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REVEALED PREFERENCE TESTS OF THE COURNOT MODEL
BY ANDRÉS CARVAJAL, RAHUL DEB, JAMES FENSKE,
AND JOHN K.-H. QUAH1
The aim of this paper is to develop revealed preference tests for Cournot equilibrium. The tests are akin to the widely used revealed preference tests for consumption,
but have to take into account the presence of strategic interaction in a game-theoretic
setting. The tests take the form of linear programs, the solutions to which also allow us
to recover cost information on the firms. To check that these nonparametric tests are
sufficiently discriminating to reject real data, we apply them to the market for crude oil.
KEYWORDS: Cournot equilibrium, nonparametric test, observable restrictions, linear programming, collusion, crude oil market.

1. INTRODUCTION
IN AN INFLUENTIAL PAPER, Afriat (1967) identified necessary and sufficient
conditions for a finite set of observations of price vectors and demand bundles to be consistent with utility-maximizing behavior. These conditions take
the form of a linear program that can be easily solved and, partly for this reason, a large literature on consumer behavior has been built on Afriat’s result.
A natural extension of Afriat’s theorem is to derive observable restrictions on
outcomes in a general equilibrium setting; this was carried out by Brown and
Matzkin (1996), who gave a revealed preference analysis of Walrasian equilibria in an exchange economy.
The problem studied by Brown and Matzkin can be posed in other multiagent contexts. This paper raises a similar question in the context of an
oligopoly. The basic model introduced in Section 2 considers a researcher who
has access to a set of observations of an industry that produces a single good;
each observation consists of the price of the good and the output of each firm.
We ask whether there are any observable restrictions (i.e., restrictions on the
data set) implied by the Cournot hypothesis: that each observation of price and
output quantities constitutes a (static) Cournot equilibrium, with firms having
1
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cost functions that do not vary across observations and with the data generated by changes to a downward-sloping demand function. In keeping with the
revealed preference approach, we make no parametric assumptions about demand and cost functions, and the object is to develop tests that are the most
powerful possible given the data (in the sense of being both necessary and
sufficient). Notice also that the observed data are extremely parsimonious; in
particular, we do not assume that the observer has any knowledge of variables
that are known to shift or twist the demand curves.
We show that the Cournot hypothesis as stated imposes no observable restrictions, that is, any data set is consistent with the Cournot hypothesis. However, we demonstrate through examples that there are observable restrictions
imposed by this model as long as we require firms’ cost curves to be convex
(in other words, that they have increasing marginal costs). Convexity of the
cost functions is a common assumption to make in industrial organization (IO)
models since it helps to guarantee that each firm faces a quasiconcave profitmaximization problem. We go on to show that a data set is Cournot rationalizable with convex cost functions if and only if there is a solution to a linear
program that we can explicitly construct from the data. So this gives an easyto-implement and nonvacuous test of Cournot rationalizability.2 This test is
useful even in situations where the output of one or more firms is missing from
the data set. This is because whenever some set of firms in an industry is playing
a Cournot game, then any subset of those firms will also be playing a Cournot
game.
If a data set is Cournot rationalizable with convex cost functions, there will
be a family of convex cost functions (with one cost function for each firm)
that can account for each observation as a Cournot equilibrium under some
demand curve. Typically, there will be many such families; we show in Section 3 that this collection of convex cost function families is isomorphic (in
some sense) to a compact and convex sublattice of the Euclidean space. Any
compact and convex sublattice contains its supremum and its infimum; the former is associated with the family of cost functions with the highest marginal
costs, while the latter is associated with the family of cost functions with the
lowest marginal costs. We provide very intuitive algorithms for calculating the
supremum and infimum (and hence their associated cost functions), and we
also show that the algorithm for calculating the supremum must terminate after no more than T steps, where T is the number of observations. Therefore,
this algorithm also provides a direct way to test for Cournot rationalizability
and its role is loosely analogous to that of the generalized axiom of revealed
preference (GARP), which gives a direct way to check for utility maximization
in the context of consumer choice.
2

In this respect, our test is different from those developed for general equilibrium models (like
Brown and Matzkin (1996) or Kubler (2003)), which are nonlinear and computationally far more
difficult.
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The presence of interagent payoff effects in game-theoretic models could
mean that the collection of data sets that is consistent with the model is very
large, even if testable restrictions exist in principle. So it is not clear that our
revealed preference test has the power to reject real data. To check that it is
empirically viable, we apply (in Section 6) the test to the oil-producing countries both within and outside the Organization of Petroleum Exporting Countries (OPEC). We show that the Cournot hypothesis is clearly rejected by the
data.
It is straightforward to extend the basic analysis to account for observable
cost shifters (like input prices) that may affect the firms’ cost functions. In Section 4, we construct a test for the Cournot hypothesis when firms face common
shocks to marginal costs that the researcher cannot observe. The test for this
model is striking in that it resembles the acyclicality tests (such as GARP) that
are standard in the revealed preference analysis of consumption and production.
The investigation of market structure is of course a principal concern in empirical IO. We see our revealed preference approach as complementary to the
one typically adopted in that literature. Our analysis is very parsimonious in
its assumptions: we completely avoid parametric assumptions on cost and demand functions, and while the empirical IO literature typically assumes that
the researcher can observe variables that are known to shift or twist the demand curves, none of that is required in our approach. However, because we
make so few assumptions, we cannot do what is typically done in that literature, which is to measure the level of collusion in an industry via estimates
of conduct parameters (even if we could test the Cournot hypothesis itself).
The distinction between the two approaches is discussed in greater detail in
Section 5.
In spite of this limitation, our revealed preference test can still be useful
to antitrust authorities who consider the Cournot equilibrium as a benchmark
(which is natural because firms that are not colluding ought to be playing the
static Nash equilibrium at each time period). Since the test allows for great
freedom in choosing the rationalizing cost and demand curves, a rejection of
the Cournot hypothesis by this test provides very robust evidence that firm
interaction is taking a more complicated (and possibly collusive) form, which
could then provide a basis for further analysis through a more elaborate model.
It also helps that our test requires minimal information and is very easy to
implement.
Related Literature
Forges and Minelli (2009) extended Afriat’s theorem to constraint sets that
need not be classical budget sets and need not even be convex; the authors also
pointed out that their results can be applied to games in which each player’s
constraint set is dependent on the actions of other players. A Cournot game

