —Dx(w) 'Dyg(x(w),w) " AMw) + D f(x(w), w)
and
Dol (x(w),AMw),w) = Def(x(w),w)+Degx(w),w) Alw)
= Dof(x(w),w)—Dy(w)  Dyg(x(w),w) A(w),
which gives the result. [

ExXERCISE 9.5.1. Let f: RX - R, g: RX - RJ € C2, with ] < K € N. Suppose that
for all w € R™, the problem

max f(x) : g(x) = w

has a solution, which is characterized by the first order conditions of the La-
grangean defined by L(x,\,w) = f(x) +A-(w —g(x)). Suppose furthermore that
these conditions define differentiable functions x : R} — RX and A : Rl — RJ.
Prove that Dv(w) = A(w), for all w, where v: R} — R is the value function of
the problem.



10
Fized Point Theory

TWO KEY RESULTS IN mathematical economics are presented next.

10.1 Kakutani’s fized-point theorem

THEOREM 10.1.1 (Kakutani). Let A C R: and let T: A — A be a non-empty-valued
correspondence. If A is compact and convez, and I' is convez-valued and upper
hemicontinuous, then there exists & € A such that 6 € I'().

When T is single-valued (i.e. a function), the result is referred to as Brower’s fixed-
point theorem and is easy enough to visualize in the case L = 1.

A complete proof of Kakutani’s theorem is far from simple and we will not attempt
it here. To see the general strategy of such proof, here we will see its simplest version,
in R. That is, we will argue the following result:

Let T': [0,1] — [0, 1] be nonempty-, convex- and compact-valued, and upper hemicon-
tinuous. There exists & € [0, 1] such that & € T'(§).

Proof of Theorem 10.1.1, in R: The following algorithm constructs a sequence in
[0, 1]4.

0 Let n=0,8,=0,8 =1, v, €I0) and ¥g € I'(1).

1 Letn=n+1.If

2 . = 2 b

go to 2; else, go to 3.

2 Define B
O = %, dn=8n1,v,, =08 and ¥, =Vn_1
and go to 1.
3 Find _ _
6€r<5n1+5n_1) 5 §n71+6n—11
2 2
and define
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Go to 1.

This algorithm constructs a sequence @mzwﬂugn)f:l’ in [0, 1]4, that satisfies
the following properties, for all n € IN:

(1) 8n <7y, and ¥ < On;

(i) 0<y, <¥n <1 and

(iii) ¥n -y, <27
Since this sequence is bounded, by Theorem 2.6.5 it possesses a convergent subse-
quence. Since I' is upper hemicontinuous, we can pick this subsequence,

(é nmyz nmaVnm:Snm)%izl;

such that
* . Tk

(§ Tlm’X nm;Vnm,gnm) — (é 1I*ay*)6 )

with y* € T'(8*) and ¥* € I'(&"). By condition (i), §* < v* and ¥* < 5", By conditions
(ii) and (iii), [Sn,, —8 n, | — 0, 50 §* =5 . Let § = §*, and note that ¥* < § < y*.
Since y* € T(8*) =T'(8) and ¥* € F(S*) =T(6) and T is convex-valued, we have that

deT(s).! Q.E.D.

10.1.1 Application: Existence of Nash Equilibrium

SUPPOSE THAT THERE IS A FINITE SET of players (society), each of which we denote
by i € {1,...,I}. Suppose that player i can choose an action from a set of alternatives
3!, which is assumed to be nonempty. Denote by s' the action taken by i; the full
profile of actions chosen by the society, s = (s!,...,s!), determines the outcome of
the game, and in fact, we identify the profile of actions with the outcome of the game.
Players (may) care about the outcome of the game: i derives utility (receives payoff)

1

ui(sl,...,s!) from the outcome of the game. These elements describe a simultaneous-

move game: formally, a stmultaneous-move game is
{1, I (Ehut s X T - R){y).

In the present setting, where players play only once and all actions have to be chosen
simultaneously, we will also refer to actions as strategies, and will refer to each set It
as the set of strategies of player i. For simplicity of notation, denote by Z ! the set
of strategies of all players other than i, and use s ' to denote its generic element.?
.,s1). The
thought process in individual i’s mind will be the following: if the other players are

Also, when necessary, use u'(st,s"!) to denote ut((s?,..., st 1 st si+l

playing s !, the best i can choose for herself is s that makes u'(st,s™) as high as
possible.® Formally, for player i, s is a best response to st if it solves the problem
maxg yi ut(3,s7).

A profile of strategies is a Nash equilibrium if each player is satisfied with her choice,

given what her opponents are choosing.* That is, profile of strategies (s!,...,s!) e
x{zlzi is a Nash equilibrium in pure strategies if, for each i, s' is a best response
to s

! Recall that I'(6*) C R.

2 That is, 7" = xj45) and s7F =
(sl’.'.,5171,51+1’...78I).

3 This behavior is known as best re-
sponse: given everything that is not
(directly) under her control, an indi-
vidual’s choice should be optimal for
herself, according to her own prefer-
ences: she should not regret the choice
that she makes, at the time he is mak-
ing it.

4 One may argue that best-response
behavior is a very weak principle: why
would players not question the motives
and choices of their opponents? How-
ever, notice that if one finds a profile
of choices where every player is best-
responding to the rest of the actions,
the criticism is less powerful! This
leads to the basic concept of equilib-
rium in games.
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Intuitively, a Nash equilibrium is an outcome of a game in which no individual
player would find that it is for her own benefit to deviate unilaterally from what
is being played. We do not know whether multilateral deviations would benefit some
players, nor do say how the game is played when there are multiple outcomes that have
the equilibrium property. But if players are going to choose their actions individually,
outcomes that are not Nash equilibrium do not result appealing as predictions of the
theory: at an outcome like that, at least one player would regret her choice.® As in other
concepts of economic equilibrium, Nash equilibrium arises as a solution that appeals
in the sense that it seems “sustainable,” although we do not specify a “dynamics” for
which equilibrium corresponds to a “resting point.” It is also important to notice
that Nash equilibrium, or best-response behavior for that matter, does not give an
algorithm to determine how a player chooses her play (or how we should choose ours
when we play games): if a player knew what her opponents are choosing, then we would
have such an algorithm; but remember that this is a simultaneous-move situation, so
we cannot interpret equilibrium as an algorithm for choice! What the definition of
equilibrium does is simply to distinguish situations where, under the best-response
principle, individuals do not regret the choices they make at the time when they are
making them, form situations in which at least one of them does.

Suppose that players consider the possibility of choosing their actions randomly.
Then, best-response behavior can be applied by considering players that are more
sophisticated in their thought processes: given that her opponents are choosing their
actions randomly (with certain probabilities), how should a player randomize between
her possible actions so as to maximize her expected payoff?6

Let Al be the set of probability distributions over Xi. For simplicity of notation,
denote by A™t = x#iAj, the set of probability distributions of all players other than
i, and use p ! to denote its generic element. If the other players are using p~! to
choose their plays, the best 1 can choose for herself is pi that makes ]Epi[]Epﬂ [ut(s)]]
as high as possible.” Thus, a profile of probability distributions (p!,...,p!) € x!_; At
is a Nash equilibrium in mazed strategies if for each 1, pi solves the problem

max B [E - [u'(s)]].
peat VP
A game will be said to be finite if it has finitely many players and each of them
has only finitely many strategies that she can play. Obviously, PRS is finite, and it
turns out that finite games often have no Nash equilibrium in pure strategies. As in
PRS however, the use of mixed strategies always gives us an equilibrium in this type
of game.

THEOREM 10.1.2 (Nash). Any finite game has a Nash equilibrium in mized strate-
gtes.

Proof. Let A= xI:lAi, and define the correspondence Bl : A™! — Al by letting

i

Bi(p™Y) = argmaxs e piBp (B - [ut(s)]].

This correspondence is known as the best-response correspondence of player i. Since
Al is compact and the expectation operator is continuous in the probabilities, the
correspondence is non-empty- and compact-valued. Since the expectation operator
is linear in the probabilities and set Al is convex, it is also convex-valued. By the
Theorem of the Maximum, the correspondence is also upper hemi-continuous.

5 Of course, non-equilibrium outcomes
can be played. But we do not want
to construct a theory in which predict
that an individually rational decision
maker will choose suboptimal choices.
Or, at least, that is not the route that
classical game theory has followed.

6 We will accept that expected pay-
offs correctly represent the individual’s
preferences, although this too can be
questionable.

7 When all strategy sets are finite,

E, i [E, i [u'(s)]] equals, simply,

1
2 TIv (shuits).

s j=1
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Now, define correspondence B : A — A by B(p) = x;B}(p~}). This correspon-
dence inherits all the properties of the best-response correspondences and, hence, by
Kakutani’s Fixed-Point Theorem, there exists some p € A such that B(p) > p. By

construction, p is a Nash equilibrium in mixed strategies. O

Luckily there also exist general existence results for Nash equilibrium in pure strate-
gies. The most classical one is presented next, without a proof (but it should not be
hard for you to give one, if you understood the argument just given for Nash’s theorem).

THEOREM 10.1.3 (Glicksberg). Suppose that for every player i, the set of strategies
15 a compact and convex subset of some finite-dimensional Euclidean space. If for
every player one has that the payoff function u' is concave in s* and continuous,
then the game has a Nash equilibrium in pure strategies.

10.1.2 Application: Existence of Competitive Equilibrium

ASSUME A SOCIETY POPULATED by a finite number of individuals, which we denote
by i = 1,...,1. In this society, we will consider the case in which only exchange of
commodities takes place.

Consumer 1i is modeled by what she likes and what she has. For simplicity of expres-
sion, we will assume here that our consumers have preferences that are representable
by utility functions u®: ]RI;L — R.8 In general equilibrium, we want to endogenize the
individuals’ nominal income, so we will assume that they are endowed with a bundle,
wte le, of commodities.®

An ezxchange economy is defined by a society, and by the full description of its
members,

{1, 0, (uhwhig)

Letp = (p1,...,pL) € R denote commodity prices, and use x! to denote individual
i’s consumption plan.1?

