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Abstract

We provide a simple solution to the problem of efficiently providing public goods in a warm-

glow economy. Compared with Allouch [2013], our solution is closer to Lindahl [1958], which

requires only one personalized price for each consumer. As an application, we show that

under our solution concept, the implementation mechanism of Tian [1989] can be modified

to implement Lindahl allocations.
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1 Introduction

In the classic model of public goods provision, consumers care about the aggregate amount

of public goods only, and the identity is irrelevant. Samuelson (1954) characterized the con-

ditions for Pareto efficiency in the classical public goods model, and showed that competitive

markets fail these conditions due to free riding.1 Lindahl (1958) and Foley (1970) offered a

solution to achieve the efficiency of competitive markets: to charge each consumer differen-

tial taxes (Lindahl prices) proportional to her benefit. That is, the Pareto efficient level of

public goods can be achieved through Lindahl equilibrium with each consumer having one

personalized price for the public goods.

However, as Warr (1983) and Bergstrom, Blume, and Varian (1986) among others demon-

strated, the classical public goods model implies that government provision will crowd out

private contribution dollar for dollar, and the public goods provision is neutral to the income

redistribution up to the set of contributors not changing. Andreoni (1988) showed that the

classical public goods model implies virtually no one makes contribution in a large economy.

These model predictions are in contrast with evidence as docomented by Andreoni (1989).

Based on the earlier work by Becker (1974) and Cornes and Sandler (1984), Andreoni (1989,

1990) proposed the “warm-glow” model to explain consumers’ public goods contribution

behavior better. In the warm-glow model, consumers’ altruism is impure, and the reason they

make public goods contribution can be social pressure, guilt, sympathy or simply a desire for

the warm-glow feeling. From the perspective of a consumer with warm-glow preferences, her

contribution is not a perfect substitute for other consumers’ contribution, which implies that

the crowding-out is not complete, income redistribution effect is not neutral and free-riding

is less severe. The warm-glow model is considered to be more consistent with the observed

consumer behavior, and is widely used in public economics.

Allouch (2013) extended Lindahl’s solution to achieve Pareto efficient provision of public

goods in a warm-glow economy. In his warm-glow equilibrium, each consumer has two per-

sonalized Lindahl prices for each public good, instead of one as in the classical public goods

model, with one Lindahl price for her own contribution and the other for other consumers’

contribution.2

In this paper, we provide an alternative solution to the problem of efficient public goods

provision in a decentralized competitive market à la Lindahl when there is warm-glow.

Our argument is based on the following observation: a consumer’s provision of the impure

public goods enters her utility twice—both as private goods and as public goods; for private

goods, every consumer consumes different bundles and pays the same prices; and for public

goods, every consumer consumes the same bundle and pays different prices. Therefore, in

1 Actually the competitive allocation is generically constrained suboptimal as showed by Geanakoplos
and Polemarchakis (2008).

2 Carvajal and Song (2018) showed that the warm-glow model under the equilibrium concept of Allouch
(2013) has strong nonparametric testable implications.
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our warm-glow Lindahl equilibrium the impure public goods have two market prices: one

as private goods and the other as public goods. We interpret the first price as the price

for the appropriation right of each unit of the impure public goods, and the second one

as the price of contributing to their communal provision. Each consumer pays the same

price for appropriation rights. Each consumer also has a personalized price, the sum of

which is the production price for the supply of public good. We show that warm-glow

Lindahl equilibrium achieves Pareto efficiency, and that any Pareto efficient allocation can

be supported as a warm-glow Lindahl equilibrium. Under standard assumptions, a warm-

glow Lindahl equilibrium exists and lies in the core. Compared with Allouch (2013), our

solution requires less prices to support efficient allocations: for each consumer, only one

personalized price is needed. In this sense our solution is closer to Lindahl (1958), and many

techniques developed to deal with the pure public goods provision can be applied to the

warm-glow case.

