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Abstract

Does increasing the traders’ understanding of the functioning of financial markets lead to rational
expectations equilibrium? We provide an answer by studying a simple exchange economy with
complete markets and asymmetric information. Each trader is either a fundamentalist, who knows
the probability distributions of random shocks, or a speculator trying to infer those probability dis-
tributions from asset prices. Starting with the naive beliefs that asset prices transmit no information,
the speculators learn the mapping from asset prices to probabilities through adaptive observation.
Our results are that: (1) convergence to rational expectations requires that speculators have less
market impact than fundamentalists; (2) convergence, when it takes place, occurs in an oscillating
manner; and (3) asset prices can be more volatile than at rational expectations equilibrium when
speculators display low sophistication. We characterize the necessary conditions on convergence to
rational expectations equilibrium for some specific utility functions (CRRA and CARA) and discuss
the evolution of wealth, through simulations.
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1 INTRODUCTION

Rational expectations equilibrium (REE, henceforth) has been an essential idea in economic theory,
widely used in both micro and macroeconomics. The seminal work by Muth (1961) introduces ratio-
nal expectations to study how agents predict price movements, while Radner (1979) models REE as
self-fulling beliefs, where agents maximize their utility based on their beliefs and the market-clearing
outcome confirms these beliefs. In particular, Radner models REE as a mapping from the set of states of
the world to the set of commodity prices, and proves the generic existence and invertibility of a REE;
prices are hence fully revealing, and all agents can figure out all the private information in the economy

once they observe them.

Two limitations of Radner (1979), however, are the implicit assumption that the rational mapping from
states to prices (and its inverse) are common knowledge among all agents and that the model is silent
on how the agents would learn this mapping. To address these limitations, we investigate general
conditions on which the mappings from states to prices converge to the REE. Our paper incorporates
adaptive learning to a general equilibrium setting and defines an iterative process where the agents’

mappings evolve as they become “more sophisticated.”

The mathematics of our model resemble game theoretical models of level-k reasoning. In those mod-
els, level-k reasoning is an alternative to Nash equilibrium that describes how strategic sophistication
determines players’ strategies." Here, in spite of the resemblance we do not interpret the evolution of
beliefs as an issue of reasoning. Instead, we imagine the agents as learning through the observation of
reality: after trading, the less informed agents discover the information they lacked and use this ob-
servation to try to figure out the structure of the mapping that determines prices as a function of the
available information. If these agents were fully rational, they would realize that just by learning about
such a mapping, the relation between the two variables may change; indeed, REE is the formalization
of the idea that the equilibrium mapping is one that is consistent with itself, in the sense that it is the
mapping that results when all agents are in effect using it. Our agents, on the other hand, follow an
adaptive learning process: once they learn a mapping, they start using it and it takes them some time
to observe the resulting relation between prices and information, namely the next mapping they will

use.

Other researchers have applied the level-k thinking model to macroeconomics. For instance, Farhi and
Werning (2019) explain the forward guidance puzzle with level-k thinking agents, whereas Angeletos
and Lian (2017) argue that level-k thinking explains the slow adjustments of general equilibrium effects.

These studies, however, do not determine conditions that guarantee convergence, and Farhi and Wern-

! Importantly, this approach is supported by ample experimental evidence—see Nagel (1995), Stahl and Wilson (1994)
and Stahl and Wilson (1995). Crawford et al. (2013) provides a thorough review on level-k thinking models and several
supporting experimental evidence. Other experimental evidence on level-k thinking includes Arad and Rubinstein (2012),
Costa-Gomes and Crawford (2006), Crawford and Iriberri (2007a), Crawford and Iriberri (2007b) and Bosch-Domenech et al.
(2002).



ing (2019) in fact suggest that convergence to rational expectations occurs in a monotonic way. Our
paper investigates the convergence of the “level-k” mapping in a general equilibrium setting, and our
results are that convergence to REE (1) is not guaranteed, and (2) if it occurs, occurs in a non-monotonic
way. In addition, we study the effects of the learning process on the volatility of asset prices and the

real cost that the uninformed agents bear while they learn the equilibrium.

2 A SimpLE RADNER EcONOMY

While our argument can be made in a more general setting, for simplicity we consider a minimal, two-
period exchange economy with uncertainty, where the state space for the future period is ¥ = {1, 2}.

There is only one commodity in the economy, and consumption takes place only in the second period.

There are two types of agent in the market. Fundamentalists know that the probability that state of the
world 0 = 1 will realize in the future is 7t € A. Speculators don’t know this, and initially only understand
that 7t is a realization of random variable TT, whose support is A. We will use the super-index a € {F, S}

to denote the agents’ types.