In an exchange economy with competitive markets, consumers take all prices as
independent of their demands, and the only constraint that individual i recognizes is
that she cannot spend more than her nominal wealth, which is the nominal value of

her endowment.

DEFINITION. In an exchange economy {{1,...,1}, (ul, wi)ilzl}, a competitive equilib-
rium s a pair consisting of a vector of prices and a profile of consumption plans,
(p, (xi)Ll), such that: (i) for each consumer i, bundle x' solves the problem
max, ut(x) :p-x < p-w'; and (ii) all markets clear: Z{:l xt = Z{:l wt.

The definition of equilibrium takes preferences and endowments as given fundamen-
tals, and determines values for all endogenous variables of the problem; in the case of
an exchange economy, the endogenous variables are all the prices and the consumption
decisions of all individuals. Equilibrium is then the requirement that all these vari-
ables be feasible and that no agent regret the decision she is making at the time she is
making it. 11

The following property is well known, and simplifies the treatment of competitive
equilibrium.

8 The standard properties of prefer-

ences may be invoked. Here, we will
interchangeably say that the individual
has convex preferences or that her util-
ity function is quasiconcave.

® Notice that, by the latter assump-

tion, we are introducing one institution
in our society: private property.

10 We want to study situations where
agents trade voluntarily and where
they think that their actions do not im-
pact the aggregate conditions at which
trade takes place. @ We, then, are
adding a second institution, competi-
tive markets, which are exchange facil-
ities where an anonymous price is an-
nounced for each commodity, denoted
P1, and where all traders can trade at
that given price.

1 Importantly, notice that in the inter-
pretation of the definition of competi-
tive equilibrium, there are endogenous
variables that are not decided by any
one particular agent: while prices are
endogenous to the whole economy, each
decision-maker thinks that she cannot
affect them. Notice also that the defini-
tion of equilibrium does not say what
occurs in the economy when it is not
in equilibrium. Finally, notice the as-
sumptions implicit in the definition: (i)
it is assumed, as an institution, the ex-
istence of complete competitive mar-
kets; (ii) it is assumed, as a rule of be-
havior, that all agents are price takers;
(iii) each individual’s behavior affects
her well-being only; and (iv) no unit of
a commodity can be consumed by more
than one consumer. Many results cru-
cially depend on these assumptions.
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Proposition (Walras’s law). Fiz an ezchange economy {(ui,wi){zl} i which all
consumers have locally nonsatiated preferences, and at least one of them has
strongly monotone preferences. Suppose that (p, (xi){zl) satisfies that:

1. for each individual i, x* solves max, ut(x):p-x <p-wh;
2. forallle{l,..,L—1}, Zilzl x{ = Zilzl w{.

Then, all prices are positive, p > 0, and the following are all competitive equilib-
710:

i1 1y Ly 1 i1
(v, )1y), <p1p’(" )11) , (|p|p, (x )11> and (Zlmp,(x )11) .

Proof. Since one individual’s preferences are strictly monotone, it follows from con-
dition 1 that allprices must be strictly positive. Since all consumers are locally non-
satiated, condition 1 also implies, by the version of Walras’s covered in Consumer’s
theory, that 2{21 p- (xt —w') = 0. But then, by condition 2, pp Z{Zl(x}_ fw}_) =0,
which implies that Z{Zl(x}_ fw}_) = 0, since pr > 0. This means that (p, (xi)ilzl)
is a competitive equilibrium. That the other pairs are equilibria too follows from
homogeneity of degree zero of Marshallian demand. O

The result says that when looking for general equilibria of an economy with strongly
monotone consumers, it suffices to guarantee that all of the markets but one clear.
This says that the L x L system of market-clearing equations is underdetermined (as a
function of prices), and is in fact an L x (L — 1) system. So, one can drop one variable
by letting, for instance, p; = 1, and solving a (L —1) x (L — 1) system.

THEOREM. Suppose that Z%:l wl > 0 and that each u' is continuous, strongly
quasiconcave and strictly monotone. Then, there exists a competitive equilibrium.

Denote by A the (L — 1)-dimensional unit simplex, and let A° = AN IRIJFJr and A? =
A\ A°. (These sets are known as the relative interior and the boundary of the simplex.)
The aggregate excess demand function over strictly positive prices, Z : A° — R, is
defined by

where

xi(p) = argmaxxui(x) px<p -wh.

You can take for granted that, under the assumptions of the theorem, Z is continuous
and bounded below; satisfies that, for all p € A°, p- Z(p) = 0; and is such that

ljlllax L{Zl(pn)} —

=1,...

for all sequence (pn)%_; in A° such that p, — p € A°.
Define correspondence I' : A — A as follows:

M(p) = argmax,cAZ(p) -y, ifp €A%
P {yeAlp-y=0}, ifpead

The exercises that follow will provide a proof of the Theorem:

EXERCISE 10.1.1. Argue that ' is nonempty-, compact- and convez-valued.
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EXBRCISE 10.1.2. Argue that if p € A° and Z(p) # (0,...,0) then T(p) C A°.
EXERCISE 10.1.3. Argue that if p € A%, then p & I'(p).
EXERCISE 10.1.4. Argue that I" is upper hemicontinuous at all p € A°.

EXEBRCISE 10.1.5. Fiz p € A%, (pn)®°_, in A such that pn — p, and (yn)®_; in A

n=1 n=1

such that yn € I'(pn) for each n.

1. Argue that there ezist a subsequence of (Yn)%_ 1, (Ynm)om_1, and ay € A such
that yn,, = V.

2. Fux the subsequence constructed in 1, and suppose that (pn,,)S_,; has no sub-

m=1

sequences 1n A°. Argue that p-y =0.

3. Fiz the subsequence constructed in 1, and suppose that (pn,, )52 _; has a sub-
sequence in A°, (pnmk)le. Argue that there exists k* € N such that, for all
k>k* and alll €{1,...,L} such that py > 0,

Z < VAY, .
1(Prm, ) 1/6%?}.{.@{ v(Pnm, )}

Conclude that, hence, p-y =0.
4. Argue that ' is upper hemicontinuous at all p € A9,

EXERCISE 10.1.6. Argue that there exists some p € A such that p € T'(p), and
conclude that, hence, Z(p) = 0. Argue that this proves the theorem.

10.2 Banach’s Fized-Point Theorem

DEFINITION 10.2.1. A function f : RX — RX 4s said to be a contraction if there
exists a number x < 1 such that, for all x,x’ € RX,

[1f(x) —f(x")]| < afjx —x].
When that is the case, we define
inflo € R | ¥x,x" € R¥||[f(x) — f(x')]| < af]x —x/||}
as the Lipschitz modulus of f.

THEOREM 10.2.1 (Banach). If f : RX — RX 4s a contraction, there exists an x € R¥
for which f(X) = X. Moreover, such X is unique and, for everyx € RK, the sequence
defined by

X1 =% and Vn = 2,xn = f(xpn_1) (10.1)

converges to X.

Proof. Let o be the modulus of contraction f. For the sake of clarity, we divide the
argument in three steps.

Step 1: existence of some X. Fix any x € RX, and let the sequence (xn)Y_; be
defined recursively by Eq. (10.1). By construction,

X3 —x2| = [[f(x2) — f(x1)| < f|xg —x1]],
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and, thus,
Ixa = x|l = [If(x3) = f(x2)]| < &llxa —xa|l < o®|[xg —x1,
and so on, so that, in general,
xns1 = xnll < €™ Hxg = x|
Since o < 1, it follows that (xn)Y_; is Cauchy and, hence, it converges to some
x € RX.
Step 2: x 1s indeed a fized point. By construction, for any ¢ > 0, we can find

n* € IN such that for all n > n*, ||xn —X|| < ¢/2. Notice, then, that for all ¢ > 0,

1F(3) = X[ < 1) = xne gl + [[xneg1 —X]|

[1£0x) = 0 ) | + [Ixn 1 =Xl

S aflx = xne |+ [Ixneq1 —X||
1+«

< TE

< g,

where first inequality follows from triangle inequality, the second one by the definition
of «, and the last one from the fact that & < 1, since f is a contraction.

Now, this is possible only if ||f(x) —X|| = 0, which means that f(X) = x.

Step 3: uniqueness of fized points. Now, let x’ € R¥ be such that f(x/) = x’.
Then,

0 < I = /|| = IFR) — F(x)]| < o — ]l
Since « < 1, this is possible only if ||x —x’|| = 0, which means that x = x’. O

It is important to notice that, since the proof took the point x arbitrarily, we indeed
showed that for every x € R, the sequence defined by Eq. (10.1) converges to X.
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11
Riemann Integration

IN THE FIRST PART of this chapter, we assume that a,b € R, a < b. As before, we
assume that X C R.

11.1 The Riemann integral

There are different, but equivalent, ways to define the Riemann integral. We now
introduce the simplest (although not necessarily the best) one.

A function s : [a, b] — R is said to be a step function if there exist a monotonically
increasing finite sequence (x1 . xn+) such that x; > a, xn+ = b, and a finite sequence
(s1,...,sn+) satisfying that for all n € {1,2,...,n*} it is true that for all x € (xn—1,%n),
s(x) = sn, where we define xg = a.

ExaMmPLE 11.1.1. Consider s:[—2,2] — R defined by

—1 if —2<x<0
s(x) = 0 if x=0
1 3f 0<x<2

It 1s easy the see that s is a step function: use {x1,x2} ={0,2} and {s1, so} = {—1, 1},
and let xg = —2; then, we have that for all x € (xg,x1) = (—2,0),s(x) = —1 = 87
and for all x € (x1,x2) = (0,2),s(x) =1 = ss.

