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On April 20, 2010, a concrete seal on the Macondo well, where
oil rig Deepwater Horizon was positioned in the Gulf of Mexico,
burst as a consequence of a surge of natural gas. The spill that
occurred during the next 87 days is the largest ever in the history
of petroleum production, and constitutes the worst environmental
catastrophe in US history. In 2011, a report commissioned by the
US government concluded that the explosion of the well could have
been prevented, and that its causes could be traced directly to de-
cisions made by the rig’s owner, operator and contractors: during
the installation of the seal, nitrogen gas was used to accelerate its
“curing”, a technique that is known to weaken the pressure that
this type of concrete seal withstands.

In this paper, we argue that limiting the ability of an agent to
participate in financial trade to diversify his risks may induce a
Pareto improvement in the allocation of resources in the economy.
In the context of the Gulf of Mexico catastrophe, this is to say
that had the companies in charge of Deepwater Horizon been
restricted in their diversification of risks, the resulting change in
their operational decisions could have been beneficial to all agents,
including themselves. That this is the case is not obvious: the
literature on financial economics shows that competitive financial
markets deliver Pareto efficiency when, and only when, all the
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agents can potentially diversify all the risks they face. But this
result is established under the assumption that no agent in the
market causes an externality on others.

If an agent who causes an externality via the probability distri-
bution of risks is limited in his access to financial markets, he cer-
tainly will respond by altering those probabilities in a way that is
optimal to him. It seems easy to conclude that such policy can then
be used to effect a welfare improvement — in a partial equilibrium
model, this is immediately the case. The obvious effect that this
partial equilibrium argument ignores is the reaction of asset prices
to the perturbation of the agent’s financial portfolio. More subtle,
but equally important, is the fact that, after such price change,
other agents in the economy will change their portfolios too. The
general equilibrium trade-off that we study, and which makes the
conclusion less immediate and more interesting, is that, in the
absence of this kind of externalities, disturbing the functioning of
perfect financial markets would be socially harmful. Our argument
shows that the cost of a correctly chosen asset reallocation is of
second order to gains of having a different probability distribution,
generically.

To be sure, any departure from economic efficiency in a market
can also be studied under a mechanism design approach, and
there is very influential work that does it — from the canoni-
cal Clarke (1971), Groves (1973), Groves and Ledyard (1977) and
D’Aspremont and Gérard-Varet (1979); to current contributions
such as Bierbrauer and Hellwig (2016) and Kuzmics and Steg
(2017). But the nature of the problems we wish to study fits equally
well in a general equilibrium context. In particular, we think of
economies with a large number of individuals who are exposed to
a catastrophic risk, and our aim is to contribute to the literature on
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public economics where the results on market inefficiency usually
capture a different type of externality and consider different policy
tools. We believe that our results add a new insight to that litera-
ture and are complementary to the kind of policy recommendation
that would arise from mechanism design.

We study an economy where, initially, all agents participate
in the exchange of a complete set of financial assets. The only
market failure in this economy is the externality that one agent
imposes on the others via the probability distribution of their
risks. We show that, in a generic sense, everybody can be made
better-off if the agent that causes the externality is not allowed to
choose his portfolio of financial assets in an optimal manner (while
everybody else continues to trade without constraints). Besides the
restriction of that agent’s financial decisions, lump-sum transfers
are used to make sure that all agents are, indeed, made better-
off. We first allow for a lump-sum transfer to the agent who
imposes the externality. Being lump-sum, this transfer does not
affect that agent’s incentives, only his welfare. Still, it may be that
for institutional reasons such transfer is not possible. Under the
assumption that there is an external source of funding for the rest
of the agents, which we call “relief aid”, we show that the Pareto
improvement is still generically possible, even when the agent that
imposes the externality is excluded from any lump-sum aid. We
also check the robustness of our results to a more sophisticated
behaviour by the agent who causes the externality, where he now
recognizes that his decisions with respect to probabilities affect the
willingness to pay of other agents for the existing financial assets
and, therefore, the equilibrium level of assets prices. Again, we
find that the equilibrium allocation is constrained inefficient in this
case. To conclude the analysis, we extend the results to economies
with uninsurable idiosyncratic risk.

While the spirit of our results, and the techniques we use, are
similar to those in the literature on incomplete financial markets,
it is worthwhile to notice that in our economy there is only one
commodity per state, so that it is not via relative commodity prices
that the Pareto improvement is induced by our financial policies.

The paper is organized as follows. A short literature review is
presented in Section 1. The following three sections describe the
general kind of economies with externalities for which our analysis
holds and define competitive equilibrium and Pareto efficiency
for this kind of economies. Section 5 introduces notions of weak
and strong constrained inefficiency for those economies and states
the main theorem of our paper. Section 6 then gives the proof
for that result: the genericity of strong constrained inefficiency. In
Section 7 we study the case of a more sophisticated behaviour by
agent 0 while in Section 8 we extend the results to economies with
uninsurable idiosyncratic risk. A technical appendix completes the

paper.
1. Existing literature

Geanakoplos and Polemarchakis (1986) argue that in a
numeéraire asset model with incomplete markets, generically, ev-
ery equilibrium is constrained inefficient, provided that there are
more than one commodities and there is an upper bound in the
number of individuals: reallocations of existing assets support
superior allocations.! Following Geanakoplos and Polemarchakis
(1986)and Citanna et al. (1998) show that equilibria are generically
constrained inefficient even without an upper bound on the num-
ber of households. They also show that perfectly anticipated lump-
sum transfers in a limited number of goods are typically effective.

As Polemarchakis and Siconolfi (1997) point out, incomplete
markets are just a special case of an asset market with restricted
participation, and Cass, Cass et al. (2001) extend the literature by

1 See, also, Stiglitz (1982), and Greenwald and Stiglitz (1986).

accommodating a wide range of portfolio constraints, including
any smooth, quasi-concave inequality constraint on households’
portfolio holdings. Gori et al. (2012) focus on price-dependent
borrowing restrictions, and show that equilibria associated with
a sufficiently high number of strictly binding participation con-
straints in the financial markets can be Pareto improved upon by
a local change in these constraints. Our results will point in the
opposite direction, that in the presence of externalities a social
improvement can be attained by introducing portfolio constraints
on some agents’ trades.

For the case of abstract economies with externalities and mul-
tiple commodities, Geanakoplos and Polemarchakis (2008) show
that the competitive equilibrium allocation is, generically, con-
strained inefficient: there exists an anonymous taxation policy that
leaves all agents better off. While the concept of equilibrium used
in that paper, and the spirit of the results are the same as ours,
neither the setting nor the type of externality are the same, and
the mechanism through which the Pareto improvement is induced
differs too, our argument does not rely on the relative prices of
commodities.

Of course, any situation in which an externality induces a de-
parture from economic efficiency can be studied from the perspec-
tive of the literature on mechanism design. We do not take that
approach, which we consider complementary to our results, and
instead apply the ideas of the literature on incomplete financial
markets. Relatedly, Braido (2005) presents a general equilibrium
model as a two-stage game where agents act as producers, as
consumers and as financial intermediaries with intermediation
costs. Each individual is allowed to design a financial structure that
consists of specifying securities pay-offs in each state and trans-
action constraints that restrict the participation of some agents in
some markets. He offers an example with two agents where (only)
one of them is risk averse and faces a production risk where the
probability of the “good” state is increasing in the costly, unobserv-
able effort he exerts. In this setup, Braido shows that an incomplete
financial structure, in the form of trading constraints, is Pareto
superior to complete markets. Our framework is more general: all
agents are risk-averse and face aggregate and/or idiosyncratic risk.
In our setup, the agent who exerts effort creates an externality.
Moreover, by imposing trading constraints, we are limiting the
insurance opportunities of the whole society and, since the rest of
the agents are risk averse too, it is therefore more demanding to
show that a Pareto improving policy exists.

2. An externality via probabilities

Consider a two-period economy populated by I + 1 individuals,
who are denoted by i = O, ..., I. In period 0, agents receive an
endowment of a single consumption good. In period 1, there is
uncertainty regarding endowments: there are (only) two states of
the world, which we denote by s = 1, 2, and agents receive an
endowment e; ; of the consumption good in state s.?