Besides their information, the two types may differ in their future wealth. In state o, agents of type a
will be endowed with a wealth wga. We assume that there is a continuum of agents of each type, with

respective masses " and u®.

In the present, the agents trade the elementary securities corresponding to the two states of nature.
They have expected-utility preferences with type-dependent Bernoulli index v : R — R. Denoting
the holdings by agents of type a of the security that pays in state o as yg, the ex-ante utility of a
fundamentalist is

vt (W] +yi) 4+ (1—7) - v (W] +yi); (1)

for a speculator, if she receives or discerns information J C A, it is
E[TT- 03 (w? +yf) + (1 =T - v (w5 +y35) 9] 2)

What information the speculators use will depend, of course, on their understanding of the market.

We normalize the price of the security for 0 = 2 to unity, and denote by g the price of the security for

0 = 1. When an agent of type a chooses her portfolio, the only constraint she faces is that
q-yr +y; =0 (3)

Note that one can use Eq. (3) to solve for the holdings of the second security and then rewrite Eqgs. (1)
and (2) in terms of the first security only. Using this simplification, we can write the optimal demands

for the first security as YT (q;7t) for the fundamentalists, and as Y5 (q; J) for the speculators.



Market clearing requires that the aggregate of the two types’ demands vanish:

n" Y (qim) +p® - Y3 (q:9) =o. (4)

3 RATIONAL EXPECTATIONS

A rational expectations equilibrium is a function Q : A — R such that, for all 7, Eq. (4) is satisfied for
q = Q(r) and
J=Q '(a); (5)

the equilibrium is fully revealing if it is injective, namely if

Q(Q(n)) = {m} (6)

for all 7t.

Eq. (5) requires that speculators discern all the information transmitted by prices correctly at equilibrium.
Eq. (6) further requires that prices transmit all of the information available to the fundamentalists. It
has been known, since Radner (1979), that mild conditions on preferences guarantee the existence of

fully-revealing REE, generically on the agents’ wealth levels.

4 ADAPTIVE LEARNING BY THE SPECULATORS

The concept of REE assumes implicitly that the speculators know the equilibrium itself and use it to
infer information they lack. It is, in that loose sense, analogous to the concept of Nash equilibrium in
game theory. There, an alternative approach is provided by the model of level-k reasoning: one starts by
stipulating what the most naive behavior of a player is, and proceeds inductively to define higher levels
of sophistication as the reasoning of a player who thinks that everybody else in the game is one level
below. We adapt this mathematical apparatus to the current setting by assuming that the speculators
need to learn the mapping from fundamental to prices through observation, starting from the behavior

of a trader who understand this mapping “the least."”

4.1 Clueless speculators

The least sophisticated a speculator can be is to fail to realize that the price depends on the information

received by the fundamentalists. We call this level of naiveté level-0 understanding, and define the

2 We will continue to use the language of the level-k model, but insist that we maintain the Walrasian interpretation
that the traders in a market like the one we are modeling need not engage in higher-order reasoning about the beliefs or
rationality of others.



corresponding demand of the speculator as Y (q) = Y(q;A). This clueless trader is one who uses un-
conditional expectations on her portfolio problem (Eq. (2) with J = A, the full support of TT) regardless
of g. By linearity, that is

Ys(q) = arg max {E[TT V(Wi +y)+ (1—EM) - v(ws —q-y)}.

Assuming that it exists, we define the market-clearing pricing function Q, : A — R by the solution of
Eq. (4) with level-0 understanding by the speculators; explicitly

1 YR (Qo(m); ) + 1 - Y5 (Qo(m)) =0,

for all 7t.

4.2 Learning

For any natural number k, suppose that a speculator understands the dependence of prices on the
information of the fundamentalists through price function Qy_; : A — R. We say that she has level-k
understanding if, at prices (, she uses information J = Q' ,(q) in her choice of an optimal portfolio.

Her optimal demand for the first security can thus be denoted as
Yi(q) =Y*(q; Qi1 (q));
it gives raise to a new pricing function, Qy : A — R, defined by

kYT (Qu(m)sm) + 1 - YR (Qi(m) =0,

assuming that such function exists.

Importantly, the speculators do not realize that their usage of function Qx_; changes the equilibrium

prices at each value of m—namely, that it induces the new mapping Q.

4.3 Rational expectations again

Let Q be the space of functions Q : A — R. Note that, starting from Q,, the definition of level-k
understanding recursively constructs a sequence in Q. Let us denote by R the mapping that defined the
recursion Qy_; — R(Qx_;) = Qx. By construction, any REE is a fixed point of R. The first question

that will occupy us is whether there exist conditions that ensure that sequence (Qy)xen converges to

Q.