2354

CARVAJAL, DEB, FENSKE, AND QUAH

belongs to this class, since the output decisions of other firms affect each firm’s
residual demand curve, which can be thought of as a constraint over which the
firm chooses its output and the market price. However, unlike the Forges and
Minelli’s setup, the market demand function (and hence each player’s residual
demand curve) is not fully specified as part of the data in our context. Furthermore, each player’s objective function is a profit function, which has a specific
functional form.
The testable implications of equilibrium behavior in abstract games have
been investigated by Sprumont (2000), Ray and Zhou (2001), and Galambos
(2011). These papers differ from ours in two ways. First, in their work, payoff
functions remain fixed and the variability in the data arises from each player
being constrained to choose from different subsets of available strategies. On
the other hand, our paper is most naturally understood as one in which the
payoff functions are changing across observations (because of changes to demand). A second difference is that their necessary and sufficient conditions are
all developed on data sets that are sufficiently complete in some sense (in this
regard, Galambos’s assumptions are the weakest); in our case, the data set can
be as small as a single observation.3
2. COURNOT RATIONALIZABILITY
An industry consists of I firms producing a homogeneous good; we denote
the set of firms by I = {1 2     I}. Consider an experiment in which T observations are made of this industry. We index the observations by t ∈ T =
{1 2     T }. For each t, the industry price Pt and the output of each firm
(Qit )i∈I are observed, so the set of observations (or data set, for short) O can
be written as {[Pt  (Qit )i∈I ]}t∈T . We require Pt > 0 and Qit > 0 for all (i
 t), and
denote the aggregate output of the industry at observation t by Qt = i∈I Qit .
We say that the data set is Cournot rationalizable if each observation can
be explained as a Cournot equilibrium that arises from a different market demand function, keeping the cost function of each firm fixed across observations, and with the demand and cost functions obeying certain regularity properties. By a cost function of firm i, we mean a continuous and increasing function4 C̄i : R+ → R that takes nonnegative values. The market inverse demand
function P̄t : R+ → R (for each t) is said to be downward sloping if it is differentiable at all q > 0, with P̄t (q) ≤ 0; if the last inequality is strict, we say that
P̄t is strictly downward sloping. Formally, the data set O = {[Pt  (Qit )i∈I ]}t∈T is
3
This difference is loosely analogous to that between the setting of Afriat’s theorem and integrability results that recover utility functions from demand functions defined in an open neighborhood of prices.
4
By “increasing” we mean here that if q > q, then C̄i (q ) ≥ C̄i (q); in other words, we mean
what is sometimes called weakly increasing or nondecreasing. Since most of the inequalities in
this paper are weak, this terminology is appropriate for our purposes.
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Cournot rationalizable (or consistent with the Cournot model) if there exist cost
functions C̄i for each firm i and downward-sloping demand functions P̄t for
each observation t such that
(i) P̄t (Qt ) = Pt and

(ii) Qit ∈ argmaxqi ≥0 {qi P̄t (qi + j=i Qjt ) − C̄i (qi )}.
Condition (i) says that the inverse demand function must agree with the observed data at each t. Condition (ii) says that, at each observation t, firm i’s
observed output level Qit maximizes its profit given the output of the other
firms. If O permits a rationalization where P̄t are strictly downward sloping at
each t, we say that O is strictly Cournot rationalizable.
Note that the question we are posing differs markedly from empirical studies
of market structure in at least one respect: we are making virtually no assumptions about the behavior of demand; neither are we making any attempt to
estimate demand behavior from observations on output, price, or other factors
that could potentially influence demand. Put another way, we are posing the
question in a way that strongly favors the Cournot model by allowing the observer to explain the data using any demand curve, as long as it passes through
the observed price and output (Pt and Qt ) at each observation; in particular,
no restrictions are placed on the slope of this curve, apart from requiring it to
be nonpositive.
In such a setting, it should not be surprising if Cournot rationalizability alone
imposes effectively no restrictions on the data set. The following result, which
we prove in the Appendix, states this formally. The result is stated for a generic
set of observations O = {[Pt  (Qit )i∈I ]}t∈T ; by this, we mean that for all i ∈ I ,
Qit = Qit  whenever t = t  .5
THEOREM 1: Suppose that O = {[Pt  (Qit )i∈I ]}t∈T is a generic set of observations. Then O is strictly Cournot rationalizable and the firms’ cost functions can
be chosen to be strictly increasing and C2 .
Theorem 1 holds partly because, as we already pointed out, virtually no assumptions are made on the behavior of demand in the data set. But it is also
crucial to this result that each firm’s cost function is allowed to take on virtually any form, as long as it is increasing; if further conditions are imposed on
5
It is possible for a nongeneric data set to be inconsistent with a Cournot model with differentiable cost functions, even if we allow for nonincreasing marginal costs. Consider the following
nongeneric data set: at observation t, Pt = 4, Qit = 1, and Qjt = 4, and at observation t  , Pt  = 2,
Qit  = 1, and Qjt  = 1. Suppose that the firms are playing a Cournot game. Then the first-order
condition of firm j at observation t tells us that C̄j (4) = 4P̄t (5) + P̄t (5). Since marginal cost is
positive and P̄t (5) = 4, we obtain P̄t (5) > −1. Using the first-order condition for firm i, we see
that C̄i (1) = P̄t (5) + P̄t (5) > 3. It is impossible for C̄i (1) > 3, since firm i at observation t  is also
producing 1 but the market price at t  is just 2.
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the cost function, it is no longer true that “anything goes.” For example, consider the case where each firm has constant marginal costs. It is well known
that a firm with the larger market share in a Cournot equilibrium must have
strictly lower marginal cost than a smaller firm, unless the two firms have identical marginal costs and the market price equals that marginal cost. This implies that, provided observed prices differ across observations, the ranking of
firms cannot change if their marginal costs are constant, no matter how demand shifts from one observation to the next. Therefore, any data set where
there is a simultaneous change in prices and in firm output rankings will not be
compatible with a Cournot model with firms having constant marginal costs.
Generalizing from this observation, we could consider firms with convex cost
functions, that is, with increasing marginal costs. This is a standard assumption in theoretical and econometric work because it helps to make the firm’s
optimization problem tractable and it is also a plausible assumption in many
settings. It turns out that Cournot rationalizability with this assumption on cost
functions imposes meaningful restrictions on a data set. Our main goal in this
paper is to formulate and understand those restrictions.
Cournot Rationalizability With Convex Cost Functions
We begin by examining conditions on a data set that are necessary for it to
be consistent with a Cournot model with convex cost functions. Suppose that
O = {[Pt  (Qit )i∈I ]}t∈T is Cournot rationalizable by demand functions {P̄t }t∈T
and convex cost functions {C̄i }i∈I . We denote by C̄i (Qit ) the set of subgradients
of C̄i at Qit ; the nonemptiness of this set is guaranteed by the convexity of C̄i .
At observation t, firm i chooses qi to maximize its profit given the output of the
other firms; at its optimal choice, Qit , the first-order conditions say that there
is δit ≥ 0 contained in C̄i (Qit ) such that
Qit P̄t (Qt ) + P̄t (Qt ) − δit = 0
Using condition (i) in our definition of Cournot rationalizability, it follows that
the array {δit }(it)∈I ×T must obey the following condition, which we refer to as
the common ratio property: for every t ∈ T ,
(1)