Rather than being exogenous, the probabilities of the two states
depend on some action of agent 0. In period 0, he has the choice of
choosing a costly action, «, which makes state 1 more likely. The
cost of this action is that it subtracts from the agent’s consumption
atdate 0. For individualsi > 1, their preferences over consumption
plans are given by a function v; : R x ]Ri — R, with

vi(co, €1, €2) = o + (@) - ui1(c1) + [1 — 7w(@)] - uiz(c2), (M
where each ;s : Ry — R is C? on R, and satisfies the usual
assumptions that u;; > 0, uf; < 0, limcou; (c) = oo and

lim_ oott; ((¢) = 0.

2 The results below will hold true if there are multiple commodities in the second
period. In fact, results of the type we are studying are easier to argue in that case,
only at the cost of heavier notation.
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For agent i = 0, who causes the risk externality, the utility
function is vg : [, 00) X R X ]Ri — R, with the same functional
form, and the same assumptions on the instantaneous utility over
consumption. Additionally, the probability of state 1 is given by
7 : [a,00) — (0,1) which satisfies 7/ > 0 and #” < 0.
Moreover we assume that, over the relevant domain of future
consumption levels and the agent’s action, agent 0 has strictly
concave preferences, i.e., that matrix

7'(@) - up 4(co,1)
—7'(@) - up 5(co.2) (2)

7"(e) - [ug,1(co,1) — o, 2(c0,2)]

m(a)- ug 1(co,1) 0
0 [1— ()] - ug 5(co,2)

7' (a)- ub,l(fo.l) —'() - g 5(co,2)

is negative definite.

The assumption that all individuals have preferences that are
quasilinear in present consumption simplifies the mathematical
arguments, but, in principle, implies a loss of generality. The gained
simplicity is that, since utility is transferable in this case, we can
express our arguments in terms of aggregate social welfare func-
tions. Without that simplicity, the results continue to hold true,
but our arguments become ordinal and would require us to do
genericity analysis on the space of preferences of the individuals,
and not only on their endowments. Importantly, imposing quasi-
linearity also guarantees that the type of policy intervention we
consider be rather weak, which makes our results stronger and
more interesting.’

For all agents, we allow for negativity of their present consump-
tion, ¢; o, SO it is not necessary for us to specify date-0 endowments.

Note that we assume that & € [«, 00), for a lower bound on the
action «. Now, in order to have interior solutions, we impose the
following condition. For each state s, let (éi,s)Lo solve the following
maximization problem:

I 1 1
max 1 ) uis(6): ) s =) eisy - (3)
i=0 i=0

(@izo | i=0

The following assumptions will be technically useful later on:

Assumption 1 (Interiority). At the consumption plan ¢, agent 0
prefers state 1 to state 2, in the sense that ug 1(Co.1) > to.2(Co.2),
and there exists a level of the action & € (¢, 00) such that

1

Uo.l(éo,l) - Uo.z(eo,z).

n'(a) =

Assumption 2 (Heterogeneity). At consumption allocation ¢, agents
other than 0 have heterogeneous preferences: for all i,j > 1,
ui(Cis) # u§(Gs), if i # j, for both s = 1, 2.

3. Competitive equilibrium

Financial markets are assumed to be complete: there is an
elementary (Arrow) security for each state, with asset s paying one
unit of the consumption good in state s. Holdings of these securities
are denoted by ¥; ;.

3.1. The problem of agentsi > 1

All agents other than 0 have only one decision to make in period
0: they have to choose their holdings of securities, and therefore
their consumption in that period and in both states in period 1.
We assume that they take the prices of the securities and the
probabilities of the states as given.

3 See Footnote 6 below.

Letting q; and g, denote the prices of the securities, the problem
of individual i is, simply,

Jmax {—a1 - 91— g2 - Pia + (@) - uia(ein + Vin)
i,1,Vi2

+ [1—m()]- uialeia + Vi2)} . (4)

The first-order conditions of this problem are standard:

q1 = m(a) - uj,(ei1 + Y1) and g2 = [1 — 7()]
“U; (i + ). (5)

These conditions are necessary and sufficient to characterize the
solutions of Program (4) since, under the Inada conditions and with
positive prices, they are interior.

3.2. The problem of agenti =0

Agent 0 has an extra decision to make in period 0: apart from
choosing his holdings of securities, he must choose his action. His
problem is, then:

max {—a —q1- o1 — G2 - Vo2 + () - Up.1(e0,1 + Po.1)

a,90,1,%0,2
+ [1—m()]- uo (02 + Do2)} - (6)

Assuming that this agent, too, takes asset prices as given, the
following are the first-order conditions:

1=7'"(a) - [ug,1(€0,1 + Vo,1) — o ,2(€0,2 + Do,2)], (7)
while
q1 = 7(e) - ug4(eo,1 + ¥o,1) and ®)
02 = [1 —m(a)] - ug,(eo2 + Do.2).

As before, concavity of agent 0’s preferences implies that these
conditions are both necessary and sufficient, while the Inada
conditions and Assumption 1 guarantee that the solutions are
interior. Note that the first-order condition with respect to the
action, Eq. (7), implies that when agent O prefers state 1 to state
2 sufficiently, he is willing to choose a high action to raise the
likelihood of state 1. In his choice of action, however, he does not
internalize the effect of a more likely state 1 on the well-being of
the society as a whole. Since we have made no assumptions on
aggregate endowments and social welfare in each state, all agents
other than agent 0 could be worse-off or better-off in state 1. It
is this feature that reflects the non-alignment of interest across
agents.

3.3. Equilibrium

Competitive equilibrium is defined by individual rationality and
market clearing requirements. We write competitive equilibria as
atuple {¢, @, q}, where ¥ = [(19,-,5)5:1,2]520 is the allocation of the
two assets and q = (q1, q2) is the vector of asset prices, such that:

1. action @ and portfolio (% s )s—1.» solve Program (6) when the
prices are q = q; ~

2. foreachi > 1, portfolio (¥ 5)s—1,2 solves Program (4) when
the prices are ¢ = q and the probability of state 1 is 7 (&);
and

3. both of the securities markets clear: Y |_,d;s = 0, for s =
1,2.

This definition of equilibrium is standard in the literature, and
Proposition 1 in Ghosal and Polemarchakis (1997) can be invoked
to argue that equilibrium is guaranteed to exist.

For agents i > 1, individual rationality is characterized by the
first-order conditions, Eq. (5). Importantly, these agents take as
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g 4 0 7'ug 0 0

0 (1 —m)ug 4 -7’ , 0 0
7'ug —7'ug , 7TN(U0,/1 - Uo,2) 0” 0

0 0 U Tl 4 0

0 0 -}, 0 (1—mui,

0 0 ') 0 0

0 0 —'u) 0 0

1 0 0 1 0

0 1 0 0 1

0 0 0 0 wuy
0 0 0 0 0
0 0 0 0 7y |
0 0 wuf | 0 0
0 0 00 (1—zuj, 0
o, 0 0 0 0
0 (1—nu/, O 0 0
1 0 0 0 0
0 1 0 0 0

Box 1.

given not only prices, but also the probabilities of the two states.
In the case of agent 0, individual rationality is characterized by
Egs. (7) and (8).* Note, then, that for agent 0, who causes an
externality via his choice of the action, our assumption is that he
takes prices as given, and considers the effects of the action on his
own well-being only.

For later usage, let us define the function

F(q, v, a,e)
(er) - ug4(eo,1 4+ Po.1) — G
[1— ()] ug,eos + o2) — G2
[to.1(e0.1 + P0,1) — o 2(€02 + P02)] - 7'(er) — 1
m(er) - uy4(er1 4+ 011) — @
[1—m(a)]-uj,lern +P12) — G2

= m(a) - upq(ert +901) — @
[1—m(e)] - uj,(er2 +D12) — G2

I
Z Wi
i=0

1
Z Vi
i=0

Note that the roots of this function characterize the competitive
equilibrium of the economy.
The following Lemma holds under Assumption 1.

Lemma 1 (Determinacy and Trade). Except on a closed and negligible
set of individual endowments, whenever F(q, ¥,a,e) = 0, we
have that the partial Jacobian of ¥, matrix Dy » oF, is non-singular
and 190,1 7+— 0.