5 AN ILLUSTRATIVE EXAMPLE: BETTING WITH LOG PREFERENCES

Suppose for the moment that both types of trader have the same Bernoulli index, v(x) = Inx, that in
both states wf, =0>w= wf,, and that uF = p® = 1. Also, let random variable TT have expectation
E(TT) = 1/2 and support A = [7r,71] C (w?/2Q% 1 — w?/20?).

5.1 Rational expectations

Let us conjecture that the rational expectations mapping Q is bijective, so that Eq. (6) holds true. The

individual demands then are

T +1
YF(q;n)za(q-wHwE)—wf:(n-%—l)-ﬂ, o
and’® »
7T
Ys(q;ﬂ)=a(q-w?+w§)—wf=(ﬂ-qT—1>-w- (8)

Substituting into Eq. (4), and using that u© = 15 = 1, one can solve for

T wh+w; s

Q(T[) = s — . )

T1-7m w4 wd 1-m

Since Q is bijective, we confirm that the REE is fully revealing. Its inverse, which we denote as

ﬁ:[i i.}—)A,

1—7’ 1—7t
is F S
q- (w1 + w1) q

— . 10
q-(wh+wd)+awf+wy q+1 (10)

M(q) =

5.2 Learning

Assuming that mapping Qy_; is bijective, we can use its inverse function to pin down the beliefs of
level-k speculators upon observation of price q: TT(q) = Q¢',(q). In this case, the demand of the
fundamentalists is still given by Eq. (7), while for the speculators it is

T (q) S

(q'w18+wzs)_w1-

Yi(q) =

3 Strictly speaking, the following expression should read Y®(q;{rt}) on its right-hand side. We exclude the braces for
simplicity.



Since u" = u® = 1, Eq. (4) allows us to define the next pricing function, Qy, implicitly, by

YT (Qi(m); ) = =Y (Qu(m)).
Upon substitution, that is

T CF Fl_ o F s_ﬁk(Qk(Tf))
[Qx () - wy + w,] —w; = w; Qv (1)

Qx(m) [Qx(7) - w? + w3]. (11)

Unfortunately, solving for Qy explicitly is not easy. Under the further simplification given by the as-

sumption that w! = wf = Q > w = w? = w3, Eq. (11) becomes

Q™ -t 5 n CQu(m + 1]
n B @ 11-& fi(Qulm) - BT - (12)

Starting from ﬁo(q) = E(TT) = 1/2, and therefore from

2-m- O+ w
2-(1—m)-Q+w’

Qo(m) =

and using mathematical induction over k, one has that

2.7 Qk+l _|_ (_l)k . wk+1

_ , 13
Qx () 2-(1—m) - Qk+tl 4+ (—1)k. k! (13)
for any 7t € A. Importantly, this mapping is bijective.
5.3 Asymptotics of learning
We can re-write Eq. (13) as
2.4 (—1)F- (&)<
Qu(m) = (kD
2-(1—m) + (—1)%- ()
and then it follows that, since Q > w > 0, Qy(7) — Q(7) for all T € A. Moreover,
k+1
3 (—1)*-(1—2m) (¥
Qulm) — Qi) = (&) (1

2-(1—m2+ (1% (1—m) - (L)
and for k > 2 this difference is continuous on 7t over A, which is compact, so Q, — Q not just
pointwise but uniformly. Interestingly, pointwise convergence is not monotonic: because of the term
(—1)* on the right-hand side of Eq. (14), the sign of the difference Q1 (7t) — Q(7r) will oscillate between



successive levels of understanding. Only at 71 = E(TT) is that sign constant, and the difference there is

null.

5.4 Introducing background risk

As mentioned before, Eq. (11) is difficult to solve without the assumptions that simplified it to Eq. (12).
Still, maintaining the assumption that both types have logarithmic Bernoulli indices, Eq. (11) implies
that, if Qy is bijective, its inverse must satisfy

)—wfzwf—nk—(q)(q-wNw?)- (15)

q

Eq. (15) is critical for our analysis. Upon simplification, it gives us the difference equation that governs

the beliefs of speculators, at given prices, as their level of understanding evolves:

. . q-(wi+wf) g witw] - -
o (q) — _ i . 16
k(q) mm{max{ 4 of +wf q -l + ! k-1(q), T, 7 (16)

It follows that, so long as the nominal wealth of the fundamentalists is higher than the one of the
speculators, which was true in the simpler case with no background risk, the sequence of level-k beliefs

converges to the rational expectations beliefs even if such convergence is non-monotonic. That is,
Proposition 1. Under the assumptions of this example, for any price q for which

q-wls-l-ou25<1
cwh+awf 7
q 1 2

one has that
: q-(w; +w7)

i —Ti(q),
KO T s F wl Fws

The proof of this result is highly algebraic, so we defer it to the appendix. Instead, Fig. 1 shows the
sequence of level-k mappings when the hypothesis of the proposition is satisfied.* It confirms our

claim that convergence to REE occurs in a non-monotonic way.