Pt − δ1t
Pt − δ2t
Pt − δIt
=
= ··· =
≥ 0
Q1t
Q2t
QIt

This holds because the first-order condition guarantees that (Pt − δit )/Qit =
−P̄t (Qt ), and the latter is nonnegative and independent of i. We refer to (1) as
the strict common ratio property when the inequality is strictly positive; this
holds if the P̄t is strictly downward sloping. Since each firm’s cost function
is convex, the array {δit }(it)∈I ×T must also display increasing marginal costs,
that is, for every i ∈ I , δit  ≥ δit whenever Qit  > Qit . We refer to this as the
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co-monotone property. Equivalently, this property can be stated as a linear inequality (δit  − δit )(Qit  − Qit ) ≥ 0.
In Example 1 below, we use the interplay of these properties to show that
certain data sets are not consistent with the Cournot model with convex cost
functions. The example also illustrates the potential usefulness of our test for a
market regulator: the two firms exhibit behavior that seems collusive—between
t and t  they simultaneously reduce outputs, leading to an increase in the market price—but before a regulator investigates this possibility, she may wish to
eliminate (with a minimum of ancillary assumptions) the alternative that the
firms are simply playing a Cournot game.
EXAMPLE 1: Consider the following observations of two firms i and j:
(i) At observation t, Pt = 4, Qit = 60, and Qjt = 110.
(ii) At observation t  , Pt  = 10, Qit  = 50, and Qjt  = 100.
We claim that these observations are not Cournot rationalizable with convex cost functions. Indeed, if they are, then there is δit  ∈ C̄i (Qit  ) and δjt  ∈
C̄j (Qjt  ) such that
(2)

δit  = Pt  − (Pt  − δjt  )



Qit 
Qit 

≥ Pt  1 −
Qjt 
Qjt 

where the equality follows from the common ratio property and the inequality
follows from the assumption that marginal cost is positive. Substituting in the
numbers given, we obtain δit  ≥ 5, where δit  ∈ C̄i (50). Since firm i has increasing marginal costs, the co-monotone property holds, so δit ≥ 5 since Qit > Qit  .
However, this means that δit exceeds Pt = 4, which violates the common ratio
property (at t).
Not only is Cournot rationalizability with convex cost functions refutable, the
hypothesis of strict Cournot rationalizability with convex cost functions can be
refuted even when price information is not available. (A realistic environment
where that occurs is described in Section 4.) We show this in the next example,
which exploits the following important consequence of the strict common ratio
property: the firm with strictly lower output must have strictly lower marginal
cost.
EXAMPLE 2: Suppose that at observation t, firm i produces 20 and firm j
produces 15. At another observation t  , firm i produces 15 and firm j produces 16. Suppose, contrary to our claim, that these observations are strictly
Cournot rationalizable with convex cost functions. In that case, by the strict
common ratio property, observation t tells us that there are δit ∈ C̄i (20) and
δjt ∈ C̄j (15) such that δit < δjt . At observation t  , firm i produces 15, which is
less than its output at t, so by the co-monotone property, δit  ≤ δit ; similarly,
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the co-monotone property guarantees that δjt  ≥ δjt . Putting these together,
we obtain
δit  ≤ δit < δjt ≤ δjt  
but this violates the strict common ratio property since it means that at observation t  , firm j has larger output and higher marginal cost compared to firm j
at t  .
Notice that the data do not violate Cournot rationalizability. Given that the
market prices are not provided, we are free to choose its values, so let us suppose that the market price at both t and t  is m > 0. Then the data can be
explained as a Cournot outcome in the case where both firms have the same
constant marginal cost of m and the demand curve at both t and t  is flat, with
P̄t (q) = P̄t  (q) = m for all q > 0.6
In both Examples 1 and 2, the common ratio property is first used to extract information about marginal costs at a firm’s observed output and the comonotone property is then applied to extend that information from one output
level to a whole range of output levels. Comparing these examples with Theorem 1, notice that in the latter setting, the co-monotone property does not hold
because cost functions need not be convex; while it is still possible to use the
common ratio property at each observation to derive information on marginal
costs across firms, this information stays at the observed output levels and cannot be extended in a way that leads to mutually inconsistent observations. So
instead we obtain Theorem 1, which says that anything goes if cost functions
are not restricted.
The next theorem is the main result of this section and shows that a set of
observations is Cournot rationalizable with convex cost functions if and only if
there exist nonnegative numbers {δit }(it)∈I ×T that obey the common ratio and
co-monotone properties.7 These two properties both impose linear conditions,
so the existence (or otherwise) of {δit }(it)∈I ×T is a computationally straightforward linear program.
THEOREM 2: The following statements on {[Pt  (Qit )i∈I ]}t∈T are equivalent:
(A) The set of observations is Cournot rationalizable with convex cost functions.
(B) There exists a set of nonnegative numbers {δit }(it)∈I ×T that satisfy the common ratio property and the co-monotone property.
6
Essentially the same argument guarantees that any data set with output information but no
price information is Cournot rationalizable. For the data set in this example, the reader can easily
check that Cournot rationalizability with convex cost functions will require the market prices at
t and t  to be identical. In other words, were price information to be available and Pt = Pt  , then
the data set is not Cournot rationalizable with convex cost functions.
7
Theorem 5 in the next section provides an equivalent test that is free of unknowns.