Proof. With the arguments in the order
(P0,1, Yoz, a, P11, P12, - - V11, D2, 1,1, €1,25 €0,1),

the Jacobian matrix DJ writes as in Box I.
By strict concavity of preferences, the submatrix that results
from deleting the last two rows and the last three columns is

4 our argument remains valid even if we weaken the assumption of concavity of
vp to hold only locally around &, and &, with matrix
”(&)'UHJ(GO,]) 0
0 [1—7(@)] - ug,(Co2)

7'(@) - ug 4(Co,1) —7'(&) - ug 5(Co.2)

7'(@) - up4(Co.1)
—7'(@) - ug 5(Co.2)
7"(&) - [uo,1(Co,1) — Uo,2(Co,2)]

being negative definite. In this case, our argument proves that our claims of con-
strained inefficiency hold at any root of function F defined below.

block-triangular, and each of the matrices in the block-diagonal is
negative definite, so this matrix is non-singular. Now, note that the
result of subtracting the column corresponding to e; ; from the one
corresponding to ¥ ; is null everywhere, except at the previous-
to-last entry, where it is 1. The same is true for the last entry,
if one subtracts the column corresponding to e;, from the one
corresponding to ¢ ». This means that the matrix (even without
the last column) has full row rank.

The latter shows that function F is transverse to 0, which we
denote by 7 h 0. By the transversality theorem, then, generically
on endowments, function (-, e) m 0 too, which proves the first
statement.

For the second statement, consider the mapping

F(q, 9, o, €)
Y0.1 ’
and suppose that it takes the value 0. The Jacobian of this mapping
is the matrix DF above, with the row

(1 0000 0 00 0 0

added at the bottom of it.

We know from above that without this last row and the last
column, the matrix has full row rank. Note that the difference
between the sum of the columns corresponding to ¥ ; and e ;
and the sum of the columns corresponding to eq 1 and % 7 is null
everywhere, except at its last entry, where it is 1. This proves that
the whole matrix has full row rank, and hence that the mapping is
transverse to 0.

Again by the transversality theorem, the mapping is transverse
to 0, generically on e, when only (g, ¥, ) are allowed to vary. This
requires the Jacobian to have full row rank when the mapping
becomes 0, but this is impossible as such matrix now has one more
row than it has columns. The implication is, then, that ¥y # 0
when F(q, ¥, @, e) = 0, genericallyone. O

4. Pareto efficiency
4.1. Definition

The definition of Pareto efficient allocation is as usual: a feasible
allocation of agent 0’s action and the consumption of the unique
commodity both at date 0 and in the two future states across
all agents is efficient, if it is impossible to find an alternative,
feasible allocation of these same variables that makes at least one
agent better-off without making any other agent worse-off. Given
that all individuals have quasilinear preferences, Pareto efficiency
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amounts to the choice of an allocation of consumption and an
action so as to solve the program

I
max {—a + Y fr(@) - uialein) + [1 = m(@)] - uin(ciz)} |

I
@,(61,1:6,2)i=g i—0

1 I
zci.s=zei,s,s=1,z}. ©
i=0 i=0

Here, the date-0 consumption levels are left undetermined, but
any allocation that exhausts the remaining aggregate endowment,
net of «, will be Pareto efficient.

The first-order conditions that characterize Pareto efficiency
are, therefore, that

I

/(o) Y Tuia(in) — uincio)] = 1; (10)
i=0

and that, for each pair of agentsi,j =0, ...,1,

u; (Cis) = i 5(ci5) (11)

for each state s = 1, 2; as well as the feasibility condition.
4.2. Inefficiency of competitive equilibrium

Comparison of the first-order conditions of the individual, for
the competitive choices of consumption, Eqs. (5) and (8), with
the first-order condition defining efficiency of consumption plans,
Eq. (11), shows that the allocations of consumption prescribed
by the competitive equilibrium are efficient in the sense that the
marginal rates of substitutions would be equalized across agents
in each state.

On the other hand, from the first-order conditions for the choice
of action, Egs. (7) and (10), it is immediate that action implied
by the competitive equilibrium solution is generically not Pareto
optimal: while agent 0 takes into account only the effects on his
own welfare, the social planner considers the effects on social
welfare when choosing the optimal action.

5. Constrained inefficiency of competitive equilibrium
5.1. Two definitions

We have shown that competitive equilibria need not yield the
Pareto efficient action. This result says that if a planner could
choose the action exerted by agent 0, he would choose a different
level, and then would reallocate date-0 consumption to make sure
that all agents, including 0 himself, are made better-off.

As is usual in the General Equilibrium literature, the latter ob-
servation does not mean that a social planner who faces constraints
in terms of the policies he can apply would indeed be able to effect
a welfare improving policy. Here, we consider the case in which
the planner is constrained in the sense that he can distort the asset
holdings of agent 0, but the choice of the action remains the agent’s
decision. All agents other than O continue to choose their portfolios
without constraints.

Besides the determination of the portfolio of agent 0, we also
allow the planner to effect lump-sum transfers of revenue across all
agents. If such a policy exists that leaves everybody better-off, we
shall say that the competitive equilibrium is constrained inefficient.
Whether a transfer to agent 0 is required determines how strong
the definition is.

Formally, we say that an allocation («,c), where ¢ =
[(Q,s)s:O,l,Z]LovS is weakly constrained inefficient if there exist an

> The feasibility condition that 3! cis = Y I_yei, for both s = 1,2, will hold
throughout our analysis. Also, note that in the following analysis cg o is taken to be
gross of the action.

alternative level of the action, &; asset prices, g; a profile of asset
holdings, ¢; and a profile of date-O lump-sum transfers, (r,-)fzo,

such that:
1. @, the action of agent 0, solves
max {—a + () - ug1(e0,1 + Do,1)
+ [1—m(a)]- uoa(eoz + o2} ; (12)

2. foreachi > 1, portfolio (15,;5)521,2 solves Program (4) when
the prices are g = g and the probability of state 1is (a);

3. both of the securities markets clear: Y |_,d;s = 0, for s =

1,2;

the profile of lump-sum transfers is balanced: Z;:OTI' =0;

agent 0 is better-off, in that

v

— & —q1-Do1 — G2 - o2+ To+ 7(&) - Uo,1(e0,1 + Do.1)
+ [1—7(@)] - uo.a(eo + Po2)

is higher than

—a+coo + 7w(e) - uo,1(Co,1) + [1 — 7(a)] - uo2(co2);

6. every agenti > 1is better-off, in that

—G1- Vi1 — G2 Dia + T+ (&) - uia(ein + 1)
+ 1 — (@) - uialeiz + Pi2)

is higher than

Gio +m(a) - ui1(ciq) + [1—m(a@)] - uia(c2).

Intuitively, the allocation is constrained inefficient if a planner
can effect a Pareto improvement by forcing agent 0 out of the fi-
nancial markets: instead of letting him choose optimal holdings of
the two assets, a portfolio 9 is allocated to him. Then competitive
assets markets open for every other agent in the economy, and
assets prices are determined endogenously. Agent 0’s choices are
limited to his action. Yet, at the allocation induced (endogenously)
by the policy, every agent is strictly better-off.

What makes this definition weak is that we are allowing for
agent 0 to receive a lump-sum transfer beyond the resulting price
value of the portfolio imposed on him. It is important to note that
this transfer does not affect the agent’s incentives in choosing his
action.’ Yet, for institutional reasons it may be impossible for the
planner to effect such transfer. We shall say that the allocation is
constrained inefficient in the strong sense, if such Pareto improve-
ment is possible even when 1y is required to be null.

5.2. Genericity of weak constrained inefficiency

Fix the competitive equilibrium, {#, &, g}. Our first goal is to
show that, generically on the date-1 endowments of individuals,
the allocation (&, ¢), where ¢;s = e + Vs fors = 1,2, is
constrained inefficient in the weak sense.

Since the weak definition of constrained inefficiency allows for
transfers across all agents, we can again use the fact that prefer-
ences are quasilinear to write an expression for social welfare,

I I
W=—o+nr(a)- ZUm(Ci,l) +[1—m(a)] - Zui,Z(Ci,2)~ (13)

i=0 i=0

6 So, the planner is not bribing him to choose a higher action. To emphasize this
fact, we have not added 7, to the maximand of Program (12). This is also the reason
why quasilinear preferences make our argument stronger: the policy’s transfers
affect only the agents’ welfare, and not their incentives to choose their actions or
portfolios as all income effects are absorbed by the linear term, namely the agent’s
present consumption.
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Recall that the problem arises from the inefficient action chosen
by agent 0 when maximizing his utility in the competitive setting.
We consider an exogenous perturbation in the holdings of securi-
ties of agent 0. The idea is to restrict his insurance opportunities to
make him more vulnerable to the risks associated with each state.
Such perturbation, (d? 1, d% »), around the competitive equilib-
rium values induces changes in all other endogenous variables:
from Eq. (7), it follows that the action chosen by agent 0 will
change; this will induce different consumption and investment
decisions by all agents i > 1; and, in order to guarantee market
clearing, the prices of assets will need to accommodate too. If,
starting from the equilibrium allocation we can find that there
exists a perturbation such that dW > 0, we can conclude that
the allocation is constrained inefficient in the weak sense: the
higher value of the social welfare function W implies the existence
of the required profile of lump-sum transfers after which every
agent in the economy is made strictly better-off. With quasilinear
preferences this is all we need to show for constrained inefficiency,
a task significantly less demanding than having to find a welfare
improvement for each of the I 4+ 1 individuals.