Importantly, Eq. (16) shows that the premise of this result is also necessary: at prices at which the two
nominal wealths are equal, the sequence of level-k beliefs oscillates in a two-level cycle; and at prices at
which the nominal wealth of the fundamentalists is lower, the sequence of level-k beliefs diverges non-
monotonically. Fig. 2 shows the level-k mappings when the real endowments of fundamentalists and

speculators are equal: the mapping oscillates between two functions.

Figure 3 illustrates the situation when the real wealth of the speculators is greater than the one of the

4 We pick 7 = 0.1, 7t = 0.9 and E(TT) = 0.5 in this simulation.
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Figure 1: Convergence of the level-k mappings with
logarithmic utility, (w!, w}) = (8,8) and (w?, w3) = (5,4)

fundamentalists. For sufficiently large k, the mappings at odd levels behave as step functions. Specu-
lators believe that when the price is below the cutoff value, state 0 = 1 occurs with probability 7r; and
that when the price is above the cutoff, state ¢ = 1 occurs with probability 77. The mapping at even
levels describes the relation between true probabilities and asset prices when all the speculators hold

the belief which is described by the mapping at odd levels.

6 CONDITIONS ON GENERAL DEMAND FUNCTIONS

Going back to the general case, assume that both types of agent have C?, strictly increasing and strictly
concave Bernoulli indexes that yield demand functions Y¢(q; 7t) that are decreasing in q and increasing
in 7t. Suppose, moreover, that the price functions Qy are injective, and recall that, as with Eq. (15), we

can replace the recursion of price functions, Q — R(Q) defined by

- YI(R(Q) (7)) + 1 - Y3 (R(Q)(7); Q7 (R(Q) (7)) =0,
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logarithmic utility, wf = w? and w! = w$

by the recursion of belief functions T T(ﬁ) defined by
FoYF(q: T(T S vS(+.Th _
oY (g T(T(q)) + 1 - Y2 (g5 TI(q)) = 0. (17)

(As long as the price functions are injective, the latter simply results in the inverse mappings of the

former.) More explicitly, Eq. (17) tells us that level-k learning is the implicit recursion

w" Y (T (q) + 1 - Y3 (q: T 1 (q) = 0, (18)

starting from the “most naive” beliefs q +— ﬁo(q) = E(TT).

If we further assume that for all 7t there exist ¢ and g such that

YN (qsm) 4+ Y3 (gsm) > 0> " Y (qsm) 4+ - Y3 (g5 ),

then the existence of a unique, fully-revealing REE is guaranteed by the intermediate value theorem,
given the assumptions on monotonicity of the demand functions. We henceforth take this result for

granted, and denote by Q the unique, fully-revealing REE.

Lemma 1. When the realized 7t happens to be E[T1], for all levels of learning the price that clears the markets
is the same and equals the price that clears them under rational expectations. That is, Qi (E[TT]) = Q(E[TT])

10
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for all k.

The proof of this lemma is deferred to the appendix. An immediate implication is the following corol-

lary:

Corollary 1. Let q be the price that clears the markets when the realized T happens to be E[l1] under
rational expectations. For all levels of learning, when the speculators observe q, they believe that the realized

7 is indeed E[TT). That is, TT,.(q) = E[TT] for g = Q(E[T]) and all k.

We can now state and proof our main result:

Theorem 1. If

W2 (q,m) + w89 (g, {})

ur & (q,m)

S S F —1
WS oY Y
S;}g’{ur () S tam) }<1,

then the sequence of level-k price functions (Qy )%, converges uniformly to the REE.

is bounded and

Proof. It suffices to show that the sequence (ﬁk)%zl converges uniformly to TT = Q %, for which, given

11



Corollary 1, it suffices that the sequence (IT/.)%_, converges uniformly to TT’.°

Define the functions

and

" 5. (4, MMi(q))
both of which take only positive values. Differentiating Eq. (18) implicitly, we have that

() = Ax(q) — Bi(q)Th,(q). (19)
By recursive substitution, that is
A k k A
M(q) =) |[(—)*TA( H Be(q) | + (=0 ] [ Bj(q)TT; ().
j=1 £=j+1 j=1

Since each Ay isbounded and each By is bounded above strictly below 1, the first of these two summands
converges uniformly: see Theorem 7.10 in Rudin (1976). By the assumption on each By, the second term

converges uniformly to the function constant at 0. [

7 OTHER SOLVABLE EXAMPLES

We now study convergence for other prominent utility functions for which we can use analytic expres-

sions. For simplicity, assume that uf = p5 = 1.