As Arrow (1970) pointed out, however, Lindahl’s solution does not satisfy the incentive

compatibility constraints of Hurwicz (1972), and consumers have no incentive to truthfully

reveal their valuation for the public goods. Then the question is how to design an incentive

compatible mechanism to achieve the Pareto efficient provision of public goods. Groves and

Ledyard (1977) invented a mixed competitive mechanism, in which the private goods are

allocated by competitive markets and the government designs a game to allow consumers

(strategically reporting messages concerning their preferences) to determine the aggregate

supply of pure public goods and the taxes imposed on each consumer. The equilibria of

this mechanism are Pareto optimal, though not necessarily Lindahl equilibria. This original

work of Groves and Ledyard (1977) has been improved by later research. In particular,

Tian (1989) designed a game form to allocate both private and pure public goods to achieve

Lindahl equilibria, and the mechanism is single-valued, feasible and continuous.

Since our solution to efficient public goods provision with warm-glow is close to Lindahl

(1958), we show that Tian’s mechanism for pure public goods provision can be modified

to implement Pareto efficent provision of public goods with warm-glow. The trick is to

treat each consumer’s personal contribution of public goods as private goods, but with three

caveats: first, unlike private goods, each consumer’s personal contribution of public goods

does not need satisfy a boundary condition; second, each consumer’s personal contribution of

public goods should be determined by a different mechanism from that of private goods, since

the sum of each consumer’s personal contribution has to equal the aggregate public goods

level; third, only private goods are used as input to produce public goods, and consumers’

personal contribution of public goods will not affect production feasibility as private goods.

Therefore, Tian’s mechanism has to be modified accordingly.

The paper is organized as follows. Section 2 defines the economic environment and intro-

duces the solution concept. Section 3 shows the solution concept satisfies the two welfare

properties, and the existence of the equilibrium and the core property follow from the stan-

dard argument. Section 4 provides a mechanism to implement Pareto efficient provision of
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public goods with warm-glow, by modifying Tian’s mechanism.

2 Environment

Consider an economy with L private goods and K public goods. There are I ≥ 2 consumers

in the economy, denoted by i = 1, . . . , I. Denote by xi ∈ RL
+ consumer i’s private goods

consumption, and by yi ∈ RK
+ her public goods provision.

Each consumer is endowed with a warm-glow utility function, ui(xi, yi,
∑

j y
j), and an initial

bundle of private goods, wi ∈ RL
++. There are no initial endowments of public goods, which

instead are produced from private goods. The public goods production set is denoted by Y.

Its typical element is (X, Y ), where X ∈ RL
− is the private goods input, and Y ∈ RK

+ is the

public goods output.

For each individual i, the utility function ui is assumed to be continuous, strictly increasing,

and quasi-concave on RL+2K
+ . The production set Y is assumed to be a closed, convex cone,

satisfying that (RL
−, 0) ⊆ Y (free disposal and possibility of inaction); and that for any

Y ∈ RK
+ , there is an X ∈ RL

− such that (X, Y ) ∈ Y.

Throughout the paper, we will use boldface to denote profiles of variables.3 Thus, an alloca-

tion is a triple (x,y, Y ) ∈ RI(L+K)+K
+ ; it is feasible if Y =

∑
i y

i and (
∑

i(x
i−wi), Y ) ∈ Y; it

is Pareto efficient if it is feasible and there does not exist another feasible allocation (x̃, ỹ, Ỹ )

such that ui(x̃i, ỹi, Ỹ ) ≥ ui(xi, yi, Y ) for each consumer i, with strict inequality at least for

one.

Definition 1 A warm-glow Lindahl equilibrium is a tuple (x̄, ȳ, Ȳ , p,q, Q, r), where (x̄, ȳ, Ȳ )

is a feasible allocation, p ∈ RL
+ denotes the prices of private goods, each qi ∈ RK

+ is the vector

of personalized consumption price for public goods, Q ∈ RK
+ is the production price for public

goods, and r ∈ RK
+ is the price for appropriation rights over public goods, such that:

1. the firm maximizes profits: for all (X, Y ) ∈ Y,

p ·X + (Q+ r) · Y ≤ p ·
∑

i(x̄
i − wi) + (Q+ r) · Ȳ ,

where Q =
∑

i q
i; and

2. each consumer maximizes her utility:

p · x̄i + r · ȳi + qi · Ȳ ≤ p · wi,

and

ui(x, y, Y ) > ui(x̄i, ȳi, Ȳ )⇒ p · x+ r · y + qi · Y > p · wi,
3 For example, x = (x1, . . . , xI).
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In economies with warm-glow effects, the public goods contain both a proprietary compo-

nent, yi, and a communal component, Y . In the latter decentralized competitive market,

these two components are traded separately: all individuals pay a common price rk for the

appropriation of each unit of public good k, whereas each i contributes qik per unit of the

whole communal provision of that good.4 The firm receives the aggregate of the personalized

contributions, Qk, as well as the appropriation price, rk, per unit of good k.

3 Pareto efficiency

We now show that the concept of warm-glow Lindahl equilibrium retains the two fundamental

theorems of welfare economics.

Theorem 1 Any warm-glow Lindahl equilibrium allocation is Pareto efficient.

Proof. Suppose, by way of contradiction, that there exists a warm-glow Lindahl equilibrium

(x̄, ȳ, Ȳ , p,q, Q, r) whose allocation is not efficient. Let (x̃, ỹ, Ỹ ) be feasible and Pareto

superior.

From utility maximization, it must be true that

p · x̃i + r · ỹi + qi · Ỹ ≥ p · wi

for each consumer i, with strict inequality at least for one of them. Summing the above

inequalities across consumers, we have

p ·
∑

i x̃
i + r ·

∑
i ỹ

i +
∑

i q
i · Ỹ > p ·

∑
iw

i.

Given that
∑

i ỹ
i = Ỹ and

∑
i q
i = Q, the above inequality implies that

p ·
∑

i x̃
i + (r +Q) · Ỹ > p ·

∑
iw

i,

contradicting the firms’ profit maximization.

Theorem 2 If the feasible allocation (x̄, ȳ, Ȳ ) is Pareto efficient, then there exists a price

system (p,q, Q, r) such that:

1. for all (X, Y ) ∈ Y,

p ·X + (Q+ r) · Y ≤ p ·
∑

i(x̄
i − wi) + (Q+ r) · Ȳ ,

where Q =
∑

i q
i; and

4 In the classic public goods model, consumers derive utility from using the communal provision of public
goods only, and therefore r = 0.
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2. for each consumer i,

ui(x, y, Y ) > ui(x̄i, ȳi, Ȳ )⇒ p · xi + r · yi + qi · Y > p · x̄i + r · ȳi + qi · Ȳ .

Proof. As with the previous theorem, the proof is standard. Let F denote the set of arrays

(X, Y, . . . , Y ), where Y appears I + 1 times, for some (X, Y ) ∈ Y. This is a convex cone,

since Y is a convex cone, and is non-empty since (0, 0) ∈ Y.

Define also as S the set of arrays (X, Y, Y 1, . . . , Y I) ∈ RL+K(I+1) such that there exist x and

y for which:
∑

i(x
i − wi) = X;

∑
i y

i = Y ; and for all i, ui(xi, yi, Y i) > ui(x̄i, ȳi, Ȳ ). This

set is convex since each utility function is quasi-concave, and non-empty since each utility

function is strictly increasing.

Since (x̄, ȳ, Ȳ ) is efficient, set F and S are disjoint, so, by the separating hyperplane theorem,

there exist a vector (p,q, r) 6= 0 and a scalar α such that

∀(X, Y, Y, . . . , Y ) ∈ F , p ·X + (r +
∑

i q
i) · Y ≤ α, (1)

while

∀(X, Y, Y 1, . . . , Y I) ∈ S̄, p ·X + r · Y +
∑

i q
i · Y i ≥ α, (2)

where S̄ denotes the closure of S.

By continuity of the utility functions,

(X̄, Ȳ , Ȳ , . . . , Ȳ ) ∈ F ∩ S̄,

so

p ·
∑

i(x̄
i − wi) + (

∑n
i=1 q

i + r) · Ȳ = α,

which, together with Eq. (1), yields the first claim of the theorem.