First, let us state the following lemma which will be useful in
the proof of our main result.

Lemma 2. Except on a closed and negligible set of individual endow-
ments,

I
D (@) — wia(Gia)] # 0 (14)

i=1

at competitive equilibrium.

The proof of this Lemma can be found in the Appendix. We are
now ready to prove our main result.

Theorem 1. Except on a closed and negligible set of individual endow-
ments, the competitive equilibrium allocation is weakly constrained
inefficient.

Proof. Using Lemmas 1 and 2, we can fix a generic set of indi-
vidual endowments where the first statement of Lemma 1 and
Zle[um(é,-,]) — u;2(Ci2)] # 0 hold true. Fix a profile of endow-
ments in that set, and define the function

[uo.1(e0.1 + Po.1) — g 2(€02 + Do2)] - 7'(ar) — 1
() - up (et +011) — ¢
[1—m(a)] - ujH(e12 4+ P12) — @2

mwa)-up (e +911) — @1
[1—m(a)] - upH(ero +D12) — G2 )
i

Z Wi
i:IO
Z Wi
i=0

which simply removes the first two components of function 7.
Denote this mapping by 5(q, ¥, «).

By construction of the space of endowments (Lemma 1), at
any root (g, ¢, o) of this mapping the matrix Dy y1__ 51, S is non-
singular. By the Implicit Function Theorem, there exist smooth
functions Q, ®; fori # 0, and A, defined on an open neighbourhood
of ¥, such that §(q, %o, 9'..... 9", @) = 0if, and only if, § =
Q(l?o) 19 = ()(ﬁo)and(x = (‘l?())

(q,9,a) —

Using these functions, we can define, given the individual en-
dowments, the function W(,) by

1
)Y uialein + @ia(Do)) + [1— 7w (ADo))]

i=0

—A(%o) + (A

I
. Z uiz(ei2 + Oj2(90))
i=0
in a neighbourhood of .

In order to prove the theorem, we now simply need to show
that DW(9¢) # 0. By direct differentiation, the latter equals

I

— DA+ Z[ui,l(EM) — Ui 2(Gi2)] -

i=0

7'(@) DA+ (&)

1 1
Y Uy (E1) DOy + (1= 7(@)] - Y uf5(Gi2) - DO
i=0 i=0
If ¥(q, ¥, @) = 0, then by Eqs. (5) and (8), the latter writes as
I I

— DA+ Z[Uz‘,l(Cm) — Uj2(ci2)] - () - DA+ qy - ZD@i,l

i=0 i=0

+ q2- ZD@1,2~
i=0

By construction, from the last two terms in function § we have that

I 1
> D61 =) DO, =0.
i=0 i=0

Then,

DW = —DA + [ujo(ci0) — ui,0(Ci0)] - 7'(cx) - DA

1
+ ) Tuia(cin) — uin(ci2)l - 7'() - DA,
i=1
which is, by Eq. (7),
1

DW = [ui1(ci1) — Uin(ci2)] - 7'() - DA. (15)
i=1

Since Z€=1 [u;1(ci1) — ui2(ci2)] # 0, by Lemma 2, and 7" # 0, the
result requires simply that DA # 0.

Now, function A is defined implicitly from the equality
7' (A(Do)) - [to,1(€0,1 + Do.1) — g 2(€0.2 + Do 2)] = 1,

it follows from the implicit function theorem and Assumption 1
that

(@)
7"(@)[uo,1(€0,1 + Po.1) — Uo2(€0,2 + T 2)]
—ug 4(eo1 + Do.1)
X ’ B 0, 16
< U (€02 + 90.2) 7 (16)

which completes the proof. O

If follows from Eqgs. (15) and (16) that in a linear approximation
to W(1¥) around ¥y, one obtains

dW = DW(dy) - dd = Z[um Gia) = ia(ci2)l - 7'(e) - d

i=1
where

da = DA - dvy
w'(a)- [Uf),z(co,z) ddo2 — ug 4(co.1) - dio, 1]
7"(a) - [to,1(co,1) — to,2(Co,2)]
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for an exogenous policy perturbation dy = ¥ — 9. The direction
of the Pareto improving policy thus depends on the sign of expres-
sion

I
Z[Ui,l(EiJ) — u;i2(Ci o)l

i=1

Positive values imply that the society, excluding agent 0, is better-
off in state 1 than in state 2. As a result, do must be positive:
the competitive action is too low and the Pareto improving policy
involves inducing agent O to increase the action chosen at equi-
librium. Looking at Eq. (17), this can be achieved with ddy, < 0
and dv 1 > 0. That is, in order to induce agent O to take a higher
action at equilibrium, a planner would like to restrict his insurance
opportunities in a way that he is better-off in the state associated
with a higher action, namely state 1, and worse-off in the other
state. The agent who causes the externality is, therefore, “forced”
to internalize the externality through considerations of his own
welfare.’

6. Catastrophe, relief aid and genericity of strong constrained
inefficiency

If the policy that aims at effecting a Pareto improvement is
restricted to not include agent 0 in the profile of date-0 transfers,
we can no longer use the social welfare function W. For agent 0,
the policy needs to increase

U= —a—qi-Uo1—qa- D02+ () g 1(eo1 + Fo1)
+ [1 = 7(a)] - uo (0,2 + Do.2)s (18)

while, simultaneously, increasing

1 I 1
—qr- Zﬂm —q2- Z Vi2 + m(e)- Zui.l(ei,l + 1)
i=1 i=1 i=1
I
+ [1—m(a)]- Zui,z(ei.Z + 9i2).
i=1

This would suffice, as the higher value of the latter sub-aggregate
implies the existence of the required sub-profile of lump-sum
transfers, (ri)le, after which all the agents i > 1 are made strictly
better-off.

The following two assumptions will allow us to prove that, in
a generic sense, the competitive equilibrium allocation is strongly
constrained inefficient. As for the techniques used in obtaining this
result, we apply the methods developed by Citanna et al. (1998).8

Assumption 3 (Catastrophe). At the consumption allocation (&; )fzo,
the whole society prefers state 1 to state 2, in the sense that

o = Uo,1(Co,1) — Uo,2(Co2) > 0 (19)
and

i
poo = ) [ui1(&1) — uix(& )] > 0. (20)

i=1

7 of course, in the case where Z;zl[ui.l(a_l) — u;2(Ci2)] < O, the society ex-
cluding agent 0 is better-off in state 2, so that the competitive action is inefficiently
high: in this case, Pareto optimality prescribes doe < 0 which can be achieved with
dvp2 > 0and ddg; < 0. The intuition is, again, that one would like to make agent
0 better-off in the state associated with a lower action and worse-off in the other
state so that it is optimal for him to choose a lower action than before.

8 See, also, Villanacci et al. (2013).

Assumption 4 (Relief Aid). There exists an external source of
funding that aids agents i = 1,...,I in their purchases of the
elementary security for state 2. This fund covers, lump sum, a total
of p/I units of the asset for each agenti > 1, so that the agent
receives

»°
2

in the first period.

Since this relief aid takes the form of lump-sum transfers (of
the correct value at equilibrium) and date-0 consumption enters
the agents’ utility functions linearly, these transfers have no impact
on the characterization of equilibrium we have used. Also, we do
not assume that the relief aid is not an extra policy tool. Instead, it
already exists in the original economy before the asset reallocation,
so that, when doing welfare comparisons the transfers are received
by the agents i > 1, with and without the policy intervention. That
said, we also recognize that the assumption limits the interest
of our result, in the sense that our welfare comparisons will not
consider the well-being of the external agent funding the relief aid
transfers.’