REVEALED PREFERENCE TESTS

2359

REMARK 1: When a data set is Cournot rationalizable, the convex cost functions C̄i (for all i ∈ I ) that rationalize the data can always be chosen to obey
C̄i (0) = 0.
REMARK 2: A straightforward variation of Theorem 2 will say that a data
set is strictly Cournot rationalizable with convex cost functions if and only if
there exist nonnegative numbers {δit }(it)∈I ×T that satisfy the strict common
ratio property and the co-monotone property. Furthermore, in this case, we
can guarantee that at every observation t, [Pt  (Qit )i∈I ] is the unique Cournot
equilibrium.8
It is worth pointing out that Theorem 2 is useful even in situations where the
output of one or more firms is missing from the data set. This is because if all of
the firms in an industry are playing a Cournot game, then any subset of firms
whose outputs are observed must also be playing a Cournot game (with the
residual demand function as their “market” demand function), and the latter
hypothesis can be tested using the theorem.9
Our proof of Theorem 2 uses two lemmas; the first one provides an explicit
construction of the demand curve needed to rationalize the data at any observation t, while the second lemma provides a way to construct a cost curve for
each firm that obeys stipulated conditions on marginal cost.
LEMMA 1: Suppose that, at some observation t, there are positive scalars
{δit }i∈I such that equation (1) is satisfied and that there are convex cost functions
C̄i with δit ∈ C̄i (Qit ). Then there exists a downward-sloping demand function P̄t
such that P̄t (Qt ) = Pt and, with each firm i having the cost function C̄i , {Qit }i∈I
constitutes a Cournot equilibrium.
Furthermore, if (1) is satisfied with a strict inequality, then P̄t can be chosen to
be strictly downward sloping and {Qit }i∈I constitutes the unique Cournot equilibrium.
PROOF: We define P̄t by P̄t (Q) = at − bt Q, where bt = [Pt − δit ]/Qit —
notice that this is well defined because of (1)—and we choose at such that
P̄t (Qt ) = Pt . Firm i’s decision is to choose qi ≥ 0 to maximize Πit (qi ) =

qi P̄t (qi + j=i Qjt ) − C̄i (qi ). This function is concave, so an output level is
8
Example 2 gives a data set that is Cournot rationalizable (if Pt = Pt  = m > 0) but not strongly
Cournot rationalizable. Note that the data cannot be rationalized as unique Cournot equilibria,
since the rationalizing demand curve and the marginal cost curve must both be flat and equal to
m, and so any output combination constitutes an equilibrium.
9
In this regard, it is quite different from the inequality conditions of Afriat’s theorem, which,
unless preferences are separable, become vacuous when there is missing data (see Varian (1988)).
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optimal if and only if it obeys the first-order condition. Since δit ∈ C̄i (Qit ) and
since P̄t (Qt ) = −bt , a supergradient10 of Πit at Qit is
Qit P̄t (Qt ) + P̄t (Qt ) − δit = −Qit

[Pt − δit ]
+ Pt − δit = 0
Qit

So we have shown that Qit is profit-maximizing for firm i at observation t.
If (1) holds with strict inequality, bt = [Pt − δit ]/Qit > 0 and the demand
curve P̄t is strictly downward sloping. Suppose that there is another equilibrium
{Qi }i∈
I besides {Qit }i∈I and suppose that aggregate output is not lower than
Qt = i∈I Qit (the case where aggregate output is lower has a similar proof).
Hence, the market price at this equilibrium, P  , must be no higher than Pt and
there is some firm k such that Qk > Qkt . Since firm k has increasing marginal
cost, we obtain
(3)

0 < bt =

(P  − C̄k (Qk )) (Pt − C̄k (Qkt ))
<
= bt 
Qk
Qkt

where the equalities follow from the first-order condition. Clearly, (3) is imQ.E.D.
possible.11
LEMMA 2: Suppose that for some firm i, there are positive scalars {δit }t∈T that
are increasing with Qit . Then there exists a convex cost function C̄i such that δit ∈
C̄i (Qit ).
PROOF: Define Q̂ = {qi ∈ R+ : qi = Qit for some observation t}; Q̂ consists
of those output levels actually chosen by firm i at some observation. Since
{δit }t∈T are increasing with Qit , it is possible to construct a nonnegative and
increasing function m̄i : R+ → R with the following properties: (a) for any output q̂ ∈ Q̂, set m̄i (q̂) = max{δit : Qit = q̂}; (b) for any q̂ ∈ Q̂, limq→q̂− m̄i (q) =
/ Q̂. The function m̄i is piecemin{δit : Qit = q̂}; (c) m̄i is continuous at all q ∈
wise continuous with a discontinuity at q̂ ∈ Q̂ if and only if the set {δit : Qit = q̂}
is nonsingleton. Define C̄i : R → R by
 q
(4)
C̄i (q) =
m̄i (s) ds
0

This function is increasing because m̄i is nonnegative and it is convex because
Q.E.D.
m̄i is increasing. Last, (a) and (b) guarantee that δit ∈ C̄i (Qit ).
10
By a supergradient of a concave function F at a point, we mean the subgradient of the convex
function −F at the same point.
11
More generally, it is known that the Cournot equilibrium is unique if firms have convex cost
functions and demand functions are concave (see Szidarovsky and Yakowitz (1977)).
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PROOF OF THEOREM 2 (AND REMARKS): To see that (A) implies (B), suppose that the data are rationalized with demand functions {P̄t }t∈T and cost
functions {C̄i }i∈I . We have already shown that the first-order condition guarantees the existence of δit ∈ C̄i (Qit ) obeying the common ratio property (1).
Since C̄i is convex, {δit }t∈T is increasing with Qit .
The fact that (B) implies (A) is an immediate consequence of Lemmas 1
and 2. Note that the rationalizing cost function C̄i , as defined by (4), obeys
C̄i (0) = 0, which confirms Remark 1. Furthermore, in the case where the strict
common ratio property holds, Lemma 1 also guarantees that, for all t, {Qit }i∈I
constitutes the unique Cournot equilibrium. This establishes the claim in Remark 2.
Q.E.D.
Sometimes it is convenient to consider rationalizations where each firm’s
cost functions are differentiable (so kinks on the cost curves are not allowed).
This can be characterized by strengthening the condition imposed on {δit }t∈T
in Theorem 2; for any firm i, we say that {δit }t∈T has the fine co-monotone
property if δit  ≥ δit whenever Qit ≥ Qit  and δit  = δit whenever Qit = Qit  .
The next result is proved in the Appendix.
THEOREM 3: The following statements on O = {[Pt  (Qit )i∈I ]}t∈T are equivalent:
(A) The set O is Cournot rationalizable with C 2 convex cost functions for all
firms.12
(B) There exists a set of nonnegative numbers {δit }(it)∈I ×T that satisfy the common ratio property and the fine co-monotone property.
3. SET IDENTIFICATION OF MARGINAL COSTS
Beginning with Rosse (1970), there is a large literature in empirical industrial organization that seeks to recover marginal costs of firms from observed
prices and quantities. Unlike the framework of this paper, it is typical in this
literature to make parametric assumptions for both market demand and firms’
cost functions. In this section, we design a simple procedure by which the set
of marginal costs that rationalizes the data can be identified. Given that only
convex cost functions will be considered from this point on, we simply refer to
such data sets as Cournot rationalizable or even rationalizable; the restriction to
convex cost functions is implicit.
For a Cournot rationalizable data set O = {[Pt  (Qit )i∈I ]}t∈T , let {δit }(it)∈I ×T
be a solution to the linear program in statement (B) of Theorem 2. We may
12