7.1 Other CRRA functions

Let us assume first that both types have Bernoulli index v(x) = x'77 /(1 — ).

Proposition 2. The sequence of belief functions (TT).)3>_, converges to the rational expectation equilibrium

TT pointwise at every q for which
q-w;+ w;
q-wf+wf
At prices that violate this inequality, the sequence of beliefs diverges in an oscillating manner.
Note that the assumption that w" > w? implies the condition of the proposition. Since, in addition,

the domain of prices is compact, as so is the support A and all the belief functions are continuous, the

following result follows immediately.

5> See Theorem 7.17 in Rudin (1976).

12



Corollary 2. The sequence of belief functions (TTy)3°_, converges to the rational expectation equilibrium

TT uniformly if o™ > w3,

7.2 CARA functions

Assume now that both types share the exponential Bernoulli index v(x) = — exp{—px}.

Proposition 3. The sequence of belief functions (TTy)%>_, converges to the rational expectation equilibrium

TT uniformly if, and only if, uF > uS.
Verifying Theorem 1

Of course, we can apply Theorem 1 to both CRRA and CARA utility functions to get simple arguments
for Propositions 2 and 3. For the former, u" = p® and take the partial derivative of the CRRA demand

function with respect to 7t yield

S S F —1 S S S
woave e g AWE 8 (a7
sup{uF Ry [87‘( (q,ﬂ)} } = sup{
f

m.q nq L qw; +wji  f(q,7)

qw§+w§} { (q,ﬁ)}
= Su e - Su
qp{quwE ﬂ}f f(q,m)

—2
P e A B AR |
9749 T 7T T2

being a continuous function. Proposition 2 hence follows from Theorem 1, because if

with

f(q,m) =

S S
qwy + w;

—= <1
qwt + wf

for all g, then function f(q, 7t) converges to f(q, 7t) uniformly.

Similarly, the CARA demand function yields

S S F —1 S
u> oY oY B 18
- Grton [Grtam] [ = {i

And it is straightforward to see that Proposition 3 follows from Theorem 1.

21 A
—

13



8 PRICE VOLATILITY

Equation (14) implies that even in the most well behaved setting, the level-k learning process is not
monotonic. This feature has implications on the volatility of market equilibrium prices. In this section,
we work on the simple case with logarithmic utility and no background risk to derive the closed form

solution for price volatility for any level.

Equation (13) characterizes the closed form solution of the price function Qy (7t). We have

2.7 _Qk+1 + (_1)k . wk+1
2-(1—7) - QR+ 4 (—1)k - @t

Qi () =

For simplicity, denote a;, = 2Q**! and by, = (—1)*w**! and let the support of TT to be A = [rr, 7] C
[w?/20% 1 — w?/207].

Define yX and y¥ as:
y(‘f:ak-(l—r_r)—i—bk and y]f:ak-(l—ﬁ)—kbk.

The expected value for Qy (7) is

E(Q )_J akx—i—bk 1 1 ak+2bk
A al—x) +b A—m T—m7 ax

and its second moment is

1 (ax + 2by )2 1 1 +2ak+4bk(
) ax

E(Q}) Iy —Iny¥) | +1.

Price variance Var(Qy) = E(Q%) — E(Qx)? is thus a function of Q and w and of the volatility of r,
which also depends on w and Q. Instead of looking at the actual price variance, we define the relative

volatility as Vi, = Var(Qy)/Var(Q), where Q(7) is the rational expectation mapping.®

Figure 4 plots the relative price volatility, which evolves in an oscillating manner. Besides, the relative

® Equation (9) implies that the price volatility at REE equals

var(Q) —E[(lfﬂﬂ _ Hli‘ﬂ)r

with

and

14
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Figure 4: Relative price volatility for level-k mappings

volatility peaks when all the speculators are at level-1.” The intuition is: when the speculators believe

that asset prices are insensitive to the true probabilities, the resulting price volatility will be small due to
only minor changes in the speculators’ asset demand. However, the level-k mapping evolves in a way
such that speculators over-correct their previous beliefs. For instance, the level-0 speculators believe
that asset prices transmit no information on the true probabilities, so prices will be quite sensitive to
true probabilities in the level-1 mapping since it is the fundamentalists that mostly drive the changes

in the demand for assets. As a result, price volatility spikes because level-1 agents speculate intensely
on the information transmitted through prices. This intuition also works for higher levels.