Under the latter assumption, we can write the aggregate utility
ofagentsi=1,...,1as

1 1
V=—qi-Y dii—q- () d>—p|+7)
i=1 i=1

1 1
Sy wialein + 0+ 11— (@] Y uialeis + dia). (21)

i=1 i=1

6.1. Local subspaces of functions

Under the quasi-linearity assumption, the equilibrium alloca-
tion is ¢ and the equilibrium action is @. In order to perform
genericity analysis on the spaces of utilities and the probability
function, we parameterize a local subspace of functions as follows.
Given some 8 > 0,letbh : R — [0, 1] be a C' function such that

0, if|x|] > B;
b(x) = {1, if x| < B/2.

We refer to this function as a bump. Also for 8 > 0, consider the
«perturbed» mappings

(o, 80) > () + b(a — @) - 8 - (@ — @)?,
and, foreachi > 1ands =1, 2,
(Ciss» 8is) > Ui s(Cis) + b(Cis — Cis) - Sis - (Ciis — E1‘,5)2-

For simplicity of notation, we will write these perturbed functions
as 77('; 80) and ui,s('; Si,s)-

Note that if 8 and & are small enough, these mappings are
increasing and concave, so long as |5y] < & and [8is] < § for
alli = 1,...,Iand s = 1, 2. This implies that we can use each

of these parameters to perturb the corresponding function on an

9 In the case of an environmental catastrophe such as an oil spill, the assumption

amounts to saying that the rest of the world subsidizes the preparations of the local
population to deal with the emergency, say in terms of the necessary equipment
and also in terms of supplementary income. This assumption is not entirely un-
tenable, in particular since we exclude the oil producer from this subsidy. From a
technical point of view, the assumption gives us access to two independent policy
instruments, which are necessary since the goal is now to improve two different
utility levels. Also, if the rest of the world is sufficiently affected by the catastrophe,
their well-being can also be maintained or improved in spite of a potentially more
expensive relief contribution.



94 M. Arvaniti, A. Carvajal / Journal of Mathematical Economics 77 (2018) 87-100

one-dimensional open neighbourhood of the original function. For
technical reasons, we restrict attention to the open subset

A=1{8€(=8,8) | uf{(&1)+ 811 # uf*(E) + 87 and
Uy 5(Cr.2) + 812 # Uy 5(C22) + 822} (22)

Under Assumption 2, it is immediate that 0 € A.
The following lemma is immediate.

Lemma 3 (Invariance of Equilibrium to Perturbations). Perturbations
to the probability function and preferences of agentsi = 1,...,1do
not affect the equilibrium: since J(q, v, @) = 0, tuple (q, ¥, &) con-
tinues to be an equilibrium when the probability function is 7 (-; 8o)
and preferences are u; 5(+; 8; ), as long as |8o| < & and |8;5| < § for
alli=1,...,lands =1, 2.

The lemma exploits one key property of our construction: that
the perturbations do not affect the first derivatives of the perturbed
functions at the equilibrium values. What they do, however, is to
affect their second derivatives, which is the second key property —
one that we will use below.

6.2. A characterization of strong constrained inefficiency

In order to make the concept of strong constrained inefficient
easier to analyse, define the following function, where, for simplic-
ity, we assume that [ = 2,

(q, 7, «, 8)
U
1%

[to0,1(€0,1 + Do.1) — g,2(€0.2 + Po.2)] - 7'(ex: 8p) — 1

(e 8o) - Uy y(e1.1 + V1,15 81.1) — @
[1— (e 80)] -t (er2 + V125 81.2) — @2
w(a; 8) - uP(e? 4+ 9% 82) — qy
= [1—m(a: 80)] - uy (€22 + V225 82.2) — @2 ’

T
Z Wi
i=10
Z Wi
i=0

(23)

where U and V are as in Egs. (18) and (21), respectively, with
7(+; 8) and u;4(-; 8;5) instead of 7(-) and u; 4(-)."°

Denoting this mapping by #(q, ¢, «; §), the following lemma
follows as an implication of the definition of strong constrained
inefficiency, and of the construction of functions U and V.

Lemma 4. If {9, @, G} is a competitive equilibrium and the partial
Jacobian of 3 with respect to (q, ¥, «) has full row rank, then the
equilibrium allocation (&, ¢), where ¢; s = ejs + Disfors = 1,2, is
constrained inefficient in the strong sense.

Proof. If the Jacobian
Dq,l‘),aj{(a» 1_9» a; §)

has full row rank, by the inverse function theorem it follows that
H(-; 6) maps a neighbourhood of (g, ¥, @) onto a neighbourhood of

H(q, ¥, a; §).1t then follows that, for a small enough d > 0, we can
find (q, ¥, &) such that

H(q, 9, @; 8) = (G, ¥, &; 8) + (d, d,0,...,0).

10 When writing a function, the notation f(x; w) is used to emphasize that x is the
function’s argument and w is just a parameter. Hopefully, this makes it clear that
df (x; w) refers to the derivative of the function with respect to argument x, when
the parameter takes the value w.

At equilibrium, by definition, the third to last entries of #(g, ¥,
a; 8) equal 0. Substituting, this means that

U(q, &, 9: 8)
V(3 & 93 8)

[u0.1(€0.1 + Po.1) — Uo2(€02 + Do2)] - '(&: 80) — 1
(e 8o) - u q(e11 + P15 811) — G
[1—m(a: 8o)] - Uy 5(e12 + D125 81.2) — @2
w(a; 8o) - uP(e? 4+ 9% 82) — 4y
[1— m(a; 80)] - ty 5(e2.2 + D225 822) — G2

I

The first entry of this equality and the fact that d > 0 imply
that agent 0 is made better-off, which is the fifth requirement of
the definition of weak constrained inefficiency. The second entry
implies that the aggregate V of utilities is higher too, which in
turn implies that every other agent can be made better-off by an
appropriate choice of lump-sum transfers, hence guaranteeing the
sixth requirement in the definition (without violating the fourth
requirement). Noting that the third entry implies the first-order
condition of Program (12), the first requirement is also satisfied.
The second requirement follows from the fourth to the ante-
penultimate entries, as each successive pair of them implies the
first-order conditions of Program (4), for agents i = 1,...,I
Finally, the last two entries imply the third requirement of the
definition.

6.3. Genericity of strong constrained inefficiency

The characterization of constrained inefficiency by Lemma 4
seemingly allows us to prove a second generic result.

Theorem 2. If the economy satisfies Assumptions 1 to 4, then, on an
open and dense set of individual endowments, probability functions
and individual preferences, the competitive equilibrium allocation is
strongly constrained inefficient.

Fixing all preferences and endowments such that the assump-
tions hold true, the challenge is to show that mapping
5(q, ¥, a; 8)
Dq,ﬂ,ag{(qa 'S S)Ty
sly-y—1)

(q,9,,8,y)—~

)

where y € R*T2U+1D+1 s transverse to 0. Let M denote the
previous mapping.

Note that the entries of vector y can be named according to
the rows of the Jacobian matrix Dy y . Recalling the definition
of mapping ¥, these rows are:

1. the utility level of agent 0, U;
2. the aggregate utility of all other agents, V;
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i=1
7T,'U6,1 Yo+ 0
=7 Ups Yo+ ¥2
(Ui +811) - via+n

2
- Z[(ui,l — i)+ (U - vin— Uiy - Vi)l + (" +80) - (U1 — Uo2) - Yo

(%)
(Ui, +812) - vi2a+ 12
(7 +53)- v + 7y
(U +822) 122+ 12
—Vo1-(u—w)—ya— ¥
—Do2-(u—W)+p w—vi2a—ri
Box II.

3. the first-order condition with respect to his action, in the The same occurs if y;s = O0: then, from the fourth to seventh
maximization of agent 0; equations it would follow that y; = 0, contradicting the third

4. for each i other than 0 and each s, the first-order condition
with respect to 9; s, in the maximization of agent i; and

5. for each s, the market clearing condition of the correspond-
ing elementary security.

It is then convenient to use a mnemonic to denote the entries of
the vector, as follows:

¥ = (Yus W Y0, V115 V12 Vis Voo V1, V2)-

Lemma 5 (Simplifying the System). Suppose that M(q, ¥, «, §, y) =
0. Then,

- (0.9,0)= (4,0, @) i
2. the second component of M, namely Dg 3(q, O, a; )"y,
simplifies to Eq. (x) given in Box I

y1 #0andy, #0;
. yo # 0, and for bothi = 1,2 and boths = 1, 2, y; 5 # 0; and
. either y1 1 # yf o y12 # V2.