Since (0, 0, . . . , 0) ∈ F , which is a cone, we can take α = 0 in Eqs (1) and (2). Moreover, by

monotonicity of all utility functions one can prove that p > 0.

Now, suppose uj(x̃j, ỹj, Ỹ j) > uj(x̄j, ȳj, Ȳ j) for some individual j. Let (x̃i, ỹi) = (x̄i, ȳi) for

all i 6= j, and note that (∑I
i=1(x̃

i − wi),
∑I

i=1 ỹ
i, Ỹ 1, ..., Ỹ n

)
∈ S̄.

This implies that

p ·
∑I

i=1(x̃
i − wi) + r ·

∑I
i=1 ỹ

i +
∑I

i=1 q̄
i · Ỹ i ≥ p ·

∑I
i=1(x̄

i − wi) + (
∑n

i=1 q
i + r) · Ȳ .

Since all terms are the same on both sides except those corresponding to consumer j, it must

be true that

p · x̃j + r · ỹj + qj · Ỹ y ≥ p · x̄j + r · ȳj + q̄j · Ȳ . (3)
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Suppose equality in this equation held. By the assumptions on set Y, there is another

input-output point with all private goods smaller, so with lower value since p > 0. Along

the line between this point and (x̃j, ỹj, Ỹ j), all points have lower value than (x̄j, ȳj, j̄). But

near (x̃j, ỹj, Ỹ j), by continuity of uj, there will be a point preferred to (x̄j, ȳj, Ȳ ). This

corresponds to a point in S̄ that has a smaller inner product with (p, r,q) than

(
∑I

i=1 x̄
i,
∑n

i=1 ȳ
i, Ȳ , ..., Ȳ ),

contradicting Eq. (2). Therefore, Eq. (3) must hold with equality, which gives the second

claim of the theorem.

As usual, supporting the Pareto efficient allocation of this theorem requires a transfer policy

whereby p · x̄i + r · x̄i + q̄i · Ȳ − p · wi is given to consumer i, lump-sum.

The existence of the warm-glow Lindahl equilibrium can by proved by modifying the argu-

ment of Foley (1970). The strategy is to construct a private economy in which the equilibrium

exists by Debreu (1962); then to show the quasi-equilibrium of this economy is a warm-glow

Lindahl equilibrium.

Foley (1970) defined the core of an economy e as the set of feasible allocations which cannot

be blocked by any non-empty coalition. Foley’s argument can be applied to show that the

warm-glow Lindahl equilibrium allocation is in the core of the economy.

4 Implementation

The warm-glow Lindahl equilibrium we proposed in last section achieves efficient allocations

in a warm-glow economy. However, we cannot rely on such market machanism to operate

in real world, since, as Arrow (1970) pointed out, Lindahl’s solution does not satisfy the

incentive compatibility constraints of Hurwicz (1972), and consumers have no incentive to

truthfully reveal their valuation for the public goods. Groves and Ledyard (1977) invented

a mixed competitive mechanism, in which the private goods are allocated by competitive

markets and the government designs a game to allow consumers (strategically reporting

messages concerning their preferences) to determine the aggregate supply of pure public

goods and the taxes imposed on each consumer. The equilibria of this mechanism are

Pareto optimal, though not necessarily Lindahl equilibria. This original work of Groves and

Ledyard (1977) has been improved by later research. In particular, Tian (1989) designed a

game form to allocate both private and pure public goods to achieve Lindahl equilibria, and

the mechanism is single-valued, feasible and continuous.

A natural question is how to design a mechanism to implement Pareto efficient applications in

a warm-glow economy. As we argued, one advantage of our solution is that it is more close to

Lindahl (1958), and many techniques developed to deal with the pure public goods provision

can be applied to the warm-glow case. In this section, we show that Tian’s mechanism can be
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modified to fully implement warm-glow Lindahl equilibria. For implementation, we maintain

the following assumptions from now on: I ≥ 3; each function ui(x, y, Y ) is continuous, strictly

increasing and strictly quasi-concave in (x, Y ), non-decreasing and strictly quasi-concave in

y, and satisfies that for any x̄ ∈ ∂RL
+, any x ∈ RL

++, any y ≤ Y and any ȳ ≤ Ȳ ,

ui(x, y, Y ) > ui(x̄, ȳ, Ȳ ).