It is important to notice, both in the definition and in the example, that the values
of s(a) and s(b) do not matter. Similarly, the value of s at any point of discontinuity is
irrelevant (e.g. s(0) in the example,) but there can be only finitely many such points.
It should also be clear that any step function on [a, b] is bounded, because it takes at
most (2n* + 1) (a finite number) different values.

DEFINITION 11.1.1. Given a step function s : [a,b] — R, we define the integral of
s from a to b by

b n
J s(x) dx = Z Sn(Xn —Xn-1),
a n=1

where xg = a, (x1,... Xn*) %5 a monotonically increasing finite sequence such that
X1 > Xg, Xn* = b, and (s1,. sSn*) 25 a finite sequence satisfying that for all n €
{1,2,...,n*} 1t is true that for all x € (xn_1,%Xn), S(x) = sn.
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Notice that the integral of a step function on [a, b] is always a real number. Also, it
should be clear that the integral is unique, so that no matter what particular sequences
one uses to find it, the summation is always the same.

ExAMPLE 11.1.2. For s defined as in Example 11.1.1, we have
2
J s(x)dx=—-1(0—(—2))+1(2—0)=0
—2

Again, notice that the integral is independent of s(a) and s(b), and of the value of
s at any point of discontinuity (e.g. 0 in our example).

DEFINITION 11.1.2. Let f : [a,b] — R be a bounded function. If there ezists a

unique I € R such that
b

Jb s(x) dx < I < J' t(x) dx

a a
for every pair of step functions s :[a,b] - R and t: [a,b] — R such that s(x) <
f(x) < t(x) for all x € [a,b], then f is said to be integrable (on [a,b]), and I is said
to be the integral of f from a to b, which we denote by

b
J f(x) dx = 1.
a

It is important to notice that I is required by the definition to be finite and unique.
Let f: [a,b] — R be integrable. Then, we define

a b
J f(x) dx = fJ f(x) dx
b a

and fg f(x) dx = 0. Also, the following definition is (has to be) given for formal
completeness: let ¢,d € [a, b], ¢ < d; we define the integral of f from ¢ to d as

Jd f(x) dx = Jd f(x) dx

Cc C

where f: [c,d] — R is defined by f(x) = f(x), for all x € [c, d].

11.2 Properties of the Riemann integral

The following results list (some) important properties of the Riemann integral. We
state them without proof.

THEOREM 11.2.1. Suppose that the functions f : [a,b] = R and g: [a,b] = R are
integrable and «, p € R. Then, (of + Bg) : [a,b] — R is integrable and

b b

f(x) dx + BJ g(x) dx

a

Jb(ochr Bg)(x) dx = ocJ

a a

THEOREM 11.2.2. Suppose that f: [a,b] — R 1is integrable and c € [a,b]. Then,
b c b
J f(x) dx :J f(x) dx—l—J f(x) dx
a a C

THEOREM 11.2.3. Suppose that the functions f: [a,b] — R and g :[a,b] — R are
integrable and, for all x € [a,b], f(x) < g(x). Then, fz f(x) dx < IZ g(x) dx.
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Additionally, if f: [a,b] — R is integrable, « € R and f € R\ {0}, then

Jb f(x) dx = JbJr‘Xf(x— o) dx

a at+o

and

b 1 (BY
L f(x) dx = E Lsa f(g) dx

THEOREM 11.2.4. If f : [a,b] — R 1is either monotonic or continuous, then it is
integrable.

It must be pointed out that the fact that the domain of f is assumed bounded in
the previous theorem is crucial.

11.83 The Fundamental Theorems of Calculus

Following are the two most important results relating integral and differential calculus.
(Their proofs use the Mean Value Theorem that we learned in Chapter 5.4.)

THEOREM 11.3.1 (First Fundamental Theorem of Calculus). If f : [a,b] — R s dif-
ferentiable, and f' : [a,b] — R 1is integrable, then fz f'(x) dx = f(b) — f(a).

THEOREM 11.3.2 (Second Fundamental Theorem of Calculus). Suppose that f: [a,b] —
R s integrable. Define F:[a,b] = R, for all x € [a,b], by F(x) = [ f(t) dt. If f is
continuous at X € X, then F/(X) = f(x).

11.4 Antiderivatives (indefinite integrals)

The results in last section show the tight relation that exists between differential and
integral calculus. We now show how we can take advantage of such relation in order
to find the integral

DEeFINITION 11.4.1. A function F: X — R s satd to be an antiderivative of f : X — R
if for all x € X, F/(x) = f(x).

Suppose that F: X — R is an antiderivative of f : X — R. Then, we will also write
F = [f(x) dx. Notice that antiderivatives are not unique.

The following results (which establish the most useful properties of antiderivatives,)
come straightforwardly from Theorems 5.1.2, 5.1.3 and 5.2.1: [(«f)(x) dx = « [ f(x) dx
for any o € R; [(f+ g)(x) dx = [f(x) dx+ [ g(x) dx;

n-+1

an dx = 4K, if n#£-1

1
J'f dx = In(x) +K;
X

[eX dx =eX +K; [/ (x) dx = ef¥) 1 K;

J(f(x))nf/(x) be= %H(f(x))n+l +K,

if n # —1; and,
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Here, K € R is arbitrary. Notice that the first two results assume that antiderivatives
for f and g exist (on the domain in which the functions are defined).

The importance of these rules is that, together with the Fundamentals Theorems of
Calculus, they make the computation of Riemann integrals a process in which one just
has to reverse the one of differentiation. In particular, if we can find the antiderivative
of an integrable function (with bounded domain), we can use the First Fundamental
Theorem of Calculus in the computation of the Riemann integral.

EXAMPLE 11.4.1. Suppose that f: R — R is defined by f(x) = x3 —3x, for allx € R.
Now, we can use the first, second and third rules that we just introduced, to show
that ) 3
_ 1.4 9.2
Jf(x) dx—4x 2x +K

where K € R. Now, let F: [a,b] = R be defined as for all x € [a, b],

1 3
F(x) = ZX4 — §x2

Clearly, F € C*® so that F is differentiable and F' is integrable (by Theorem 11.2.4).
By the First Fundamental Theorem of Calculus, it follows that fg F/(x) dx =
F(b) — F(a), which means that

b 1
J (x3—3x) dx = (>b*— = -
N 4 2 4 2

where the last tnequality s just introducing some new notation. Alternative no-
tation would be: 1 3
(¢ =52
For example,
2
1 3 3
J (x3—3x) dx = (ox* —2x?)2 = =,
1 4 2
<2
EXAMPLE 11.4.2. Suppose that we are interested in [ e~ = x dx. By our first rule,

X2 X2
Je_Tx dx = —Je_T(—x) dx.

Now, let f(x) = —X—;, so that f'(x) = —x and

x2

X2
Je_Tx dx = fJef(X)f'(x) dx = —ef™ f K=—e"7 + K,
using the sixth rule. As before, by the First Fundamental Theorem, for all a € R

a X2 X2
J e zxdx=(—e 2 +K)%, =0.
—a

11.5 Integration by parts

Suppose that we have two functions u : X — R and v : X — R, both of which are
differentiable. We know from Chapter 5 that

(uv) (x) = u(x)v’(x) +v(x)u'(x)
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so that
u(x)v'(x) = (uv)’(x) —v(x)u'(x)

Therefore, by the rules that we introduced in the last section

J-u(x)v’(x) dx J[(u.v)’(x) —v(x)u'(x)] dx

= J(u.v)’(x) dx—Jv(x)u’(x) dx

(uv)(x) — Jv(x)u'(x) dx
= u(x).v(x)— Jv(x)u’(x) dx

EXAMPLE 11.5.1. Suppose we want to find [e*x dx. Then, let v/(x) = e* and
u(x) =x. Clearly, v(x) = e* and u/(x) = 1. Then, we have

Jexx dx = Ju(x)v’(x) dx
= u(x)v(x)— Jv(x)u'(x) dx

= e"x—J'eX dx
= e*x—e~

Therefore, by the First Fundamental Theorem of Calculus, fé eXx dx(e*x — ex)é =
1.

11.6 Improper integrals

So far, we have restricted our definition of Riemann Integral of the function f to the
case in which for a,b € IR, the function f is defined on [a,b] and is bounded. It is
convenient, however, to generalize the definition of the integral.

Suppose initially that a € R and b € RU{c0}, b > a, and consider the function
f:[a,b)arrowR. Then, if for all d € [a, b), the function is integrable when its domain
is restricted to [a, d], then, we define

b d
J f(x) dx = lim J f(x) dx
a d—b Jq
provided that the limit exists.
Similarly, suppose now that a € RU{—oo} and b € R, a < b, and consider the
function f : (a, blarrowR. Then, if for all d € (a,b], the function is integrable when
its domain is restricted to [d, b], then, we define

b b
J f(x) dx = lim J f(x) dx
a d—a Jq
provided that the limit exists.
Finally, if we have a € RU{—o0} and b € RU{oo}, b > a, and consider the function
f:(a,b)arrowlR. Then, if for all ¢,d € (a,b), ¢ < d, the function is integrable when
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its domain is restricted to [c, d], then, we define

b

J: f(x) dx = J: f(x) dx—I—Jy f(x) dx

for (any) v € (a,b), provided that both integrals and its sum exist (one should be
particularly worried about the result co + (—oo), which does not exist).

ExaMpPLE 11.6.1. Recall Exzample 11.5.1. It follows that

o0

J ex dx = lim (e*x —eX)§ = lim (e?(d—1))+1 = oco.
0 d—o0 d—o0

EXERCISE 11.6.1. (From Apostol, Calculus:) For a € R, b € Ry, compute

the following integrals: [g(1+x+x?) dx, (2)‘1(1 +x +x2) dx, J”zfi(l +x +x2) dx,

[9ox3(1+x2) dx, fgz(l +x2)? dx, f})(l +x1/2) dx, and fgz(xl/4+xl/2) dx.
EXERCISE 11.6.2. (From Apostol, Calculus:) Show that:

2

V1—x2dx=x 1—x2+JX7 dx
J V1—x2

EXERCISE 11.6.3. Recall Example 11.4.2. Show that

o0 x2
J e 2xdx=0
—0o0

EXERCISE 11.6.4. Recall Ezample 11.4.1. Show that fiooo(xe’ — 3x) dx does not
exist.