—

NN

Proof. The first statement follows immediately from Lemma 3, as
M = 0 implies that ¥ = 0. For the second statement, it follows

by direct computation that Dy » (g, ¥, @; 8)"y equals the sum
of expression () and

[—1+ 7" (uo1 — uo2)l - Yu
(—q1+ 7 -ugq)-yu
[+ (1 —7)-ug,l-w
(—qi+7m-up ) w
[+ —m)-uj,]-w
(-1 +m 'U,lz) “Yv
[+ (1 —m)-uy,]-w
0
0

At (g, 9, &), this latter vector vanishes.

For the third statement, suppose, by way of contradiction, that
y1 = 0. It follows from the second equation of the system
Dg 9.03(q, ¥, @; 8)"y = 0 that y, = 0. In the third equation, this
implies that y, = 0too. The fourth to seventh equations then imply
that

Y11 =V12=Y21=Y22=0.

By Lemma 1, the previous-to-last equation implies that yy = yy.
Then, Assumption 4 implies, via the last equation, that y, = 0.
Summing up, y = 0, which is impossible since y -y = 1,as M = 0.

For the fourth statement, note that if yy = 0, the second equa-
tion implies that y; = 0, which we just showed to be impossible.

statement.

For the last statement, suppose to the contrary that y;; =
v2.1 and y12 = y2.2. The fourth and fifth equations imply, given
Assumption 4, that yy = yy = 0. From the last four equations we
then have that

1 " 1" 1"
um —+ 81,1 = ”2,1 + 82.1 and ”1,2 —+ 51’2 = uz‘z =+ 82’2,

which is impossible by the definition of the space A of perturba-
tions, Eq. (22). O

Lemma 6 (Transversality). Mapping M is transverse to 0.

Proof. Suppose that M = 0. It follows from Lemma 3 that its
Jacobian can be written as

DgpoF O
M )

where 2 is the partial Jacobian of mapping

T
sy —1)
with respect to (8, y).!"!

Then, given Lemma 1, all we need to show is that matrix £2 has
full row rank. To make it easier to see that this is indeed the case, it
is convenient to re-organize this matrix. Note that the first rows of
this matrix correspond to the entries of the product Dqﬁ’aﬂ{Ty.‘z
By construction, these rows correspond to the arguments with
respect to which mapping 3¢ has been differentiated, which we
have been writing in the order

(a, Do,1, Po,2, P1,1, V1,2, P21, D22, Q15 G2)-

It is now convenient, in fact, to write the last two rows of the
matrix in the fourth and fifth positions, which amounts to taking
the derivatives of 7( in the order

(o, V0,1, P02, Q15 G2, P11, V1,2, P21, D2.2).

Of course, the rank of £2 is not affected by this operation. As for
its columns, it will also be convenient to write them in an unusual
order:

(80, v1, V2, Yu, Yv» 81,1, 61,2, 821, 62.2, Y115 ¥1,2, V2.1, V2.2)-

1 Matrix M is the partial Jacobian of this same mapping with respect to (q, ¥, ).
We need not concern ourselves with its computation.

12 These rows are followed by only one other: the derivatives of the last row of M.
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oo 0 O 0 7' o 0 0 0 0 iy, —ruy,  wuy, —m'uy,
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 —6p; 6o.1 0 0 0 0 -1 0 -1 0
0 0 0 —6px 6Bo2+p 0 0 0 0 0 -1 0 -1
0 1 0 0 0 YL 0 0 0 mhyq 0 0 0 ’
0 0o 1 0 0 0 (1—-mya 0 0 0 (1—=m)hy 0 0
0 1 0 0 0 0 0 Y21 0 0 0 why 0
0 0 1 0 0 0 0 0 (1=myi2 0 0 0 (1 —m)hy,
0O v w W 0 0 0 0 Y11 V1.2 V2.1 V2.2
Box III.

One remaining argument, y,, will not be necessary for our differ-
entiations.
Permuted in this way, when M = 0 matrix £2 reads as given
in Box Il where po and p—o come from Eqgs. (19) and (20),
respectively, and h; ; is used to denote u;; + §; s, for brevity.
Consider first the leading principal minor of order 5, namely the
matrix

Mo-Yo 0 0 0 7'-pyg
0 1 0 0 0
0 0 1 0 0
0 0 0 —6: o
0 0 0 —6o2 6Go2+p

Under Assumptions 3 and 4, this matrix is non-singular, thanks
to the fact that y9 # 0, as per Lemma 5. Now, add the next four
columns and rows. This adds, the columns

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0
Y11 0 0 0

0 (1-7) n2 0 0

0 0 T yan 0

0 0 0 1—m) y12

Given that for bothi = 1, 2 and both s = 1, 2, y; s # 0, again as per
Lemma 5, it follows that this whole 9 x 9 leading principal minor
is non-singular.

It only remains to show that when we add the last row of
the matrix and the four remaining columns, the whole matrix
maintains its full row rank. Given the last statement in Lemma 5,
we can assume, with no loss of generality, that y; 1 # y.1. Now,
perform the following operations:

add the columns corresponding to y; 1;

subtract the column corresponding to y; 1;

subtract hy,1/y4,1 times the column corresponding to &1 1;
add hy 1/y».1 times the column corresponding to 6, 1; and
subtract

Gk W=

/ ! /
7 (U —uy,)
(g1 — Up2) - Yo

times the column corresponding to &g, which can be
done thanks to Assumption 3 and the fourth statement in
Lemma 5.

Note that the result of these operations is vector

eNeloloNoNoNeNo Nl

Y11 — V2.1

Since y1,1 # y2.1, the last entry of this resulting vector is non-
zero. This implies that the matrix, as a whole, can also span the last
dimension of its co-domain, and, given the previous results, that it
has full row rank. O

We are now ready to prove that, generically on endowments,
preferences and the probability function, the competitive equilib-
rium allocation is constrained inefficient in the strong sense too,
under the extra assumptions.

Proof of Theorem 2. Since M 0, by the transversality theorem
we will have that M(-, §) 0, generically on § € A. Now, M(-, §)
has

3424242420+ +1+1
entries, and only
2420+ 1) +14+24+20+1)+1

arguments. It follows that Dy » o, M cannot have full row rank, and
hence it must be that, generically on § € A, M(q, ¢, «, y, §) # 0.
Now, if that is the case, it is immediate that whenever

?((L 197 o, e, ) =0 and Dq,ﬁ,a}((a, 'F’, O-[, e)T]/ =0,

we also have that y 0. This implies, by construction, that
when 5(q, 9, @, e,u, ) = 0, matrix Dy y oH(q, 9,4, e) has full
row rank. By Lemma 4, it follows that the equilibrium allocation is
constrained inefficient, in the strong sense, generically on § € A.

This result implies the claim, as long as we endow the space of
preference and probability functions with a metrizable topology:
for any given initial functions, any open neighbourhood of these
functions will intersect the lower-dimensional subspace A, since
0 € A. Since the equilibrium allocation is strongly constrained
inefficient generically on A, we can find an array of functions in
the intersection of the open neighbourhood and A where this is
the case. This implies denseness, as needed. O



M. Arvaniti, A. Carvajal / Journal of Mathematical Economics 77 (2018) 87-100 97

w'(a)- [50,2 “uy,lern + $1.2) - Ao — Po1 - uj(ers + P1.1) - dﬁm]

do =

7/(@) - {[k1(D0,1) - Do.1 — K2(D0.2) - Do2] + [Uo,1(€0,1 + Po.1) — o 2(€02 + Do.2)1}

Box IV.

7. More sophisticated behaviour by agent 0

Our analysis so far has assumed that all agents, including 0,
take assets prices as given. This is the application to our context
of the standard definition of competitive equilibrium from Public
Economics. In Financial Economics, on the other hand, when an
agent has the ability to affect the probability distribution of shocks
in the economy, it is usually considered that she recognizes the
effect that her decisions with respect to those probabilities affect the
willingness to pay of other agents for the existing financial assets
and, therefore, the equilibrium level of assets prices. In a sense, the
point is that the kind of externality that agent 0 induces in our
economy is too salient for him to take everybody else’s decisions
as given.

7.1. Stackelberg—Walras equilibrium

We now recognize this possibility and study whether our pre-
vious results are robust to this more sophisticated behaviour by
agent 0. In order to do this, we need to decompose asset prices
into the part of them that depends on the probability distribution
and the part that is determined by trade, given the probabilities.
Effectively, it is as if decisions were made sequentially in the first
period: individual O first chooses the action he is to take, and
then, taking that action as given, he and all the other agents trade
financial assets in a competitive manner.