9 WEALTH DYNAMICS

Our results so far cast doubt on appropriateness of REE modelling in situations where (or for prices

at which) the aggregate market impact of the speculators dominates the aggregate impact of the fun-
damentalists. In the context of Section 5, Proposition 1 implies that at prices at which the aggregate

nominal wealth of the speculators is larger than the one of the fundamentalists, the sequence of level-k
beliefs diverges.

Sandroni (2005) and Blume and Easley (2006), on the other hand, have shown that agents who hold

wrong beliefs about future risks accumulate dynamic losses that in the long run lead them to bankruptcy.

While our model is not genuinely dynamic, we can give a first assessment of the interaction between
7 In this simulation, we choose A = [0.3,0.7].

15



level-k learning and market losses by introducing to the setting of Section 5 the wealth dynamics that
would result from the losses that, on average, a level-k speculator sustains as a consequence of her use

of her beliefs, as opposed to the rational expectations (correct) beliefs.

That is, suppose that both types again have Bernoulli index v(x) = Inx, and that and TT follows the
uniform distribution over [, 7], with 7T + 7t = 1, so that E(TT) = 0.5. Adapting our previous notation,
let

Y3 (q;7t,w) = argmljlx{ft V(w+y)+(1—7) -viw—q-y)},

which is the optimal demand, at price g, of a speculator with degenerate beliefs 7t and wealth w in both

states of the world. If the actual probability of state o = 1 is 7, the difference
Ms(q;n,ﬁ,w) :Ys(q;ﬂ,w)—YS(q;ﬁ,w) (20)
is the quantity that the speculator under-demands of the elementary security for the first state. The

expected cost of this mistake is 7t - MS (g; 7, 7t, w), measured in units of wealth of state o = 1.

In order to introduce the effect of these losses on the sequence of level-k mappings, we must enrich the
setting of Section 5 with a dynamic process for the endowments of the two types of trader. We do this,
recursively, as follows. Let wy be the endowment, in both states, of level-k speculators. At probability

7, the mistake of the speculators at equilibrium is the difference

M3 (Qu(m); 7, Qi (Qu(m), wy)

where Qy denotes the market-clearing price function when the speculators use level-k understanding.®

In expectation, their wrong beliefs cost the speculators

Ly =E[TT- M5 (Qw(T);TT, Qi , (Qu(TT)), wyc)]

units of wealth in each state of the world.” Thus, starting from endowments w for the speculators and
Q), for the fundamentalists (in both states), we assume that their endowments evolve according to the
process

Wi = Wy — L7 and Qpyy = Q + L3,

for speculators and fundamentalists, respectively.

The computations of Section 5 give us that, for the case of logarithmic utilities,

8 Strictly speaking, this mapping also depends on the distribution of wealth. While our computations below take account
of this dependence, here we avoid it for notational simplicity.

° By symmetry, the expected losses in state ¢ = 2 equal Li too.
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from Eq. (8), whereas

Qx(m) =
from Eq. (13), mutatis mutandis. Level-k + 1 agent infers 7t from price q by inverting this mapping

2q+(q—1)- (—1)*- (;"l—t)kﬂ
2-(1+q)

ﬁkﬂ(q) = min { max
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Figure 5: Evolution of the endowment ratio, with %’) =10

We numerically simulate this process, with @s/o, > 1 as the initial condition. Fig. 5 shows that as k
increases, the speculators accumulate losses and the endowment ratio falls below 1, which places it in
the convergence domain. Interestingly, the speculators do not lose all their wealth and there is a fixed
point for this endowment process. As a consequence, the sequence of level-k mappings converges to
the REE, as in Fig. 6.

To be sure, Eq. (20) is not the only way in which we can define the speculators mistake. When using
Eq. (20) we compute this mistake at the equilibrium prices Q (7). Alternatively, we could have defined

it as the difference

Y3(Q(m); 7 w) — Y3 (Qie(m); The(Qu (7)), w),

where the “correct” portfolio is computed at REE prices. This alternative would not change the results
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qualitatively, and only would the convergence process faster, as Fig. 7 shows.

The intuition for these results is the following. Starting with wrong beliefs, speculators gradually lose
their wealth. However, as their wealth level falls, their impact on the market becomes less significant. As
a result, the equilibrium prices reflect more the actual fundamentals, which makes the level-k mapping
more informative. Eventually, the speculators stop losing wealth and the belief function converges to
the REE uniformly.

10 CONCLUDING REMARKS

Information revelation through asset prices remains an essential question in the literature, and the
focus has been on understanding this feature in the case of rational expectations equilibrium. In partic-
ular, how the agents may learn the (fully revealing, generically) rational expectations mapping remains

mostly unanswered in the literature.