11.7 Integration in higher-dimensional spaces

Recall that one of the goals of this notes was to introduce concepts in such a way
that generalizing to multiple dimensions was relatively simple. Surprisingly, one of the
easiest concepts to generalize is the one of Riemann integral.

From now on, we maintain the assumption that a,b,c,d € R, a < b and ¢ < d.
A function s : [a,b] x [c,d] — R is a step function if there exist finite monotonically

increasing sequences (xnm*:l and (ym)mll and a finite double array ((Sn,m)ﬁ*:l)m*

m=1
such that x; > a, xn* = b, y1 > ¢, ym+ = d and that for all n € {1,...,n*}, for all
m e {11 cee 1m*} and for au (X;U) € (anlaxn) X (Umfl:ym)yl S(X,U) = Sn,m; Where

xo = a and yg =c.
Notice that this is a straightforward generalization of definition in the one-dimensional
case, with the sole exception that step functions need no longer be bounded (why?).

ExaMPLE 11.7.1. Consider s:[—2,2] x [0,1] —» R, defined by:

-1, if —2<x<0;
Y, if x=0;
1, if0<x<1land0<y<0.5;

s(x,y) = :
) -1, #0<x<land05<y<l;

-2, #fl<x<2and0<y<0.5;
2, if1<x<2and05<y<];

To see that s 1s step, define {xn}izl = {0,1, 2}, {ym}?“:l = {0.5,1} and define

1 This is where notation exhibits a

conflict: the left-hand side of the ex-
pression is an ordered pair, whereas
each one of the terms in the Cartesian
product on the right-hand side is an
open interval. Had we used ]a, b[ for
open intervals, the conflict would not
have arisen, but this would be nonstan-
dard.
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{{snmP_ )21 by s11 = —1, s12 = —1, sp1 = 1, sp0 = —1, s31 = —2, and
$32 = 2.

Notice that the definition of s(x,y) when x = 0 does not matter. If we had defined
for all y € [0, 1], s(0,y) = 0 the same definitions would imply that s is step. Moreover,
these definitions would still work if we defined s(0,0) = 0 and for all y € (0, 1],
s(0,y) = In(y), but in this case s would not be bounded!

From now, we will denote Q = [a, b] X [c, d]. Notice that Q is a closed cube. Again,
a straightforward generalization is the following:

DerINITION 11.7.1. Gwen a step function s : Q — R, we define the integral of s
on Q by:

JQ s(x,y) dx dy = Z Z Sn,m(xn —Xn—1)(Ym —Ym—1)

m=1ln=1

where xg = a, Yo = C, (xn)f:1 and (ym)mll are two finite monotonically in-
creasing sequences and ((Sn,m)le)mll 1s a finite double array such that x; > a,
Xn* = b, Y1 > ¢, ym* = d and that for alln € {1,...,n*}, for all m € {1,...,m*}
and for all (%,Y) € (xn_1,%n) X (Ym_1,Ym), (V) = $rm.

ExXAMPLE 11.7.2. For s defined as in Ezample 11.7.1, Q =[—2,2] x [0,1] and

jQ (x,y) dx dy = (—1)(0— (~2)) + 1(1—0)(0.5—0)

+(=2)(2—1)(0.5—0) + (—1)(0— (—2))(1 — 0.5)
+(=1)(1—0)(1—0.5) +2(2—1)(1 —0.5)
=-14+05-1-1-05+1

=—2

Given definition 11.7.1, the following should appear natural as a generalization of
definition 11.1.2.

DEeFINITION 11.7.2. Let f: Q — R be a bounded function. If there exists a unique
I € R such that

s(x,y) dx dy <1< J t(x,y) dx dy
Q Q

for every pair of step functions s : Q - R and t : Q — R such that s(x,y) <
f(x,y) < t(x,y) for all (x,y) € Q, then f is said to be integrable, and I is said to
be the integral of f, which we denote by

J f(x,y) dx dy =L
Q

Notice that the definition requires I to exist and be unique. As before, the definition
results clumsy to compute the integral. However, the following theorem simplifies such
computation.

THEOREM 11.7.1. Let f: Q — R be bounded and integrable. Suppose that for all
y € [c,d], f(,y) : [a,b] = R s integrable. Let A : [c,d] — R be defined by for all
y € [c,d],
b
Aly) = | i) ax

a
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If A 1s integrable, then
d
J, ey ey = | Aty ey

C

This result is normally expressed by saying that

JQ f(x,y) dx dy = Jj (J: f(x,y) dx) dy

JQ f(x,y) dx dy = Jd Jb f(x,y) dx dy

Cc a

or simply that

Notice, however, that the latter is not a definition. It is the implication of a theorem
and applies only when its assumptions hold.

EXERCISE 11.7.1. The following proof of this theorem 1is relatively stmple; try and
fill in the gaps.

Proof. Let s: Q — R and t: Q — R be step functions such that s(x,y) < f(x,y) <
t(x,y) for all (x,y) € Q. Fixy € [c,d]. Clearly, s(-,y) and t(-,y) are also step
functions and for all x € [a, b], s(x,y) < f(x,y) < t(x,y). Then, by definition (which

one?)
b

b
J s(x,y) dx < A(y) <J t(x,y) dx

a a
Now, the left-most and right-most terms on the previous expression are themselves
step functions (of y on [c, d]; check this!), and by assumption the term in the middle
is integrable, so that, by Theorem 11.2.3,

Ld (ﬁ s(x,y) dX> dy < LdA(y) dy < Ld (Jz t(x,y) dX) dy

and then, by properties of sums (justify this!),
d
[ sty axay < ["Aw) ay < | ooy avay
Q c Q
and, finally, since s and t were arbitrary,
d
JQ flxy) dxdy = | Aly) dy.

C

Moreover, most usually one can use the following:

THEOREM 11.7.2. If f: Q — R s continuous, then it is integrable and

JQ f(x,y) dx dy = Ld (J: f(x,y) dx) dy = J: (Ld f(x,y) dy) dx.

ExXAMPLE 11.7.3. Let f:[0,1] x [0,1] — R be defined by f(x,y) = x3y —3xy2. f is
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continuous and

” flx,y) dx dy =
[0,1]x [0,1] Jo
1

EXERCISE 11.7.2. Show that for all a € Ry and for allc,d € R:c>d,

2402
“' e 2 xy dxdy =0
[—a,alx[c,d]

(This result will be extremely useful in statistics. Do you know why?)

So far we have restricted attention to functions defined on rectangles (or cubes) only.
This is clearly limited, but easy to overcome: let SC Q;if f:D - Rand SCD CQ,
define

L f(x,y) dx dy = JQ f(x,y) dx dy

where f: Q — R is defined by

s f(xay)r lf (le) ES)
f =
(e y) { 0, otherwise.

ExERcISE 11.7.3. Let Q = [0,2] x [0,2] and suppose that f: Q — R is defined by
for all (x,y) € Q, f(x,y) =xy. Let

S={(xy) eR|x*<y<x}

Show that S C Q. Show that S # @. Show that
J f(x,y) dx dy = 1
S Y Yy = 24

Can you prove the last result using two different arguments (orders of integra-
tion)?
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12
Probability

12.1 Measure Theory

Suppose that we have fixed a universe S. Denote by P(S) the set of all subsets of S
(that is, E € P(S) if, and only if, E C S. Obviously, @ € P(S) and S € P(S). One
can also say that {&,S} C P(S) and @ C P(S), but it would be a mistake to say that
S C P(S).

12.1.1 Algebras and o-algebras:

Our problem now is to define, in a consistent manner, the size of (some of) the subsets
of S. The consistency of our definition will require some “structure” on the family of
subsets whose size we define: (i) we should be able to tell the size of the set with no
elements in it; (ii) if we are able to measure a set, we should also be able to measure
the rest of the universe; and (iii) if we are able to measure a series of sets, then we
should also be able to measure their union.

For this:

DerFINITION 12.1.1. A family of subsets of S, £ C P(S), s an algebra if:

1. it contains the empty set: @ € X;

2. 1t is closed under complement: if A € L, then S\ A € £, and

3. 1t 1s closed under finite union: if{An}Ezl C X is a finite set, then UyzlAn erxr.
The following theorem is almost immediate from the definition.

THEOREM 12.1.1. If ¥ is an algebra, then:

1. it contains S: S € ¥, and

2. it 1s closed under finite intersection: if {An}szl C X is a finite set, then
AN _ALex
n=1""'"m :

Proof. Left as an exercise. For the second part, recall De Morgan’s laws. O
THEOREM 12.1.2. P(S) is an algebra.
Proof. Left as an exercise. O

THEOREM 12.1.3. Let 21 # & be a collection of Algebras. L = NgicgL’ is an
algebra.
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Proof. By construction, @ € L/, for all £’ € 2, which implies that @ € . Suppose
now that A € £. By definition, A € £’, for all £’ € 2, which implies that S\ A € X/,
for all of them, and hence that S\ A € X. Finally, let {An}yzl be a finite subset of
Y. By construction, for all n and all £’ € A, we have that A,, € £’, which implies
that, also, A, € X’; this means that Ul:]:l/l\n € ¥/, for all £’ € 2, and hence that
UN_jAn €L O

EXERCISE 12.1.1. Is it true that of A s a collection of algebras and A # &, then
L =UsrieqlL’ is an algebra?

THEOREM 12.1.4. For every A C P(S), there is an algebra L C P(S) such that:
1. ACZL; and
2. if ' CP(S) s an algebra and A C X/, then L C X',

Proof. Consider the set
A={Z' CP(S)| L is an algebra and A C Z'}.