Luckily, our formulation allows us to nest these two decisions in
just one problem for agent 0. In order to do this, we first introduce
two functions that are of common use in financial economics.
For each state s, and each level of trading of the corresponding
elementary security for that state by agent 0, 9 s, let (E,;s)§:1 denote
the solution to the following maximization problem:

maX Zuts Cl ZCIS_ZeIS 1905}~ (24)

C’l1 i=1

Obviously, the solution to this problem depends on % 5, and so we
can define

Kks(Pos) = u;](Es] ),

a function to which we will refer as the (ex-post) pricing kernel for
state s.

The utility of this function is that If (9, a, q} is a competitive
equilibrium (in the sense defined before), it follows from Eq. (5),
that the equilibrium prices decompose into the product of the
pricing kernel for each state and its corresponding probability:

({h)_( 7(@) - k1(D0.1) )
7P [1—m(@)] - ka(Do,2).

Since we want to maintain the assumption that all agents are
competitive in the financial markets, we will now consider the
situation in which agent 0 recognizes the direct effect that his
choice of action has on the vector of asset prices, via the prob-
abilities, but acts as if his choice of portfolio did not affect the
pricing kernels. The behaviour of all other agents in the economy
remains unchanged, as well as the market clearing condition. For

the sake of definiteness, we refer to this situation as Stackelberg—
Walras Equilibrium, defined as follows'’: it is a tuple {¥, @, g},
where & = [(95)s=12]'_, is the allocation of the two assets and
q = (g1, g2) is the vector of asset prices, such that:

1. action « and portfolio (1%,5)5:1.2 solve the following Pro-

gram:
max {—a — qi(e: %o.1)%.1 — gale: Do.2)P02
«,90,1.90,2
+ 7(a)uo,1(eo,1 + Po,1) + [1— m(e)lug 2(€0,2 + Do)}
(25)
where qi(a; %0,1) = 7(a) - k1(Po,1) and —@qa(a; Bo2) =
[1—m(a)] - Kka(Do2);

2. for eachi > 1, portfolio (ﬂi,s)szl.z solves Program (4) when
the prices are ¢ = q and the probability of state 1 is 7 (&);
and .

3. both of the securities markets clear: ZLoﬁi,s =0, fors =
1,2.

Importantly, as agent 0 recognizes the effect of his action on
prices, Eq. (7) is no longer a valid first-order condition of his
problem; instead, now his behaviour is characterized by the re-
quirement that

1=7'(a) {—[Kk1(D0,1) — k2(D0,2)]
+ [uo,1(e0,1 + Do,1) — Uo2(€02 + Do 2)1} (26)

along with Egs. (8) evaluated at (@, D1, 99.2).

7.2. Weak constrained inefficiency

As before, if we fix a Stackelberg-Walras equilibrium, {##, &, g},
our goal is again to show that the allocation (&, ¢), where ¢;; =
eis + 5‘,-,5, is constrained inefficient in the weak sense, generically
on date-1 endowments.

With the different first-order condition with respect to agent
0’s action, Eq. (26), the results of Section 5.2 imply that, upon a
differential perturbation,

dW = { [k1(D0,1) - Do,1 — k2(Po2) - Do 2]

1
+ Y luia(@in) - Ui,z(ai,z)]} -7'(@) - da (27)
i=1
while de is given in Box V.

Generically on date-1 endowments, a policy can induce do such
that dW > 0.

13 We use the term Stackelberg-Walras to emphasize the difference with the

previous definition of equilibrium, where all agents make their decisions taking
the others’ as given. In that sense, the previous definition can be referred to as
Nash-Walras Equilibrium, while here, strategically, agent 0 behaves as a Stackelberg
leader.
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8. Uninsurable idiosyncratic risk

As an alternative framework, and in order to show that these
results extend to economies with idiosyncratic risk, we now study
a model where the agents are subject to uninsurable idiosyncratic
shocks. For the sake of brevity, we restrict attention to the weaker
definition of constrained inefficiency.

Individuals are of different types,i = 0, ..., I, and within each
type there is a continuum of individuals of mass m;. For simplicity,
we assume that mg = 1.

Individuals of different types differ in their period-1 preferences
and in their endowments, but they face the same idiosyncratic
shocks. For simplicity, let us assume that there are only three
personal states, denoted by s = 1, 2, 3. Ins = 1 there is no shock
in the endowment of the consumption good, while ins = 2,3
there is a positive and negative shock, respectively, of size z. In
period 1, a fraction 7 (o) of the individuals find themselves in state
1, while equal fractions of size %[1 —r(a)] find themselves in states
2 and 3. However, there is no aggregate uncertainty: the aggregate
endowment of the economy in period 1 is Zgzomi - &, where g; is
the endowment of individuals of type i in state 1, where there is no
shock.

Once again, the probabilities of each personal state depend on
the aggregate action that agents of type 0 will choose. In particular,
while the expected value of the endowment remains unchanged,
a higher action increases the probability of observing no shock
and decreases the probability of positive and negative shocks. A
lower action, in other words, induces a mean-preserving spread
in the distributions of the agents’ wealth. Therefore, a risk averse
agent would prefer a distribution that second-order stochastically
dominates, and this is why he would choose a non-zero action.

8.1. Competitive equilibrium

Suppose there is only a risk-less asset that can be traded: it pays
one unit of the consumption good at date 1. Holdings of the asset
are b; and its price is q.

8.1.1. The problem of agents of typei > 1

Once again, all agents of types other than 0 have to choose their
holdings of the riskless bond, and therefore the consumption in
period 0 and in every personal state in period 1. The problem that
an agent of type i > 1 faces is to choose b; so as to maximize

~q b+ () e+ B) + 5 - 11— x(@)]
[ui(e; + z + b;) + ui(e; — z + by)].

These agents take the price of the riskless bond and the probabili-
ties of the personal states as given. The first-order condition of this
problem is, then, that

q = m(a)- u(e; + b;) + % 1 = 7w(@)]
x [uj(ei +z + by) + uj(e; — z + by)] . (29)

8.1.2. The problem of agents of type 0
On the other hand, each agent of type 0 has to maximize

1
—U—Q'bo-l-ﬂ(a)'uo(eo-i-bo)*l-i'[1 — m(a)]
- [uo(eg + z + bo) + up(eg — z + bo)]

by his choice of savings, by, and action, c.

It is important to note that, although we have assumed that
the probability of each state depends on the aggregate action
exerted by all agents of type 0, when an agent j of type 0 solves
his maximization problem, he sees the probability of each state as

depending only on his own action.'* In equilibrium, this does not
matter as all agents of type 0 choose the same action.
Here, the first-order conditions are that'®

1
1=rn'(a)- [uo(eo + bo) — 3 ~ Ug(€eo +z + bo)

- Ug(eg —z + bo)i| (30)

N =

and
1
q = m(a) - ugleg + boj) + 3 [1—7(a)]
- [ugleo 4+ z + bo) + ug(eo — z + bo)] - (31)

8.1.3. Nash-Walras equilibrium

As before, the first-order conditions of individual rationality
and the market clearing requirement characterize competitive
equilibrium. We denote competitive equilibria by {b, &, q}, where
b = (b,-)f:O is a profile of savings. These values solve the first-
order conditions, Egs. (29), (30) and (31), as well as the equality

Zfzomi . bi =0.
8.2. Constrained inefficiency of competitive equilibrium

Now, consider a policy intervention that perturbs by dby the
holdings of the riskless bond of all agents of type 0. The welfare
effects of such policy around the competitive equilibrium point,
dW are, as before, the sum of:

1. the direct loss due to a different action, —do;
2. the indirect effect due to the change in probabilities,

1
yom {uf(ém) - % [ui@2) + u,»(a,a)]} - 7'(@) - da,
i=0

where ¢; ; represents the equilibrium consumption of agents
of type i in state s; and
3. the indirect effect due to the reallocation of savings,

I
@) - der+ > [1= (@)
1
: Z m; - [uj(Gi2) - dei2 + uj(Ci3)dei 3] .
i=0
As before, taking into account the first-order conditions of the

agents at the equilibrium point and the market clearing conditions,
this expression simplifies to

! 1
dw = Z m; - {ui(Em) -5 [Ui(Ei,z) + ui(Ei.3)]}
i=1

-7'(@) - da, (32)
where we can substitute
7'()
do = —
a n-//(&)
) ug(Co,1) - deo,1 — % : [%(50,2) - dco,» + ug(Co,3) - dC0,3] (33)
uo(Co,1) — % : [Uo(fo,z) + U0(50,3)] .
14

That s, strictly speaking: each agent j of type 0 chooses an action «;, considering
the probability 7 (;); agents of types i > 1, on the other hand, take as given the
probability 7 ([ e dj).