It is clear from the proof of this result that the cost functions could in fact be chosen to be
differentiable to any degree, but there is no particular need to go beyond C 2 , which is sufficient
to ensure the differentiability of the marginal cost function.
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represent this solution as a vector δ in RIT
+ and represent the set of solution
vectors by M ⊂ RIT
+ . It is clear that M set-identifies the family of convex cost
functions that are compatible with Cournot rationalizability. By this we mean
that O is rationalizable with convex cost functions {C̄i }i∈I if and only if there
is δit ∈ C̄i (Qit ) such that δ = (δit )(it)∈I ×T ∈ M. This follows immediately from
Lemmas 1 and 2. In other words, Theorem 2 does not simply provide a test
of Cournot rationalizability: solving the linear program in statement (B) of the
theorem also allows us to recover all the cost information on firms that could
be recovered from the model. For this reason, it is important that we have a
good understanding of the set M; the following result tells us more about this
set.
THEOREM 4: Suppose that O = {[Pt  (Qit )i∈I ]}t∈T is Cournot rationalizable
with convex cost functions. Then the solution set M is a nonempty compact and
U
L
convex sublattice of RIT
+ . Consequently, δ = sup M and δ = inf M exist and are
13
contained in M.
PROOF: The existence of δU , δL ∈ M is guaranteed as long as M is a compact sublattice (see Topkis (1998, Theorem 2.3.1)). Since M is defined as a
set that obeys a family of weak linear inequalities, it must be closed and convex. It is also bounded since 0 ≤ δit ≤ Pt . Therefore M is compact. The fact
that M is a sublattice of RIT
+ follows from direct verification. Indeed, suppose
δ and δ̃ are both in M; we show that δ ∨ δ̃ and δ ∧ δ̃ are in M by checking
that they obey the co-monotone and common ratio properties. Suppose that
for some firm k, Qkt > Qkt  ; the co-monotone property implies that δkt ≥ δkt 
and δ̃kt ≥ δ̃kt  . Therefore, max{δkt  δ̃kt } ≥ δkt  and max{δkt  δ̃kt } ≥ δ̃kt  . Consequently, max{δkt  δ̃kt } ≥ max{δkt   δ̃kt  }. A similar argument will guarantee
that min{δkt  δ̃kt } ≥ min{δkt   δ̃kt  }. We conclude that δ ∨ δ̃ and δ ∧ δ̃ obey the
co-monotone property.
Now suppose that, for fixed t, {δit }i∈I and {δ̃it }i∈I both obey the common ratio property. With no loss of generality, suppose that for some firm j, δjt ≥ δ̃jt .
The common ratio property guarantees that δit ≥ δ̃it for all i ∈ I . Therefore, {max{δit  δ̃it }}i∈I obeys the common ratio property since it is identical
to {δit }i∈I and {min{δit  δ̃it }}i∈I obeys the common ratio property since it coQ.E.D.
incides with {δ̃it }i∈I .
Theorem 4 tells us that M contains its supremum (δU ) and infimum (δL ),
which represent the highest and lowest marginal costs (at each firm’s observed
13
Suppose the data set is strictly Cournot rationalizable and let M ∗ be the corresponding set
of solutions (see Remark 2 following Theorem 2). It is straightforward to check that M ∗ is also a
convex lattice, though it is not necessarily closed. The closure of M ∗ equals M because any strict
convex combination of a point in M ∗ and a point in M must be in M ∗ . It follows that sup M ∗ = δU
and inf M ∗ = δL .
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outputs) that are consistent with a Cournot rationalization of the data. For any
Cournot rationalizable data set, there are intuitive algorithms for finding δU
and δL . The following upper bound algorithm (or UB algorithm) constructs, at
each step, a decreasing sequence of upper bounds on M that converges to δU .
UPPER BOUND ALGORITHM:
1. Initialize δub
it = Pt for all (i t). Go to Step 3.
ub
2. Set δub
=
γ
it
it for all (i t).
ub
ub 14
3. For each (i t), set γit
= min{min{t  =t:Qit  >Qit } {δub
it  } δit }.
4. Let Λt = maxj {

Pt −γjt
Qjt

ub
}. For each (i t), set γit
= Pt − Λt Qit .

ub
5. If any γit
< 0, then stop and output that the data set is not rationalizable.
ub
ub
If δit = γit for all (i t), then stop and output the bounds. Else, go to Step 2.

This algorithm is very easy to understand. In Step 1, we set δub
it = Pt ; clearly,
this gives the highest possible marginal cost of firm i at Qit . The vector
δub = (δub
it )(it)∈I ×T is an upper bound of M and it obeys the common ratio
property. However, the co-monotone property need not hold. In Step 3, we
use the fact that firm i has increasing marginal costs (in other words, the coub
. Note that
monotone property) to adjust the upper bound downward to γit
ub
γ is again an upper bound of M. At the end of Step 3 the co-monotone property holds but the common ratio property need not be satisfied. In Step 4, the
upper bound is adjusted downward again, this time using the common ratio
property. This procedure is repeated in the second iteration, where the upper
bound is first lowered using the co-monotone property and then lowered again
using the common ratio property. Given a Cournot rationalizable data set, the
vector δub
n , obtained after Step 2 of the nth iteration, is an upper bound of M
and is decreasing in n. It must converge to some limit, and at the limit, both the
common ratio and the co-monotone properties will hold. Therefore, the limit
is itself an element of M and we obtain
(5)