Since P(S) € 2, it follows that 2 # &. Let £ = Ng/cqX’. That I satisfies the
properties of the statement is immediate, while it follows from Theorem 12.1.3 that X
is an algebra. O

The algebra ¥ of the previous theorem is known as the algebra generated by A.
Notice that it is the algebra and not an algebra, because, so defined, X is unique.
Notice also that the conditions of the definition of algebra have the intuition we wanted.
For some purposes, however, we need to strengthen the third property:

DerFINITION 12.1.2. A family of subsets of S, ¥ C P(S), s a o-algebra if:

1. 1t contains the empty set: @ € X;

2. 1t is closed under complement: if A € &, then S\ A € X, and

3. 1t 1s closed under countable union: if {An}y_; C L, then nglAn er.
The following theorems are left as exercises.

THEOREM 12.1.5. P(S) s a o-algebra.

THEOREM 12.1.6. If & s a 0-algebra, then it is an algebra. When S is finite, if &
15 an algebra, then it is a o-algebra.

THEOREM 12.1.7. If £ is a 0-algebra, then:
1. 1t contains S: S € X; and
2. 1t 1s closed under countable intersection: if {An}%":l C X, then ﬂh’:lAn €.

THEOREM 12.1.8. Let G # & be a collection of 0-algebras in S. Then, L = Ngics L’
15 a o-algebra.

EXERCISE 12.1.2. Is 1t true that 1f © is a collection of o-algebras of S and & # @,
then £ =Us/csX’ ts a 0-algebra?

THEOREM 12.1.9. For every A C P(S), there is a o-algebra £ C P(S) such that:
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1. ACL; and
2. if ' CP(S) s a oalgebra and A C X/, then L C X',

The o-algebra X of the previous theorem is the o -algebra generated by A. Notice
that it is the, and not a, as in the case of algebras. The o-algebra generated by A is
denoted by o(A).

There is an argument, often used when dealing with o-algebras, known as the good-
set principle:

Let ¥ C P(S) be a o-algebra for S. Think of ¥ as the family of all the subsets of S

satisfying some property, or the “good” subsets of S. If A is an arbitrary family of good
subsets of S, then all the sets in o(A) are good.

As a result, this is is trivial since, by hypothesis, the class of all good subsets is a
o-algebra, so, by definition, o(A) C X. But it is useful as it gives a correct intuition:
if the good subsets form a o-algebra, then all the sets in the o-algebra generated by a
family of good subsets are good as well.

EXERCISE 12.1.3. Let A be a class of subsets of S and A C S. For any & C P(S),
denote by ENA the class{BNA :B € &}. Show that cpA(ANA) C os(A)NA, where
oaA(ANA) denotes the o-algebra generated by AN A relative to the universe A
and os(A) s the o-algebra generated for A relative to universe S.

The good-set principle allows us to show that the relationship between o (AN A)
and og(A) N A is stronger that the previous exercise suggests: define

Y={Ecos(A)|IENA€ca(ANA)}

notice that * is a o-algebra (for S) and satisfies that A C X; the latter implies that
os(A) C X, so E € og(A) suffices to imply that ENA € oa(ANA), and, then,
os(A)NA Coa(ANA). Here, L is the family of all subsets of S. This result and the
exercise together imply that oo (ANA) = og(A) NA.

12.1.2 Measure

If ¥ is a o-algebra for S, then (S, X) is said to be a measurable space. The idea here
is that X is the collection of subsets of S that we can “measure.” Now, what do we
understand by “measuring”? Intuitively, what we want to do is to associate each set to
a number. Of course, this assignment cannot be arbitrary: (i) sizes cannot be negative,
and we must consider the possibility of finding an “infinitely large” set; (ii) a set that
contains nothing must have zero measure; and (iii) if we take a collection of mutually
separated sets and we measure them, and we then measure their union, the sum of the
first measures must equal the last measure.

Formally, denote R* = R U{—o00, 0o}, which is usually called the eztended real line,
and let us take its positive orthant: R* = IR U{oo}. Let £ be an algebra for S and
let u: X — IR*. Function u is said to be finitely additive if for any finite collection
of mutually disjoint sets in , {An}N_;, one has that p(UN_;A,) = Zyzl w(An). It
is said to be o-additive if for any sequence {An}_; of mutually disjoint sets in Z,
similarly, p(UX_;An) =3 o1 1(An).

Obviously, if u is o-additive, then it is also finitely additive. It is also immediate
that if S is finite, X is an algebra for S and p: £ — R*is finitely additive, then (S, X)
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is a measurable space and p is o-additive. The proof of the following result is also left
as an exercise.

THEOREM 12.1.10. Let £ be an algebra for S and let u: X — R* be finitely additive.
If there is an A € L such that u(A) € R, then u(@) =0.

EXERCISE 12.1.4. Let S be an infinite, countable set. Define the following class of
subsets of S,
Y ={A C S| either A or A® is finite},

and define u: X — {0,1} by w(A) =0 if A s finite and u(A) = 1 1f A is finite.
Show that £ 1s an algebra, and that u is finitely additive but not o-additive. Show
also that there exists a sequence (An)y_; tn I such that for every n € N one has
that p(An) =0, but n(UX_;An) =1.1

It is obvious that the structure imposed when we consider arbitrary sequences is
more than when we consider finite sequences only. But, is the extra complication
necessary? To see that it is, consider the following experiment: a coin is tossed until
if comes head. Suppose that we want to measure the probability that the experiment
stops at an even toss. We need to consider countable but infinite sequences! Notice
that o-additivity corresponds to the condition (iii) that we want to impose to our
measures.

Let (S,X) be a measurable space and let p: £ — IR*. Function p is said to be a
measure if it is o-additive and satisfies that (@) = 0 and p(A) € R% for all A € L.
A measure space is (S,Z, i), where (S,X) is a measurable space and pu: X — R% is a
measure.

Again, the proofs of the following theorems are left as exercises.

THEOREM 12.1.11. Let (S,X) be a measurable space and let p,pn’ : L — R% be
measures. Then, p* = p+p' is a measure as well.

THEOREM 12.1.12. Let (S,X) be a measurable space and fit A* € L. Define pu* :
I = R% by u*(A) =u(ANA*). Then, u* is a measure.

THEOREM 12.1.13. Let (S,Z, 1) be a measure space. Then, for all A,A’ € L, if A C
A, then u(A) < w(A') If, additionally, w(A) € R, then u(A) = u(A’) — u(A’\ A).

EXERCISE 12.1.5. Prove the following results:

1. If X:S = R 1s {@, S}-measurable, then X(s) = X(s’) for all s,s’ € S.
2. Any function X:S — R 1is P(S)-measurable.

3. o({S}) =1{o,S}.

4. If X 1s a 0-algebra, then o(X) = L.

12.1.3 Ezample: Lebesgue measure

Let L be a finite number, and denote by J the class of subsets I of RE that can be
written as I = H1L:1[ahb1]: for (al,bt)lel such that a; < by. Define the function
v:J = R, by v(]_[lel[al, by) = H1L=1(b1 —ay). Define the outer measure function,
m:P(RM) — R%, by

m(A) = inf { > v(In):In€eJand A C u;’f:lln} .

n=1

! Hint: find (A, )%_; such that each
An C Anspand U A, =S
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Set A C RL is Lebesgue-measurable if for every ¢ > 0, there is an open set O C R-
such that m(O\ A) < e. Denote by £; C P(R") the class of all Lebesgue-measurable
sets, and define the Lebesgue measure u: L1 — R% by u(A) = m(A).

THEOREM 12.1.14. (R%, L1, 1) is a measure space.

Proof. This proof is beyond these notes. It can be found in standard textbooks on
the topic. O

12.2 Probability

When the space S we are dealing with is the space of all possible results of an ex-
periment, the subsets we want to measure are called events and their measures are
understood as probabilities (which can be understood from either a frequentist or a
likelihood perspective). Now, if (S, Z, p) is a measure space and p(S) = 1, we say that
S is a sample space, that (S,X,p) is a probability space and that p is a probability
measure. So defined, the properties we impose for p to be considered a probability
measure are known as Kolmogorov’s azioms; their arguments are left as exercises.

THEOREM 12.2.1. Let (S,X,p) be a probability space. For every E € X, p(E) < 1
and p(E€) =1—p(E), where E€ =S\ E.

THEOREM 12.2.2. Let (S,%,p) be a probability space. For every E,E/ € £, p(E'N
E¢) =p(E') —p(E'NE) and p(EUE’) =p(E) + p(E') —p(ENE’).

EXERCISE 12.2.1. A partition of S is a sequence (Enm:p with N finite or equal to
infinity, of paitrwise disjoint sets in X such that Uk’:lEn = S. Wuth this definition,
prove the following generalization of Theorem 12.2.2: let (S, X,p) be a probability
space. Then, for every E € ¥ and every partition (En)T]:‘Zl of S, one has that p(E) =

YN p(ENEn).

THEOREM 12.2.3 (Bonferroni’s simple inequality). Let (S, X, p) be a probability space.
For every E,E' € L, p(ENE’) > p(E) +p(E') — 1.

THEOREM 12.2.4 (Boole’s inequality). Let (S, X,p) be a probability space. For every
sequence (En)_; of sets in X, p(UX_1En) < 3 o1 p(En).

THEOREM 12.2.5. Let (S,X,p) be a probability space, and let (En)_; be a sequence
m L such that B, C En41 for each n. Then, p(UX_;En) = limp 00 p(En).

Proof. Since p is o-additive,

M8

P(UN—1En) = p(E1)+ ) pP(Eni1\En)
n=1
= p(E)+ ) [p(Ens1) —p(En)]
n=1
N
= p(Ea)+ Nhgl%;[p(Enm —p(En)]

= p(E1)+ ]\lligloo[P(ENH) —p(E1)]

= 1l En).
Nl_gnoop( N)
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where the second step comes from Theorem 12.2.2 and the limit exists because it is a
monotone and bounded sequence. O

CoroLLARY 12.2.1. Let (S,Z,p) be a probability space, and let (En)X_; be a se-

quence in L such that B, O En 41 for each n. Then, p(NY_;En) = limn 00 P(En).