Addressing the same difficulty of REE as here, McAllister (1990) incorporates rational expectations
equilibrium in a decision-making framework and constructs the rational expectation mapping at the
individual level. He considers the space of uncertainty for each agent to be the product of the state
space and the set of all possible asset positions of other traders. An REE consists of an admissible prior,

a price vector, and asset positions such that traders are optimizing while market clears for all states.

Later, Dutta and Morris (1997) generalize McAllister (1990) by relaxing the assumptions of common
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knowledge of consensus beliefs and degeneracy of expectations. They introduce the concepts of belief
equilibrium, where agents might have disagreements on their prior beliefs, and of common belief equi-
librium, where agents hold the same beliefs. There, an REE is a restriction to common belief equilibrium
where the agents only consider the exogenous states of nature, and the mapping from states to prices
is consensus between all agents. In this line of research, Ben-Porath and Heifetz (2011) is, to the best
of our knowledge, the most general result on the epistemic foundation of rational expectations equi-
librium literature. They show that common knowledge of rationality and market clearing (CKRMC) is
sufficient to yield REE.

However, Dubey et al. (1987) criticizes the REE approach in general equilibrium models with asymmetric
information since it fails to explain how information gets encoded into asset prices. Unlike the literature
above, this paper regards the question of how agents learn the rational expectations mapping. To be
sure, there have been many discussions on convergence to rational expectations in both the macro
and the micro literature. Shiller (1978), for instance, studies convergence to the rational expectation
forecast in Muth (1961), while DeCanio (1979) studies convergence to rational expectations in a linear
forecast model with general autocorrelation structure. Closer to our paper, Bray (1982) studies a setting
where agents are learning the relation between asset returns and prices using OLS estimation. Bray’s
results suggest the learning process could converge to rational expectations even if agents are using
misspecified models. Blume and Easley (1984) study a dynamic market process in which agents learn
a payoff relevant parameter by conditioning on past endogenously generated data. They define REE

as the limit of the learning process once all the agents’ beliefs converge to the true parameter almost
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surely.

Instead of studying the convergence to a single parameter, as this past literature did, our paper provides
an answer to this question by incorporating the level-k thinking model to general equilibrium. We show
that convergence to REE requires that the informed traders’ aggregate asset demand be more responsive

to asset prices than the one of the uninformed speculators.

Also, our results shed new light on the problem of information revelation with boundedly rational
agents. We show that the level-k mapping, which links asset prices with market fundamentals, evolves
in an oscillating manner. When the unsophisticated speculators’ asset demand is insensitive to prices,
the market-clearing prices become informative since the fundamentalists mostly drive market varia-
tions. Thus, the asset demand for sophisticated traders will be sensitive to prices, which leads to exces-
sive speculation and weakens the informativeness of asset prices. Our mechanism generates oscillating

behavior of price volatility as well.

APPENDIX: PROOFS

Proof of Proposition 1: To simplify notation, let

Alq) = LOLECT) gy g Sl T
q-w; +w, q- wl—i—wz
Also, define the following five cutoff prices, implicitly:
Alqi) —Blgi)n = =
A(qz) — B(q2) E(TT) s
A(qs) — B(qs) E(TT) E(TT)
A(q4) — B(q4) E(TT) Tt
Algs) —B(gqs)Tt = =@

and let A(qi) and B(qi) be denoted as A; and B;. Note that A(q) — B(q) - 7 is a strictly increasing function of
q, for any 7t € [, 7], when B(q) < 1. Therefore, we can rank these prices as q; < gz < 3 < q4 < (s, since we
have T < E(71) < 7.

The level-1 mapping is

1M1(q) = min{max{A(q) — E(T)B(q), =}, 7t}

I, g1 < q <y
=qA(q) —E(IMB(q), q2<q<4qs
I, Js < q < Q5.

According to (16), if q; < q < (g2, the level-2 mapping is

Ma(q) = min {max{A(q) — B(q)m, 7}, 7}.
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By monotonicity of A(q) — B(q)min g, we have that A(q) — B(q)m > A; — Byt = 7. In addition,

A(q) —B(q)m < Az — Bom = B E(TT) + (1 — Bz)m < E(T).

Now consider the case when q4 < q < g5, we have

M,(q) = min{max{A(q) — B(q)7t

(A5}

, 7t}
With identical arguments, we can show that E(TT) < A(q) — B(q)7t < 7.
When q; < q < g4, we have
TM2(q) = min {max{A(q) — B(q)[A(q) — B(q) E(M)], m}, 7).