U
lim δub
n =δ 

n→∞

The following example shows the algorithm at work.
EXAMPLE 3: Consider the following observations of two firms i and j:
(i) At observation t1 , Pt1 = 28, Qit1 = 1, and Qjt1 = 1.
(ii) At observation t2 , Pt2 = 26, Qit2 = 5, and Qjt2 = 10.
(iii) At observation t3 , Pt3 = 24, Qit3 = 10, and Qjt3 = 20.
(iv) At observation t4 , Pt4 = 22, Qit4 = 15, and Qjt4 = 90.
(v) At observation t5 , Pt5 = 20, Qit5 = 20, and Qjt5 = 100.
14


Set min{t  =t : Qit  >Qit } {δub
it  } = ∞ if {t = t : Qit  > Qit } is an empty set.
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Below, we display the upper bounds obtained in Steps 1 and 3 of the first
iteration of the UB algorithm. The entry in row t and column k of the matrix
corresponds to the upper bound on the marginal cost of firm k at output Qkt :
⎤
⎤
⎡
⎡
28 28
20 20
⎢ 26 26 ⎥
⎢ 20 20 ⎥
⎥
⎥
⎢
⎢
ub
24
24
→
γ
δub
=
=
⎥
⎢
⎢ 20 20 ⎥ 
1
1
⎣ 22 22 ⎦
⎣ 20 20 ⎦
20 20
20 20
The entries in γ1ub are all equal to 20 because the output of both firms is greatest at t5 , so the price at t5 must bound the marginal cost at all observed output
levels. After Step 3, the co-monotone property holds, but clearly not the common ratio property; applying that property in Step 4 lowers the marginal cost of
(the smaller) firm 2 further and gives us δub
2 . Repeating this process, we obtain
δU after five iterations:
⎡
⎤
⎡
⎤
⎡
⎤
20 20
10 10
10 10
⎢ 20 14 ⎥
⎢ 18 10 ⎥
⎢ 17 8 ⎥
⎢
⎥
⎢
⎥
⎢
⎥
ub
ub
20
16
17
10
→
δ
→
δ
δub
=
=
=
⎢
⎢
⎢ 17 10 ⎥
⎥
⎥
2
3
4
⎣ 20 10 ⎦
⎣ 20 10 ⎦
⎣ 20 10 ⎦
20 20
20 20
20 20
⎤
⎡
8 8
⎢ 17 8 ⎥
⎥
⎢
U
10 ⎥ 
→ δub
5 = δ = ⎢ 17
⎣ 20 10 ⎦
20 20
There is a similar lower bound (LB) algorithm that gives, at each step, an
increasing sequence of lower bounds on M that converges to δL .
LOWER BOUND ALGORITHM:
lb
= 0 for all (i t). Go to Step 3.
1. Initialize δlbit = γit
lb
lb
2. Set δit = γit for all (i t).
lb
= max{max{t  =t:Qit  <Qit } {δlbit  } δlbit }.15
3. For each (i t), set γit
4. Let Λ = minj {

Pt −γjt
Qjt

lb
}. For each i t, set γit
= Pt − ΛQit .

lb
5. If any γit
> Pt , then stop and output that the data set is not rationalizable.
lb
lb
If δit = γit for all (i t), then stop and output the bounds. Else, go to Step 2.

In Step 1, we set δlbit = 0, which is trivially a lower bound on all marginal
costs. This bound remains unchanged in Step 3. In Step 4, the algorithm uses
15


Set max{t  =t : Qit  <Qit } {δlb
it  } = 0 if {t = t : Qit  < Qit } is an empty set.
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the common ratio property to raise the lower bounds on marginal cost for each
firm, using the fact that the marginal cost of the firm with the largest output at
lb
)(it)∈I ×T obtained
each observation cannot fall below zero. The vector γ lb = (γit
after Step 4 is a lower bound on M that obeys the common ratio property but
not necessarily the co-monotone property. In Step 3 of the second iteration,
the lower bound is adjusted upward again, this time using the co-monotone
property; this is followed by another upward adjustment using the common
ratio property, and so forth. Given a Cournot rationalizable data set, the vector
δlbn , obtained after Step 2 of the nth iteration, is a lower bound of M, and is an
increasing and bounded sequence (in n). It must converge to some limit, and
at the limit, both the common ratio and the co-monotone properties will hold.
Therefore, the limit is itself an element of M and we obtain
(6)

lim δlbn = δL 

n→∞

While the UB and LB algorithms allow us to find δU and δL in a very intuitive way, our discussion so far does not guarantee that the processes terminate
after some known number of iterations, so it is not clear that they could be used
for testing. The next result shows that the UB algorithm will terminate affirmatively at or before T iterations if and only if the data set is Cournot rationalizable.
(Recall that T is the number of observations in the data set.) By terminate afub
firmatively, we mean that at Step 5 of the UB algorithm, we obtain δub
it = γit
for all i t. Thus the UB provides an alternative way to check for Cournot rationalizability: the researcher will know whether the data set is Cournot rationalizable after no more than T iterations. In contrast to Theorem 2, the UB
algorithm gives a procedure that does not require verification of the existence
of real numbers that satisfy a set of inequalities. In this way, the equivalence
of the UB algorithm and the test in Theorem 2 for Cournot rationalizability is
analogous to the equivalence of the generalized axiom of revealed preference
(GARP) and the Afriat inequalities test for utility maximization. The proof of
Theorem 5 is in the Appendix. Note that Example 3 shows that the bound of
T iterations is tight.
THEOREM 5: The data set O = {[Pt  (Qit )i∈I ]}t∈T is Cournot rationalizable
with convex cost functions if and only if the UB algorithm terminates affirmatively.
Furthermore, affirmative termination must take place at or before T iterations and
ub
ub
δH = (δ̃ub
it )(it)∈I ×T , where δ̃it is the final value of δit in the algorithm.
REMARK 3: If O is not Cournot rationalizable with convex cost functions,
δub must stray outside RIT
+ after a finite number of iterations (which can be
less than or greater than T ); at that point, the algorithm will terminate, but
not affirmatively (see Step 5 of the UB algorithm). This is because δub is a
decreasing sequence by construction and if it always stays nonnegative (so the
algorithm goes on forever), it will have a limit that must be an element of M
(see (5)).
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REMARK 4: It follows from Theorems 2 and 5 that the UB algorithm terminates affirmatively if and only if there is a solution to the linear program in
statement (B) of Theorem 2.
4. STRICT COURNOT RATIONALIZABILITY WITH COMMON COST SHOCKS
In this section, we develop a test for Cournot rationalizability in the case
where cost functions are also changing, in addition to changes in demand. It is
quite clear that if we allow each firm’s cost function to change arbitrarily across
observations, then there would effectively be no observable restrictions on the
data set. But there are at least two ways to introduce cost changes that will
still lead to meaningful tests of Cournot rationalizability. One possibility is to
assume that the researcher can observe the variation of the parameters (such
as input prices) that have an impact on firms’ marginal costs in the data set.
Theorem 3 can be adapted to allow for the cost functions to change when those
observed parameters change, by replacing the co-monotone property with a
requirement that marginal costs are greater only when both output and the
observed parameters are higher.16 A detailed formulation of this result can be
found in Carvajal, Deb, Fenske, and Quah (2010).
The other possibility, which we consider here, is to assume that cost changes
are completely unobserved but common across the industry. Assuming that
input price changes are the main source of changes to the cost functions, then
common cost shocks will arise if the input price changes that occur in the data
arise primarily from those inputs where there is no substantial difference in
usage across firms.17 In this case, we obtain a simple and quite striking revealed
preference test on the data set.
We say that a data set O = {[Pt  (Qit )i∈I ]}t∈T is strictly Cournot rationalizable
with convex cost functions under common perturbations if there are permanent
convex cost functions C̄i for each firm i, and, for each observation t, there
are strictly downward-sloping inverse demand functions P̄t passing through
(Qt  Pt ) and convex cost perturbation functions ft , such thatthe following
statement holds: for all (i t), Qit is firm i’s best response to j=i Qjt when
P̄t is the inverse demand function and firm i has the cost function
(7)
16