4.1 Mechanisms

A mechanism (or game form) fixes a message space for each individual and an outcome

function defined over the product of the message spaces. Let M i denote the message space

of individual i, with generic element mi. Let M =
∏

iM
i and denote the outcome function

ϕ : M → R(K+L)I as

ϕ(m) =
(
xi(m), yi(m)

)i
i=1

.

The outcome function determines, for each profile of messages, an allocation for economy:

the individual variables are given by the function, usage of the private good by the firm is∑
i[ω

i − xi(m)], and its output is
∑

i y
i(m). The mechanism is said to be feasible if this

allocation satisfies

(
∑

i[x
i(m)− ωi],

∑
i y

i(m)) ∈ Y

for all profiles of messages.

4.2 Nash implementation

Given the mechanism, we further denote, for each individual,

ϕi(m) =
(
xi(m), yi(m), Y (m)

)
.

This function represents the terms of the outcome function that affect individual i’s utility.

The mechanism defines a game, with strategy spaces given by the message spaces and payoff

functions υi(m) = ui(ϕi(m)).

The set of allocations that are attained at the Nash equilibria of the game defined by the

mechanism, given the economy, is the set implemented by the mechanism (in Nash equilib-

rium).

In what follows, we will further denote Y ¬i(m) =
∑

j 6=i y
j(m) and m¬i = (mj)j 6=i.
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4.3 The Tian mechanism

The mechanism designer does not know the underlying fundamentals: neither whether there

exists warm-glow effect or not, nor the technology of the firm.

An I × I matrix β is pre-fixed, i.e.,

β =



0 1 1 · · · · · · 1 1

1 0 1 · · · · · · 1 1
...

...
...

...
...

...
...

1 1 · · · 0 1 · · · 1
...

...
...

...
...

...
...

1 1 · · · · · · 1 0 2− I
2− I 2− I · · · · · · 2− I 2− I 0


I×I

where
∑I

i=1 βij = 0, βii = 0, and the matrix has rank I − 1.

The message space for all individuals is

M i = RL
++ × RK

++ × RK
++ × RK × RK × RK

++ × RL
+ × R++,

with typical element mi = (pi, ri, Qi, ai, bi, ci, di, ni). Vector ai is used to determine other

consumers’ personalized prices (different from i), bi is used to determine the aggregate level

of public goods, and ci is used to determine i′s personal contribution of public goods. Vector

di is agent i’s demand for private goods, while vectors pi, ri and Qi can be understood as

the agent’s recommendation of the prices of the private goods, the price for proprietary right

over the public goods and the prices for the appropriate right over the public goods; their

entries are denoted di`, p
i
`, r

i
k and Qi

k, respectively. Number ni, finally, will be used in a

“shouting” game.

Then:

1. The market prices of the private goods, the market price for proprietary right over the

public goods and the market prices for the appropriate right over the public goods are

constructed as follows: first, let

si(m) =
∑
j,h6=i

‖(pj, rj, Qj)− (ph, rh, Qh)‖

and s(m) =
∑

i s
i(m); then, if s(m) = 0, let p(m) = p1, r(m) = r1 and Q(m) = Q1;

otherwise,

[p(m), r(m), Q(m)] =
1

s(m)

∑
i s
i(m)(pi, ri, Qi).
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2. For each individual, there is one personalized price for each public good k:

qik(m) =
1

I
Qk(m)−

i∑
j=1

βija
j
k. (4)

Then, by construction,
∑

i q
i
k(m) = Qk(m).

3. The set of bundles of public goods that can be produced and is affordable by all

individuals, as a result of the prices, is the set of Y ∈ RK
+ for which

(a) there exists a profile y such that Y =
∑

i y
i,

p(m) · ωi − r(m) · yi − qi(m) · Y ≥ 0,

for all i; and

(b) (−
∑

i ω
i, Y ) ∈ Y.