12.83 Conditional probability

Henceforth, we maintain a probability space, (S, X, p), fixed. Let E* € X be such that
p(E*) > 0. The probability measure given (or conditional on) E* is defined by
p(-[E*): L —[0,1], with p(E | E*) = p(ENE*)/p(E").

THEOREM 12.3.1. Let E,E’ € £ and suppose that p(E) € (0,1). Then,
p(E’) =p(E) -p(E' | E) + (1—p(E)) - p(E' | EX).

Proof. By definition,

p(E)p(E' | E)+ (1 —p(E))p(E' | E€) = p(E)M (11— p(E))w
p(E) p(E®)
= p(E'NE)+p(E' NE®)
= p(E),
because of o-additivity. 0

The previous theorem, in fact, admits the following generalization, whose proof is
left as an exercise.

THEOREM 12.3.2. Let (En)lf=1 be a partition of S such that every p(En,) > 0. Then,
for any B/ € £, one has that p(E’') = ZEZI P(En)p(E’ | En).

THEOREM 12.3.3. Let (Enjyzl be a finite sequence of sets in X, such thatp(ﬂi’;llEn) >
0. Then,

p(NN_1En) = p(E1)p(E2 | E1)p(E3 | E1 NE2)...p(En | NNZFER).

Proof. The proof is left as an exercise. (Hint: recall mathematical induction!) 0

12.4 Independence

A family of events & C X is pairwise independent if p(ENE’) = p(E)p(E’) for any two
distinct E,E’ € €. It is independent if

N
n-1En) = H

for any finite subfamily {En}yzl of distinct sets in &.
THEOREM 12.4.1. If € is independent, then it is patrwise independent.

EXAMPLE 12.4.1. Notice that paitrwise independence does not suffice for indepen-
dence. Let S ={1,2,3,4,5,6,7,8,9} and £ = P(S), and suppose that : p({s}) = 1/9
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for each s €S. Let 1 ={1,2,7}, E5 ={3,4,7} and E3 ={5,6,7}, so

w| =

p(E1) = p(E2) = p(E3) =

Now, ifi,j €{1,2,3}, i #]j, then p(Ei NEy) = 1/9 = p(Ei)p(E;), but

p(ELME> NEs) = & # o = B(E)B(E2)p(Es),
so this famaily is paitrwise independent, but not independent.
Notice that Ngce E = @ is neither necessary nor sufficient for independence.
THEOREM 12.4.2. If{E,E’} is independent, then so 1s {E¢,E'}.

Proof. Just note that

p(E°NE’) = p(E')—p(ENE)
= p(E') —p(E)p(E)
= (1—p(E)p(E)
= p(E®)p(E"),
by additivity and independence of {E,E’}. O

COROLLARY 12.4.1. If{E,E’} is independent, then so is {ES, (E/)¢}.

THEOREM 12.4.3. Let & be independent. Then, £* ={E € L : E€¢ € &} is indepen-
dent.

The proofs of the last two results are left as exercises.

12.5 Random wvariables

Fix a measurable space (S,X). Function X : S — R is measurable with respect to X
(or X-measurable) if for every x € IR, one has that

{seS|X(s)<x}elX

THEOREM 12.5.1. If X 1s X-measurable, then for all x € R, the following sets lie
mI:{seS|X(s)=x},{seS|X(s)<x}, {seS]|X(s)>x} and {s € S| X(s) = x}.

A random wvariable (in R) is a X-measurable function X : S — R. Let us now
endow the measurable space with a probability measure p and fix a random variable
X :S — R. The distribution function of X is Fx : R — [0, 1], defined by Fx(x) =
p({s € S| X(s) < x}). (Note that Fx is well defined because X is X-measurable.)

THEOREM 12.5.2. Let Fx be the distribution function of X. Then,
1. limy, oo Fx(x) =0 and limy_, Fx(x) = 1;
/

2. Fx(x) = Fx(x') whenever x > x’';

3. Fx 1is mght continuous: for all x € R, limp o Fx(x +h) = Fx(x).
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Proof. To see that lim,_, o, Fx(x) = 0, consider

(En)r—1 = ({s € S X(s) < =}y,

which is a sequence in . Notice that each E; D E; 41, so

im Fx(x) = lim p(En)
= p(Ny=1En)
= p(NY_1{s € SIX(s) <—m})
= p({seS|vneN,X(s) <—mn})
p(2)
=0

?

where the second equality comes from Corollary 12.2.1.

Proving that limy_, Fx(x) = 1 and that x > x’ implies that Fx(x) > Fx(x’') is left
as an exercise.

Now, fix x € R and consider (En)®_; = ({s € S| X(s) < x+1/n})X_;. Notice that
each E,, D E, 41, sO

E?&FX(X) = lim p(En)
= p(ﬂﬁzlEn)

= p(Mi=i{s € S| X(s) <x+1/n})

= p{{seS|vneN,X(s) <x+1/n})
p({s € S[X(s) <x})

= Fx(x),

where the second equality comes from Corollary 12.2.1. O

Notice that it is not necessarily true that limyqoFx(x +h) = Fx, so we can-
not guarantee that F is continuous. It is a good exercise to find a case in which
limyp 4o Fx (x +h) # Fx. It is also important to see which step in the obvious proof of
left-continuity would fail:

{seS|InelN:X(s)<x—1/n}={s eS| X(s) <x},
which may be a proper subset of {s € S | X(s) < x}.
THEOREM 12.5.3. Let Fx be the distribution function of X. Then,
p({s € S| X(s) > x}) =1—Fx(x);
p({s € S|x < X(s) <x'}) =Fx(x') — Fx(x), whenever x < x’;
p({s € S| X(s) =x}) = Fx(x) —limp4o Fx(x +h).
Proof. Part 1 is left as an exercise. To see the second part, notice that

p{seSIx<X(s)<x}) = p{seSIX(s)<xI\{seS|X(s)<x})
= p({seSIX(s)<x'})—p{s eSIX(s) <x})
= Fx(x')—Fx(x),
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where the second equality follows since x < x’.
For the third part, consider (En)%°_; = ({s € S[X(s) <x—1/n})&_,; . Notice that
each En C Ep 41, SO
%g% Fx(x+Mh) = lim p(En)

n-1En)
_1{s € S[X(s) <x—1/n})

= p(U

= p(Uy

= p({seS|InelN:X(s) <x—1/n})

= p({s e SIX(s) <x})

= p{s € SIX(s) <x}\{s €S[X(s) =x})
= p({s € S[X(s) <x})—pl{s €SIX(s)=x})
= Fx(x)—p({s € S| X(s) =x}),

where the second equality comes from Theorem 12.2.5 and the seventh since {s € S |
X(s)=x}C{seS|X(s) <x} O

The distribution function of a random variable characterizes (totally defines) its
associated probability measure.

THEOREM 12.5.4. Let Fx be the distribution function of X. Let g : R — R be
strictly increasing and define the random variable Y = goX:S — R. Denote by
Fy the distribution function of Y. Then, for ally € R, Fy(y) = Fx(g 1 (y)).

Proof. Let y € R, and note that

Fy(y) = pseS[Y(s) <y}

I
o
=
wv
m
wm
«Q
pas
©»
IN
e
=

= Fx(g(y),

1

where existence of g7 and the third equality follow from the fact that g is strictly

increasing. O

Random variable X is said to be continuous if Fx is continuous. X is said to be
absolutely continuous if there exists an integrable function fx : R — R such that

X
Fx(x) :J fx(u) du
—0Q
for all x € IR; in this case, fx is said to be a density function of X.

ExaMPLE 12.5.1 (Standard Uniform Distribution). Suppose that the distribution
function of X 1s
0, #fx<0;
Fx(x) =< x, #f0<x<1
1, ifx>1.
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Notice that X is absolutely continuous, and one density function 1s

0, fx<0;
fx(x)=<¢ 1, f0<x<
0, #fx>1.

THEOREM 12.5.5. Let Fx be the distribution function of X. Let g : R — R be
strictly decreasing and define the random wvariable Y = goX :S — R. Denote by
Fy the distribution function of Y. Then, for ally € R,

Fy(y) = 1—limFx(g™" (y) + ).

Moreover, if X is continuous, Fy(y) =1—Fx (g (y)).

COROLLARY 12.5.1. Let fx be a density function of an absolutely continuous ran-
dom variable X. Let g: R — R € C! be strictly increasing and define the random
variable Y =goX:S — R. Define fy:R — R by

fx(971(y))
9’(g71(y))’

Function fy s a density function for Y.

The proofs of the previous two results are left as exercises (Hint: in the latter case,
remember the Chain Rule and the Inverse Function Theorem).

COROLLARY 12.5.2. Let fx be a density function of an absolutely continuous ran-
dom variable X. Let g: R — R € C! be strictly decreasing and define the random
variable Y =goX:S — R. Define fy:R — R by

FPunction fy is a density function for Y.

The last two theorems and corollaries have been stated under assumptions stronger
than needed: it suffices that g be increasing in the closure of the set on which F is
increasing. The latter set is known as the support of X.

EXERCISE 12.5.1. Let Fx be the distribution function of a continuous random vari-
ableX . Letg:R — R;g(x) = x2 and define the random variable Y = goX. Denote
by Fy the distribution function of Y. Show that Fy(y) = Fx(y/y) — Fx(—/Y), and
find a density function for Y, under the assumption that X is absolutely continu-
ous.

EXERCISE 12.5.2. Prove the following result: Let Fx be the distribution function of
X. Suppose that Fx is strictly increasing and define the random variable Y = Fx o X.
Y follows the Standard Uniform distribution (see Example 12.5.1).
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12.6 Moments

Henceforth, we assume that X is an absolutely continuous random variable, with density
fx. We assume that for every set D C R such that [ fx(x) dx exists, it is true that

p({s € S| X(s) € DJ) = jD fy (x) dx.