C̄it (qi ) = C̄i (qi ) + ft (qi )

For example, the observed parameter could be the price of some major production input; in
this case, marginal cost will increase in the input price if the demand for this input (as a function
of the output level) is normal. If the observed parameter is a vector (for example, the prices of
different inputs), then these observed parameters may not always be comparable, in which case
the marginal cost functions (of each firm) across observations would not be completely ordered.
17
To be specific, suppose that K is the set of inputs required for production and that firms’
production functions are of the Leontief type, where aki (q) is the level of input k ∈ K needed to
produce output q by firm i. Let K  be the set of inputs whose prices do vary in the data set, while
the input prices in K \ K  are stable. Then common cost shocks require aki (q) = akj (q) for any two
firms i and j and k ∈ K  , while aki (q) may differ across firms for k ∈ K \ K  .
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It is not immediately clear that this notion of rationalizability imposes meaningful restrictions on the data set, though in fact it does: it imposes an intuitive
no-cycling condition on observed firms’ outputs.
To see why, we first define the relations 0 and 0 on (i t) ∈ I × T : for any
i = j, t = t  , we say that (i t) 0 (i t  ) if Qit > Qit  , (i t) 0 (j t) if Qjt ≥ Qit ,
and (i t) 0 (j t) if Qjt > Qit . We denote the transitive closure of 0 by ,
that is, (i t) (j t  ) if there is some sequence (i1  t1 ) (i2  t2 )     (in  tn ) such
that
(i t)

0

(i1  t1 )

0

(i2  t2 )

0

···

0

(in  tn )

0

j t  

Last, define  by saying that (i t)  (j t  ) whenever any of the relations in the
sequence above could be replaced with 0 . We say that the data set O satisfies
marginal cost consistency (MCC for short) if
j t 

(i t)

⇒

j t   (i t) for all i j t t  

For an instance of a data set that does not obey MCC, consider Example 2 in
Section 2. In that example, firm i reduces output between t and t  , while firm j
increases output; furthermore, firm i is the larger firm at observation t, but it
is the smaller firm at t  . In other words, Qit > Qit  , Qit  < Qjt  , Qjt  > Qjt , and
Qjt < Qit . This implies, respectively, that
(i t)
j t 

0
0

i t  

i t  0 j t  

(j t)

and (j t) 0 (i t)

which is clearly inconsistent.
We now explain why marginal cost consistency must be true of any data
set that is strictly Cournot rationalizable with convex cost functions under
common perturbations; as we do so, it will also become clear why the term
“marginal cost consistency” makes sense. Since firm i at observation t is maximizing profit at Qit , the first-order condition says that
Pt + Qit P̄t (Qt ) = δit + φit 
where δit ∈ C̄i (Qit ) and φit ∈ ft (Qit ). If (i t) 0 (i t  ), then Qit > Qit  and so,
by the convexity of C̄i , δit ≥ δit  . Now suppose (i t) 0 (0 ) (j t) so Qjt ≥ (>)
Qit ; given that firm j is producing more (strictly more) than i at observation t,
it must have lower (strictly lower) marginal cost, that is,
δit + φit ≥ (>) δjt + φjt 
(Note that the “strict” part of this claim relies on the fact that the data are
strictly Cournot rationalizable, rather than just Cournot rationalizable.) Since
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ft is convex and Qit ≤ Qjt , we obtain φit ≤ φjt ; therefore, δit ≥ (>) δjt . To
summarize, we have shown that
if

(i t)

() (j t  )

then

δit ≥ (>) δjt  

It is clear that this property implies MCC.
The next result says that MCC is both necessary and sufficient for Cournot
rationalizability when common cost perturbations are allowed.
THEOREM 6: The data set O = {[Pt  (Qit )i∈I ]}t∈T is Cournot rationalizable
with convex cost functions under common perturbations if and only if it obeys
MCC.
The proof of the sufficiency of MCC can be found in the Appendix; the proof
works by showing that MCC implies that there is a solution to a particular
linear program and then showing that the existence of a solution to the linear
program implies rationalizability. Note that the MCC condition involves only
firm outputs and not prices, so the price information in the data set is not
needed for testing the hypothesis.
5. TESTING FOR COLLUSION
A major concern in empirical IO is the detection of collusive behavior. This
question is related to, but distinct from, the principal focus of our paper, which
is to develop revealed preference tests for Cournot behavior. This section is
devoted to explaining this distinction.
Consider once again the basic environment of Sections 2 and 3, in which
we developed a test for the Cournot rationalizability of a data set O =
{[Pt  (Qit )i∈I ]}t∈T . What conditions are needed for O be consistent with perfect
collusion, in the sense of all firms acting in concert to maximize joint profit?
This question has a short and simple answer: any data set is consistent with
perfect collusion. To see this, suppose that every firm has the same cost function C̄(q) = q. Then every output allocation is cost efficient and if firms are
colluding, they will act like a monopoly with the same cost function C̄. Choose
sufficiently small so that Pt > for all t ∈ T . Clearly there is a linear and
downward-sloping inverse demand function P̄t such that P̄t (Qt ) = Pt and the
monopolist’s profit is maximized at Qt .
To reinforce the message that collusion cannot be excluded in this setting,
we embed the Cournot model within a model of conjectural variations, which
is commonly used in empirical estimates of market power (see Bresnahan
(1989)). To each firm i, we associate a scalar θi ≥ 0 that is the firm’s conduct
parameter; the output vector (Qi∗ )i∈I constitutes a θ = {θi }i∈I conjectural variations equilibrium (or θ-CV equilibrium for short) if
 