Denoting this set by B(m), the actual supply of public goods is

Y (m) = argminY {||
∑

i b
i − Y || : Y ∈ B(m)} ,

and its allocation is, for each good k,

yik(m) =
cik∑
j c

j
k

Yk(m).

4. There is a tax levied on individual i at a rate

T i(m) = r(m) · yi(m) + qi(m) · Y (m).

5. The set of bundles of private goods that can be produced and is affordable by individual

i is Bi(m), defined as

{xi ∈ RL
+ | p(m) · xi ≤ p(m) · ωi − T i(m) and (xi −

∑
j ω

j, Y (m)) ∈ Y},

and the bundle of private goods for individual i closest to her claim is

x̂i(m) = argminx
{
‖x− di‖ : x ∈ Bi(m)

}
. (5)

In order to determine the actual allocation of the private good define a “shrinking

factor”

N(m) = min
{
N ∈ R++ : (

∑
i
ni

N
x̂i(m)−

∑
i ω

i, Y (m)) ∈ Y and N ≥ ni for all i
}
,

(6)
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and then let

xi(m) =
ni

N(m)
x̂i(m). (7)

Remark 1 In the above construction, consumers’ endowment is assumed to be known to

the mechanism designer. This is just for simplicity of the argument. Instead, we can ask

consumers to report their endowment as in Tian (1989), and consumers will truthfully report

their endowment in equilibria. This does not bring more insight.

Lemma 1 The mechanism gives non-negative consumption to all individuals, is feasible and

satisfies:

1. If ui(x̂i(m), yi(m), Y (m)) > ui(x, y, Y ), then individual i can choose a message m̂ such

that υi(m̂,m¬i) > ui(x, y, Y ).

2. Suppose that xi(m) ∈ RL
++ for all individuals. If for some i there exists (x, y, Y ) with

Y =
∑

j y
j such that p(m) · x ≤ p(m) · ωi − T i(m), and

ui(x, y, Y ) > ui(xi(m), yi(m), Y (m)),

then there exists a message that i can send, m̂, such that υi(m̂,m¬i) > υi(m).

Proof. Non-negativity of individual consumption and feasibility of the individual bundles

follow from the construction of Y (m) and xi(m). For property 1, since N(n̂,m¬i) ≥ n̂,

individual i can announce a large enough n̂ to make xi(m̂,m¬i) ≈ x̂i(m), which, suffices for

the result, by continuity of υi.

For property 2, define, for λ ∈ (0, 1), the convex combination

(xλ, yλ, Yλ) = λ(x, y, Y ) + (1− λ)[xi(m), yi(m), Y (m)],

and note that

p(m) · xλ ≤ p(m) · ωi − T i(m),

by construction (given the definition of xi(m)).

Define the message m̂ as: p̂ = pi, r̂ = ri, Q̂ = Qi, â = ai, b̂ = Yλ −
∑

j 6=i b
j, d̂ = xλ, and ĉ

such that
ĉk

ĉk +
∑

j 6=i c
j
k

Yλ,k = yλ,k

for each public good. If xj(m) ∈ RL
++ for all individuals, and λ is small enough, then

p(m) · ωj − r(m) · yjλ − qj(m) · Yλ > 0 for all j and (xiλ −
∑

j ω
j, Yλ) ∈ Y. And if n̂ is large

enough, by continuity x̄i(m̂,m¬i) = xλ, and Y (m̂,m¬i) = Yλ, which further implies that

yi(m̂,m¬i) = yλ.
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To prove that message m̂ is a beneficial deviation for agent i, it suffices to notice that

υi(m̂,m¬i) = ui(xλ, yλ, Yλ) > ui(xi(m), yi(m), Y (m)) = υi(m),

by strict quasi-concavity of ui.5

Lemma 2 Let m̄ be a Nash equilibrium of the game induced by the mechanism. Then for

all individuals:

1. xi(m̄)� 0;