Moreover, for simplicity, the notation p(X € D) will replace p({s € S | X(s) € D}) from
now on.

Let g : R — R and define the random variable go X : S — IR. The ezpectation of
go X is defined as

(o.¢]
Blg(X)) = | glurx( dx
—00
if the integral exists. Whenever there is x* € R such that Ii; xf(x) dx = —oo and

ff:,i xf(x) dx = oo, we say that E(X) does not exist.? Notice, in particular, that even if
for every x* € R one has that

*

0 X
J [x|fx(x) dx = J [x[fx(x) dx € R,
—x* 0
the integral E(X) may fail to exist. Notice also that if

o0
J Ix|[fx(x) dx € R

—00
then E(X) exists.

THEOREM 12.6.1. Let g1,92: R — R and a,b,c € R. Then,
1. E(agi(X) +bga(X) +¢) = aE(g1(X)) + bE(g2(X)) +¢;

2. if g1(x) = 0 for all x € R, then E(g1(X)) > 0;

3. 1f g1(x) > g2(x) for all x € R, then E(g1(X)) > E(g2(X));
4. ifa<gi(x) <b forallx € R, then a < E(g1(x)) <b.

THEOREM 12.6.2 (Chebychev’s Inequality). Let g: IR — Ry be such that E(g(X)) €
R. Then, for allr >0,

Proof. By definition,

o0
BE(g(X)) = j g(x)fx(x) dx

— 00

> j g(x)fx (x) dx
{xeR|g(x)>7}

= J fo(X) dx
{xeR|g(x)2>7}

_ TJ fx(x) dx
{xeR|g(x) =71}

Tp(g(X) > 1),

where the first inequality follows since, for all x € R, g(x) > 0. O

2 The reason is simple:

E(X) = Jio xf(x) dx

= J:)O xf(x) dx

o0

—l—J xf(x) dx
*

= —00+ 0

will not be defined.
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Strictly speaking, in the previous proof we needed to argue that f{xelRl g(x)>1] fx(x) dx
exists. For this, it would suffice, for example, that g be continuous.

For a finite integer k, the k-th (non-central) moment of X is E(X¥), whenever it
exists. If B(X) exists in R, the k-th central moment of X is E((X — E(X))*), whenever
this integral exists. The first moment of X is its ezpectation or mean, and its second
central moment is its variance and is denoted V(X).

COROLLARY 12.6.1. Suppose that E(X) and V(X) > 0 exist. Then, for allt > 0 one
has that

p(X BV > VX)) < 5.
Proof. Define g: R — R4 by
o B
I =YX
By Chebychev’s inequality,
_X=EX)?
P(X—BO) > t/VX) = B > P
1_ (X—E(X))?
< 2B VX) )
1
)

EXERCISE 12.6.1. Prove the following corollary: if E(X) and V(X) > 0 exist, then

p(X—B(X)| < 2y/V(X)) > 5.

Notice the surprising implication of the previous exercise: the probability that the
realization of a random variable be at least two standard deviations from its mean is
at least 0.75, regardless of its distribution!

The Moment Generating Function of random variable X is Mx : R — R, defined
by Mx(t) = E(e'X), whenever the integral exists in R.

THEOREM 12.6.3. For all k € N, if the derivative emists, M\ (0) = B(X¥).

Proof. If the derivative exists,

OE(etX
Mikite) = P (1)
0 [ e fx(x) dx
= m (to)
% et fy(x)
R U

(> aet"fx (X)
= ot e
J—c0 t

o)
= xeto%fy (x) dx.
J—00
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Now, suppose that k € N\ {1} and

o0
M (1) :J K letox gy (x) dx.
—0o0

Then,
0 [ xk—Lletxfy (x) dx
MP() = e (to)
_ J~Oo axkfletXfX(X) dx|
. ot to

(o.¢]
= J. xketoXfy (x) dx.
—o0
By mathematical induction, it follows that for all k € IN,

k o0
M& )(to) :J' xketoXfy (x) dx

—00

and hence that

O

Notice that the previous theorem assumes that the derivative exists and replaces the
derivative of an integral by the integral of the derivative, which amounts to replacing
the limit of an integral by the integral of a limit. When X has bounded support, this
is just fine. In other cases, it suffices to show that there exist a random variable with
larger absolute value than the integrand and finite integral (in which case one can
appeal to a result known as the Lebesgue’s Dominated Convergence Theorem).

It is important to know that the moment generating function completely character-
izes a random variable’s distribution: if Mx = My then Fx = Fx.

EXERCISE 12.6.2 (Standard Uniform Distribution). Suppose that the distribution
function of X is the one introduced in Example 12.5.1. Find E(X) and Mx. Show
that Mx 1s not differentiable at 0.

EXERCISE 12.6.3 (Standard Normal distribution). Suppose that the density function
of X 1s given by

N

1 x
fx(x) = —e 2
x (x) T
2
for all x € R. Show that for all t € R one has that Mx(t) = et7, E(X) =0 and
V(X) =1.

EXERCISE 12.6.4 (Exponential distribution). Suppose that the density function of X
15 gwen, for all x € R, by

fx(x) { 0, if x < 0;
xX\X) = 1 —Xx .
ze B, fx>0,

where B > 0. Find E(X) and E(X?). Show that My : (—oo, %) — R s

1
1-—pt

Mx (t)
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Use Mx to verify that M{/(0) = E(X) and M{(0) = E(X?).

12.7 Independence of random wvariables

Let (Xn)l:]:l be a finite sequence of random variables. The joint distribution of
(Xn)N_y is Fixyn_, : RN = [0, 1], defined by

Foxon, (x) =p({s € S| (Xn(s)Rzy < xD).

Sequence (Xn)gzl is said to be absolutely continuous if there exists a function
f(xn)N,l :RN — R, such that

Foca = [ S, 0 2

n=1
S

for all x € RN; in this case, function f XN, is said to be a joint density function

for (Xn)r]\ﬂ:l. If the sequence is absolutely continuous, and if each random variable X,
has function fx,_ as a density function, then (XTL)T]\J:1 is said to be independent if3

N
fxon, = 1T fxa-
n=1

A sequence (Xn)Y_; of random variables is said to be independent if every finite
sequence (Xnk)E=1 constructed with elements of (X )°_; is independent.

As before, if (Xn)l\f:l is a sequence of absolutely continuous random variables and
g:RN — R, the expectation of g((Xn)Ezl) is defined as

Blg(0Nor)) = | g00fe, ()

whenever the integral exists.

THEOREM 12.7.1. Let (Xn)T]:l:1 be a finite sequence of random variables. If(Xn)I:':1
15 independent, then

N N
E([ X0 =[] EXn).
n=1

n=1

3 This definition is not totally general
in that independence does not really re-
quire absolute continuity. For the pur-
poses of these notes, however, the defi-
nition suffices.
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Proof. By definition

N o N
E(H Xn) = (H Xn)f(xn)n 1(X) dx
n=1 YT n=1
00 N
= H Xn) H an Xn))
J—00 n=1 —
o0 (o.¢] 0 N
= J J H xnfx, (xn)) dxn ... dxg dxg
J—00 J—00 - n=1
= | T ot txn| xaetx fn) i da g
J—00 J—00 n=1 —0Q
00 o N—-1
= E(XN) J J e H (anxn (Xn)) dXN_l N dX2 Xm
—00 J—00 n=1

_ E(XN)E(XN_l)...E(Xz)Jm xifx, (1) dxg

—0oQ

= EXNE(XNn-1)...E(X2)E(X1),
where the second inequality follows from independence. O

Strictly speaking, the third equality in the last expression also has to be justified.
This would follow from a result known as Fubini’s theorem.

EXERCISE 12.7.1. Prove the following corollary: if (X1,Xs) is independent, then
Cov(X1,X2) = E((X1 —E(X1)) (X2 —E(X2))) =

Perhaps because of the previous example, the idea of “no correlation” is oftentimes
confused with independence. One must be careful about this: is two random variables
are independent, then their correlation is zero; but the other causality is not true: if
X is normal, then X and X? are uncorrelated, but they certainly are not independent.

12.8 Conditional Density and Ezpectation

For the purposes of this section, let (X1, X3) be a pair of random variables, assume that
it is absolutely continuous and denote by f(x, x,) its density function. The marginal
density of Xy is the function defined by fx, (x1) = fiooo f(x1,Xz) (X1,x2) dxa, for each
x1 € R. If fx, (x1) > 0, the conditional density of Xa given that X1 = x; is given by

the function . ( )
(X1,X2) ¥1, X2
f =
Xz/X; (X2 | %1) o, (1)
for each x5 € R.
These definitions are useful when one needs to “decompose” the bivariate problem: if

one needs to know the probability that X; € [a, b], by definition one needs to compute
b oo b
J J f(xq,X2) (X1, X2) dx2 dxq :J fx, (x1) dxg;

a J—oo a

and, if one knows that the realization of X7 is x1, and one needs to compute the prob-
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ability that X5 € [a, b] given that knowledge, one simply needs to know fg fx,x, (X2 |
x1) dxo, as the conditional density given that X; = x; re-normalizes the “prior” density
f(x,,X,) to take into account the knowledge on Xj.

THEOREM 12.8.1. If (X1, X3) is independent, then, for any x1 such that fx, (x1) > 0,
one has that fx,x, (x2 [ x1) = fx,(x2).
Let g: R — R. The conditional exzpectation of g(Xa) given that X1 = x1 is
o0
E(g(X2) | X1 = x1) :J g(x2)fx, x, (x2 [ x1) dxa.