15 As with the case of complete markets, we can make interiority assumptions so
that we do not have to look for boundary solutions.
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By strong concavity,

1 1
1 _
;mi-ui(ei-i-bi)— 5-;mi-ui(€i+l+bi)

1
— %~Zmi-ui(ei—z+5,»)>0,
i=1

which implies that the competitive action is inefficiently low: an in-
crease in the action would be welfare improving for the whole society.
Then, Eq. (33) implies that the direction of the perturbation of the bond
holdings of agent 0 that implements a higher action depends on the
sign of expression

/ h 1 / T
ug(eo + bo) - dco,1 — 3 [Uo(eo + 2+ bg) - dco 2
+ ua(eo —Z+ Eo) . dC()$3] .

If we now assume that agents of type 0 are prudent, we conclude
that a perturbation dby < 0 induces an improvement in social welfare:
if these agents save below the equilibrium level, with convex marginal
utility they will exert a higher action since, by doing so, they make the
future look less “volatile”. This reduction in volatility makes the aggre-
gate welfare higher, in spite of the fact that a higher action subtracts
from the aggregate welfare functions and even though it implies an
imperfect operation of the financial market.

9. Concluding remarks

This paper argues that limiting the ability of an agent to diversify
his risks creates incentives for him to internalize the welfare effects of
catastrophic events whose probability he affects, leading to a welfare
improvement for society as whole. We model an economy where, ini-
tially, all agents participate in the trading of a complete set of financial
assets. The only market failure in this economy is the externality that
one agent imposes on the others via the probability distribution of
their risks. We first show that as in all economies with market failures,
the competitive equilibrium is Pareto inefficient. A more interesting
question, however, is whether a social planner, who faces constraints
in terms of the policies he can apply, would indeed be able to effect
a welfare improving policy. Here, we consider the case in which the
social planner can only induce an asset reallocation and lump-sum
transfers. We find that, in a generic sense, everybody can be made
better-off if the agent that causes the externality is not allowed to
choose his portfolio of financial assets in an optimal manner, while
everybody else continues to trade without constraints. We first allow
for a lump-sum transfer to the agent causing the externality, getting
a weak definition of constrained inefficiency. For strong constrained
inefficiency, we only require that lump-sum transfers are financed
through “relief aid”, an external source of funding. In this way, we
account for the case when, for institutional reasons and despite not
altering his incentives, a transfer to the agent causing the externality
cannot be implemented.

One might argue that the kind of externality that agent 0 induces in
our economy is too salient for him to take everybody else’s actions as
given. To check the robustness of our results to a more sophisticated
behaviour by agent 0, we now allow for him to recognize that his
decisions with respect to probabilities affect the willingness to pay
of other agents for the existing financial assets and, therefore, the
equilibrium level of assets prices. Effectively, it is as if decisions were
made sequentially in the first period: individual O first chooses the
action, and then, taking that action as given, he and all the other agents
trade financial assets in a competitive manner. Our results survive this
added level of sophistication, and the equilibrium allocation is shown
to be weakly constrained inefficient, generically.

Finally, our results extend to economies with uninsurable idiosyn-
cratic risk. Assuming that the agents causing the externality are pru-
dent, we find that a restriction in their equilibrium level of savings

induces a distribution of risks that second-order stochastically domi-
nates and therefore an improvement in social welfare. Hence, adding
another distortion to an already imperfect financial market turns out
to be socially beneficial.

A potential realm where these results may have policy relevance is
environmental economics. In their exploration activities, for instance,
oil companies make decisions that can make environmental accidents
more likely. Our results then say that the unregulated diversification of
privately perceived risks leads to a Pareto inefficient social outcomes.
Even if it implies, via market clearing, that the portfolios of other agents
in the economy will be perturbed too, the imposition of asset trading
constraints on these companies will, generically, lead to an outcome
where every agent economy (including the oil companies) are strictly
better off. Surely, a mechanism design approach can be used to answer
the same question. We see these two approaches as complementary,
future research.

Appendix

Lemma 2. Except on a closed and negligible set of individual endowments,

I

D (@) — uia(G2)] # 0 (14)

i=1
at competitive equilibrium.

Proof. At competitive equilibrium, the allocation of commodities sat-
isfies the first-order conditions of Pareto efficiency with respect to the

allocation of commodities — compare Eqs. (5) and (8) with Eq. (11). Thus,
we start by defining the following function

UEN(COJ)— A
Uy 4(c11) — M

up 4(cr1) — Aq
I

Z(ei,l —Gi1)
i—0
I
Z[Um(fm) — Ui 2(€i2)] (34)
i—1

K(c1, €2, A1, A, €9, €2) =

Uy o(Co2) — A2
Uy 5(c12) — A2

up5(cr2) — 22

Z(ei,z —Gi2)

i=0

which includes those conditions, the resource constraints for each state
in period 1 and the utility sub-aggregate Zﬁ;l[ui‘l(ci,l) — u,-,z(c,;z)].“5
Then, at any competitive equilibrium of the economy, the 4-tuple
(c1, €2, A1, Ap) is such that all entries of K other than the one corre-
sponding to ZL] [ui;1(ci.1) — ui2(ci2)], are equal to 0. With arguments
in the order

(Co,h .o, C115€01,A1,C02, - -5 C12, A2, €11, ..., €11,

€02, - -, €12),

the Jacobian at the Pareto efficient allocation at each state is given in
Box V.

16 we denote by A1 and X, the Lagrange multipliers associated with the resource
constraints in states 1and 2 respectively. These can be constructed by taking the ra-
tio of the price of each elementary security and the probability of the corresponding
state, at equilibrium.
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uy, 0 -+ 0 0 -1 0 0 0 0 O 0 0 0
0 uf, 0 0 -1 0 O 0 0 O 0 0 0
0 o0 u; 0 -1 0 0O 0 0 0 00 0
-1 -1 -1 1 0 0 0 0 0 1 1 0 0
0 uj, u,; 0 0 0 up, u, 0 0 0 0 0 (35)
0 0 0 0 0 ug, O 0 -1 0 0 0 0
0 0 0o 0o 0 o0 uf, 0 -1 0 0 0 0
0 o0 0 0 0 0 0 u, -1 0 00 0
0 0 0O 0 O -1 -1 -1 0 O 0 1 1
Box V.

We now argue that this [2(I + 1) 4+ 3] x [4(I + 1) 4 2] matrix has
full rank, in the following four steps:

1. Consider the submatrix without the last 2I 4+ 1 columns, which
we denote with V, and partition this submatrix as

W, 0 - 0 0 -1] 0 o - 0 o0
o W, -~ 0 0 -1]0 o - 0 0
0 0 W, 0 -1| 0 0 0o o
-1 -1 -1 1 0 0 0 0 0
0 Uy, Uy 0 0 0 Uy, uj, 0 . (36)
0 0 0 0 0 |u, O 0o -1
0 0 0o o0 o0 0o u, 0o -1
0 o - 0 0 0 0 0 u, -1
0 0 0 0 0 -1 -1 -1 0

2. We now show that the top-left (I + 3) x (I + 3) submatrix, which
we denote Vqq, has full row rank. First notice that, by strong
concavity, the submatrix without the last row has full row rank.
Then, for V; to have full row rank, it suffices to show that there
exists a column vector ¢ € R'*3 such that V{;¢ = (0, )T for
some scalar 8 # 0. Let

A -1

u3,1(Co,1)
PR

u/{,](cl,l)

A -1
u'1(€r1)

1
S @
i=0

1

Then, V1,¢ is 0 everywhere, except from the last row where it is
I oa
u;4(Ci1)
B = — £,
Z ufy(Ci1)

3. Noting that V1, is invertible, V5 is a zero matrix and V5, has full
row rank (by strong concavity), and since

1
V] = |V11]|V22 — V21V]; Vazl,

we conclude that V has full row rank.

4. Finally, adding the last 2] 4+ 1 columns the row rank of the matrix
will not change, so DX has full row rank.

Now, since DX has full row rank, we conclude that K 0. Then,
the set of endowments at which X (-, eq, e;) h 0 has full measure. Since
DX (-, eq, e;) has one fewer column than it has rows, X(-, e1,e;) h 0
implies that, whenever all conditions for competitive equilibrium are
true, Eq. (14) is also true.
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