By monotonicity of A(q) — B(q)7, we again have that

A(q) —B(q)[A(q) —B(q)E(IM] < A(q) —B(gq)r < 7

and
A(q) — B(q)IA —B(q)E(TN)] > A(q) —B(q)m > 7.

As a result, the level-2 mapping is

A(q) —B(q)m, di < q < (g
M2(q) = { Al(q) —B(q)E(TT), q2<q<dqs
A(q) —B(q)m, qs < q < gs.

By induction,
> +7m-[-B(q)*, g1 <q<qu
Me(q) = { A(q) - X550 =B(q)V + EIM) - [-B(q)]*, g2 < q < qa;
> I+ [-B(@)]*,  qs< q<gs;

which is a continuous function with two kinks. So long as we have B(q) < 1, sequence (ITy.(q))xey converges.
Eq. (16) must then hold with both TTy(q) and TTy_(q) by replaced by the limit, which implies that TTi(q) —
T(q). O

Proof of Lemma 1: The beliefs of level-0 speculators are the constant mapping q — TTo(q) = E(TT). Suppose now
7t equals E[TT]. The market clearing condition is

0=pn" - YF(GEM) + 1 - Y5 (q),
while the market clearing condition under fully-reveling rational expectations is

0=p" - YF(qE) + p® - Y5 (q; EI).

Since the latter has a unique solution q = Q(EI[IT]), it follows that Q,(E[lT]) = Q(E[ﬂ])
Now, suppose that Qy_; (E[TT]) = Q(E[IT]) for some natural number k. Again, when 7t = E[TT] the market clearing
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condition requires that

0=p" - YF(qEM) +1® - Yi(q) = uh - YO(qET) + 1® - Y3 (q; Q24 (q)).

Under the assumption that QELI(Q(E[TT])) = HE[IT], the only solution has q = Q(E[TT]), so Qy (EITT]) = Q(EITT)).

The lemma, hence, follows by mathematical induction.

Proof of Proposition 2: The two types’ optimal demands are

F F S S
YF(q,Tt)Z qw11 + W, : —wf and Yi(q)z qw; + w; 1 —wf‘.
5 (1—mT\ 5 1 T kvl
q+a7 (5) a+ar ]

O]

Market clearing requires the sum of these two values to be null. Substitution of 7t by ﬁk+1 (q) yields, after some

algebra, the equality

1 —1

q+qv 1—Thep(q) |7 _ wl +w? _qwls‘f‘wzs. q+qv |2 x(q)
Thei1(q) qwi + w§  qwi + wj x(q)

This recursion implies that
1y —1

Y

1—ﬁk(Q)
T (q)

<=

q+4

converges as kK — oo if, and only if, the condition of the proposition holds true.

Since mapping 7 — (1 — 71) /7t is monotonic, the latter convergence is equivalent to the convergence of ﬁk(q)

as k — oo. The limit of the sequence is defined by

q$ 1 — limy 0 TTie(q) _ g(wf + wP) + wf + w3 4 wj + w3
limy 00 T (q) wf + w? wf + wy?

The solution to the latter equation gives

q(w] + w?)Y
q(wh + wd)Y + (W) +w3)y

lim TT =
k1_>moo k(q)

5

which is, indeed, TT(q).

Proof of Theorem 3: The demand of each fundamentalist is

Tt )_ Inq _wf—wg
ol '

! ln<
p(1+q) 1—1m 14+q) 1+

Y(q,m) =

Similarly each speculator demands

Yiq) = I M(q) | Ing _w?—wzs_
K p(1+q)  |[1-Tik(q)| ep(1+q) 1+q
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Substituting 7t with ﬁk+1 in the market clearing equation, one gets

ﬁk+1(q)

Fln | —2 10
1—Tlt1(q)

p' In

1—Tlk(q)

I
+u’ln [k(q)] = plp" () —w]) + ¥ (w3 — W)+ (1 + 1) Ing,
or, equivalently,

F ws

In +p[w2_wr+up(“’2_w1) +

ﬁﬁum)]__ usn[ i (q)
1—Tle41(q) -

h(q)

If, and only if, uF > 5, the sequence of mappings

ﬁk(Q)

hl =
1—TI(q)

converges uniformly. Since 7t — 71/(1 — 7) is a monotonic mapping, we have that TTy(q) converges uniformly
to T1(q) if, and only if, uF > pS.

To complete the argument, note that the rational expectation equilibrium,

_ eY .
@=1"5 4 yq ,
+ev-q
with s .
g S S g F F
y=p -M>—w)+< )ww cuﬂ
[<u5+uF> 2 S + pf S
is bijective. O
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