—0o0

Similarly, the conditional ezpectation of g(Xz) given Xi, which we denote E(g(Xs) |
X1), is the random variable that takes value E(g(Xz) | X1 = x1) in any state in which
X1 = x1; in particular, the probability that E(g(X2) | X1 = x1) € [a, b] equals

J' le (X]_) dX]_.
{x1:B(g(X2)IX1=x1)€la,b]}

THEOREM 12.8.2 (The Law of Iterated Expectations). Let (X1,Xz) be a pair of ran-
dom variables. E(Xy) = BE(E(X3 | X1)).

Proof. By direct computation,
E(X2) = szf(xl,xz)(XLXz) dxo dxg

= (szfxz\xl(xz | x1) dx2)fx, (x1) dx1
Hxalfxq (x1)}

= | BE(Xa | X1 =x1)fx,; (x1) dx1

J

= E(EXz|Xq1)).

12.9 Convergence of random variables

There are several concepts of convergence for random variables. We consider three of
them: a sequence (X )°_; of random variables
(a) converges in probability to the random wvariable X if for all € > 0 one has that

lim p(Xn —X|<¢)=1;
n—oo

(b) it converges almost surely to the random variable X if p(limp 00 Xn = X) = 1;
and

(c) it converges in distribution to the random variable X if at all x € R at which Fx
is continuous, one has that limn o Fx,, (x) = Fx(x), where each Fx, is the distribution
function of X;, and Fx is the one of X.

For notational conciseness, we denote the three types of convergence by Xy, LN X,
Xn <3 X and Xn 4 X, respectively. It is important to understand the relationship
between these three concepts, which we now do, albeit in a somewhat informal manner.

We first introduce, without proof, two very intuitive results (formally, they follow

from Lebesgue’s dominated convergence theorem):
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(Fact 1:) If Xy, % X and g: R — R is bounded, then E(X,) — E(X).
(Fact 2:) If Xy, P X and g:R — R is bounded, then E(X;,) — E(X).

With these two results, we can argue that (1) if X, <3 X then X,, B X; and (2)
if Xn P X then Xn 4 X. For simplicity, let us consider only the case in which all
Xn and X are continuous. For statement (1), fix ¢ > 0 and define I, : R — {0, 1} by
saying

1, ifx>e¢;
=100 ifx<e

Since Xn, =3 X, it follows that I e (Xn —XI) ©3$° 0, which guarantees, by the first fact,
that BE(Is(IXn — X)) — 0, or, equivalently, that p(|Xn —X| > ¢) — 0, which yields
the result.

For the second statement, fix x* € IR, a point of continuity of Fx, and define,
similarly to the previous argument, the function I<,+ : R — {0, 1} by

1, if x <x%
Ioer () = 0, ifx>x*

By the second fact, we have that E(I<yx+(Xn)) = E(I<x (X)), which is equivalent to
saying that p(Xu < x*) — p(X < x*).

Now, neither one of the opposite causalities is true. When the limit variable is con-
stant, convergence in distribution implies convergence in probability, as the following
theorem states.

THEOREM 12.9.1. Let (Xn)Y_; be a sequence of continuous random variables and
let x* € R be such that, Xy, 4, Then, Xn Pyoxx 4

Proof. Denote by F the distribution function of the random variable constant in x*.
Fix ¢ > 0. By definition,

PIXn—x"12¢€) = pXn<x"—¢)+pXn =>x"+¢)
F - 1—1limF * h
Xn (X" =€)+ tim Xn (X" +e+h)

Fx, (x* —e)+1—Fx, (x" +¢)
— F(x"—e)+1—Fx"+¢)
0+1-1

= 0,

where the third equality follows because Fx, is continuous and convergent because
x* + ¢ is a point of continuity of F, since

1, if x > x*;
Fo) =4 o
0, ifx<x*.

O

However, if the limit variable is not a constant, convergence in distribution does not
ensure convergence in probability and, in any case, convergence in probability does not
ensure almost sure convergence, as shown in the following example.

ExaMPLE 12.9.1. Suppose S = [0,1], endowed with the Uniform measure. For

4 One must understant what the state-
ment X,, — x* means: what it says is
that Xn 5 X where X : S — R is the
random variable constant in x*.
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every interval [a,b], define Ijq v : R — {0, 1} by

) 1, ifselab];
iap1(s) _{ 0, ifs¢[a,bl.

Consider the sequence (Xn)y_, of random variables, defined as follows:

X1(s) = s+1Ijq(s)
Xa(s) = s+1jp1/2(s)
X3(s) = s+1Ij1/0,1(s)
Xq4(s) = s+1jp1/3(s)
Xs(s) = s+1j1/32/3/(s)
Xe(s) = s+1Ija/371(s)
X7(s) = s+1jg1/4(s)

and define X by X(s) = s. We shall show that Xy > X, but it s not true that
Xn 3 X:

(1) To see that Xn P X, notice that the interval in which X, # X gets smaller and
smaller as n grows and, since S is endowed with the uniform measure, if € < 1,
then p(JXn —X| > ¢) — 0.

(2) Now, to see that it is not true that Xy <% X, simply notice that there is no
s € [0,1] for which Xn(s) — s = X(s), since, in fact, for no s € [0,1] s Xn(s)
convergent, so, p(limn_ o0 Xn = X) =0.

EXAMPLE 12.9.2. Suppose a sequence (Xn : S — Ry )% ; such that Xy Poxx e
Rii. Let ¢ € (0,Vx*] and vy € (0,x*] be such that ¢ = v/x* —/x* —y. Notice that

k—x*<y & x"—y<x<x"+vy
& VX —y <V <Xty
S Xy — VX < VX — VX <Xy — VX
= Wx— VX < Vxr— X —y =g,

which implies that
PV Xn —Vx*[ <€) > p(Xn —x"[ <v) — L.

Now, if ¢ > /x*, then, p(|[vXn — VXx*| < €) = p(|[VXn — VX*| < Vx*) = 1, which
implies that v/ Xn P VX

EXERCISE 12.9.1. Consider a sequence (X : S — [x, 00))
that X P x* € R. Show that x* € [x,00) and x*/Xn LN

X 1, wherex € Ry, such
1.
12.10 The (weak) law of large numbers

A sequence (Xn)Y_; of random variables is said to be 7.¢.d. if it is independent and
for every n and n/, p(Xn € D) =p(X,,» € D) for all D C R.
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THEOREM 12.10.1 (The Weak Law of Large Numbers). Let (X)X _; be an i.i.d.
sequence of random variables, and suppose that, for all n, E(X,) = u € R and
V(Xn) = 02 € R,. The sequence of random variables given by X, = Y o Xk/n
converges in probability to .

Proof. Given that (Xn)%®_; is i.id. E(Xn) = p and V(Xn) = o?/n.% Now, by
Corollary 12.6.1, for € > 0 one has that

0.2

p(Xn— | >¢) < —,
ne

$0 limp 00 P(IXn — 1l = €) < limp 00 02/(ne?) = 0. O

EXERCISE 12.10.1. Let (Xn)_; be a sequence of random wvariables. Define the

sequence (Xn)®

x_1 as in Theorem 12.10.1, and the sequence

1 -
Vn = m ];(Xk _Xn)z

for alln € N. Show that Xn41 = (Xni1 +1nXn)/(n+1) and

n —
nVpy1=M—1)Vn + (m)(xrwl —Xn)?
Moreover, show that, under the assumptions of the Theorem, E(y/n(Xn —p)/0) =

0 and V(yn(Xn —u)/0) = 1.

EXERCISE 12.10.2. Prove the following result: let X be an absolutely continuous
random variable, and fix QO C R such that p(X € Q) € (0,1). Consider the experiment
where n € IN realizations of X are taken independently, and let G,, be the relative
frequency with which a realization in Q is obtained in the experiment. Then, G, LN
p(X e Q).

The “Strong” Law of Large Numbers gives an analogous result for almost sure con-
vergence. In econometrics, the weak law usually suffices.

12.11 Central limat theorem

THEOREM 12.11.1 (The Central Limit Theorem). Let (Xn)®_; be an i.1.d. sequence
of random vartables, and suppose that, for every n, E(X,) = n € R, V(Xy) =
02 e R, and Mx, = Mx 1s defined in an open meighborhood of 0. Define the
sequence ()_(n);’le as tn Theorem 12.10.1. Then,

Xn — x 1 X2
Jazn MJ e ax
o —00 V2T

Proof. Define the sequence Y, = (X;; — 1)/(0), and denote by My the moment gen-
erating function common to all the Yy, variables (which we can do, because (Xn)_; is

5 Showing this is left as an exercise.



136 ANDRES CARVAJAL — UC DAVIS

ii.d.). Note that E(Yn) =0 and V(Y ) =1, and that

SO

Taking a Taylor expansion to the right-hand side of the previous expression, around O,
we get that
1 t2 t
“M7(0)— R3 -
+SMY(0) = +R¥ (=),

N

1 Lot
Mv(tﬁ) = My(0) +My(0)ﬁ

where, by Taylor’s theorem,

t t
li — ) 2R3 (—) =0.
vy
By construction, M{(0) = E(Yn) = 0 and M{/(0) = E(Y2) = V(Yy) = 1, which implies
that )
1 1t t
My(t—)=1+>-—+4+R3(—).
Vi) =1t TRIR)

It then follows that

dm My(eo2)® = fim 4o T+ R
_ : 11,5 3t n
= BRI
2
= 67,

where the second equality follows from the fact that
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implies that
. 3, t
n11rn nR (—\/ﬁ) =0.

2
But the latter suffices, since e is the moment generating function of

X 1 x2 4
——e 2 dx.
L,o V2m
]

EXERCISE 12.11.1. How can both the law of large numbers and the central limit
theorem be true? That is, if the law says that X, converges in probability to a
constant (1), and convergence in probability implies convergence in distribution,
then how can Xy also converge in distribution to the standard normal?

Take a good look at what the Central Limit Theorem implies. In particular, it does
not imply that every “large” sample of realizations of a random variable “tends” to be
distributed normally!
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