2. p(m̄) · xi(m̄) + r(m̄) · yi(m̄) + qi(m̄) · Y (m̄) = p(m̄) · ωi; and

3. N(m̄) = ni and thus xi(m̄) = x̂i(m̄).

Proof. For property 1, suppose, by way of contradiction, that xi(m̄) = 0 for some i. Consider

the following message m̂ = (p̂, r̂, Q̂, â, b̂, ĉ, d̂, n̂) that individual i can play: p̂ = p̄, r̂ = r̄,

Q̂ = Q̄, â = ā, ĉ = c̄, n̂ = n̄, and

b̂ = −
∑
j 6=i

yj(m̄),

d̂ = xi,

where xi � 0 and p(m̄) · xi ≤ p(m̄) · ωi. Then x̂i(m̂, m̄¬i) = xi and Y (m̂, m̄¬i) = 0. By the

interiority assumption, υi(m̂, m̄¬i) > υi(m̄), so m̄ cannot be a Nash equilibrium.

For property 2, suppose, by way of contradiction, that p(m̄) · xi(m̄) + r(m̄) · yi(m̄) + qi(m̄) ·
Y (m̄) < p(m̄) · ωi for some i. Then there exists (xi, yi, Y ) which is budget feasible, and

strictly preferred. But property 2 in Lemma 1 implies m̄ is not a Nash equilibrium.

For property 3, suppose N(m̄) > ni for some individual i. Then

xi(m̄) =
ni

N
x̂i(m̄) < x̂i(m̄),

and therefore

p(m̄) · xi(m̄) + r(m̄) · yi(m̄) + qi(m̄) · Y (m̄) < p(m̄) · ωi,

which contradicts property 2.

5 The argument is a little more subtle than it seems. If (x, Y ) 6= [xi(m), Y (m)], strict quasi-concavity
of ui in its first and third arguments yields the inequality. Else, the result follows from the (weaker) quasi-
concavity property imposed on the second argument of ui.
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Theorem 3 The set of allocations implemented by the mechanism is the (complete) set of

Lindahl equilibrium allocations.

Proof. We first argue that if m̄ is a Nash equilibrium, the resulting allocation corresponds

to a Lindahl equilibrium. This is now straightforward: by property 2 in Lemma 2, the firm’s

zero profit condition holds; by construction, the resulting allocations are feasible, and by

property 2 in Lemma 1, each (xi(m̄), yi(m̄), Y (m̄)) must solve the problem

max
x,y,Y

{
ui(x, y, Y ) : p(m̄) · x+ r(m̄) · y + qi(m̄) · Y ≤ p(m̄) · ωi

}
. (8)

We now argue that for any Lindahl equilibrium, [P, (qi)Ii=1, r, Q, x̄, ȳ, X̄, Ȳ ] there is a Nash

equilibrium that implements its allocation. To see this, first let (a,b) solve the following

linear equation system: ∑
i b
i = Ȳ ,

for all i

qik(m) =
1

I
Qk(m)−

∑i
j=1 βija

j
k,

and

bikȲk −
∑

j b
j
kȳ

i
k = 0,

also for each i and each k. Besides, let pi = p, ri = r, Qi = Q, ci = bi, di = x̄i, and ni = 1.

With these numbers, construct the profile of strategies m. By construction,

[p(m), r(m), Q(m)] = (p, r,Q),

while

(xi(m), yi(m), qi(m)) = (x̄i, ȳi, qi),

and
∑

i q
i(m) = Q for all individuals. For all deviations m̂,

υi(m̂,m¬i) = ui(xi(m̂,m¬i), yi(m̂,m¬i), Y (m̂,m¬i))

≤ ui(x̄i, ȳi, Ȳ )

= υi(m),

since, in particular, the choice of m̂ cannot affect the individual’s personalized prices.

Carvajal and Song (2020) construct a mechanism to implement efficient public goods pro-

vision with warm-glow under Allouch’s equilibrium concept. That construction is quite

different from the current mechanism since it has to take two personalized prices into ac-

count. Besides, there is resource waste out of equilibrium, which is not the case in the current

mechanism.
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