 
∗
∗
∗
Qi ∈ arg max qi P̄ θi qi − Qi +
Qj − C̄i (qi ) 
qi ≥0

j∈I
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Firm i behaves as though it believes that if it deviates from Qi∗ , total output will
change by the deviation multiplied by the factor θi . If θi = 1 for all i, we have
the Cournot model; if θi = 0, then the firms are acting as though their output
has no impact on total output, so it is a price-taker. More generally, high conduct parameters are interpreted as firms acting less competitively. A significant
literature in empirical IO seeks to measure conduct parameters.
The data set O is said to be θ-CV rationalizable if there are cost functions
C̄i (for all i ∈ I ) and inverse demand functions P̄t (at each observation t) such
that P̄t (Qt ) = Pt and (Qit )i∈I constitutes a θ-CV equilibrium. A straightforward modification of Theorem 2 will give us the following result: O is θ-CV rationalizable with convex cost functions (where θ  0) if and only if there exists
a set of nonnegative real numbers, {δit }(it)∈I ×T , that satisfy the co-monotone
property and the generalized common ratio property
(8)

Pt − δ1t
Pt − δ2t
Pt − δIt
=
= ··· =
> 0 for all t ∈ T 
θ1 Q1t
θ2 Q2t
θI QIt

The most important thing to notice in this result is that if condition (8) is
satisfied by θ, then it is satisfied by λθ for any λ > 0. This means that θ can only be
tested up to scalar multiples, and testing for the absolute level of market power
is impossible in our context. However—and this is crucial for our purposes—
relative market power is testable. Put another way, our minimal assumptions
on costs and demand mean that we could not test the hypothesis that, for a
particular firm i, θi = 1. However, this does not mean that we could not test the
Cournot model, because we could still test the weaker hypothesis that θi is the
same across firms. The test of the Cournot model we developed in Theorem 2
can be interpreted as a test of the symmetry of market interaction as measured
by θi (for all i ∈ I ). When a data set passes that test, it is consistent with the
Cournot hypothesis, but it is also consistent with the θ-CV hypothesis, where
θ = (λ λ     λ) for any λ > 0; in that sense, the conclusion is weak. On the
other hand, when a data set fails that test, it is a strong result because all levels
of symmetric market power have been excluded.
Our observations here are consistent with the results of Bresnahan (1982)
and Lau (1982), who showed that the identification of θ requires sufficiently
rich variation in (and information on) demand behavior across observations;
in contrast, our setup requires no information on the determinants of demand.
The following example illustrates the possibility of narrowing down the value
of θ when the researcher has access to more information on demand.
EXAMPLE 4: Consider a duopoly with firms i and j where the following observations occur:
(i) At observation t, Pt = 10, Qit = 5/3, Qjt = 5/3, and d P̄t /dq ≥ −3.
(ii) At observation t  , Pt  = 4, Qit  = 2, and Qjt  = 5/3.
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We claim that these observations are compatible with θ = (3 3), but not with
θ = (1 1).
Compatibility with θ = (3 3) is confirmed if we could find δit  δit  , δjt , and
δjt  that solves
10 − δjt
10 − δit
=
5
5

and

4 − δjt 
4 − δit 
=
6
5

and with δit ≤ δit  . It is straightforward to check that these conditions are met
if δit = 3, δit  = 3, δjt = 3, and δjt  = 19/6. In this case, the rationalizing inverse demand function P̄t can be chosen to satisfy d P̄t /dq = −(10 − 3)/5 =
−7/5, which is greater than −3.
Suppose, contrary to our claim, that the data set is Cournot rationalizable
with a rationalizing demand P̄t that satisfies d P̄t /dq ≥ −3. The first-order condition of firm i gives
10 − mit
d P̄t
=−
≤ 3
5/3
dq
where mit is a subgradient of firm i’s cost function at output Qit = 5/3. Therefore, mit ≥ 5, which means that the marginal cost at Qit  = 2 must be at least 5,
since firm i’s cost function is convex. However, the price at t  is just 4, so there
is a contradiction.
6. APPLICATION: THE WORLD MARKET FOR CRUDE OIL
Accounting for roughly one-third of global oil production, OPEC is a dominant player in the international oil market. OPEC exists, in its own words, “to
co-ordinate and unify petroleum policies among Member Countries, in order
to secure fair and stable prices for petroleum producers; an efficient, economic
and regular supply of petroleum to consuming nations; and a fair return on
capital to those investing in the industry.” OPEC’s stated aims are effectively
those of a cartel, but its ability to set world oil prices is questionable and a
large literature has emerged that attempts to model its actions. For the most
part, the literature suggests that OPEC is a weakly functioning cartel of some
sort and is not competitive in either the price-taking or the Cournot sense (see,
e.g., Alhajji and Huettner (2000), Dahl and Yücel (1991), Griffin and Neilson
(1994), or Smith (2005)). Many of these tests rely on parametric assumptions
about the functional forms taken by market demand, countries’ objective functions, and production costs. Typically, they also require that factors that shift
the cost and inverse demand functions be observed, and rely on constructed
proxies such as estimates of countries’ extraction costs, the presence of U.S.
price controls, and involvement of an OPEC member in a war. Given the ambitious questions they are trying to answer, this seems unavoidable.
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Our objective is more specific. All we wish to do is to test whether the behavior of the oil-producing countries is consistent with the Cournot model or,
more generally (given the discussion in Section 5), any symmetric CV model.
Our test gives, so to speak, the greatest benefit of the doubt to the Cournot hypothesis by allowing for a very large class of cost functions and by not making
any assumptions at all about the evolution of demand. In spite of this apparent
permissiveness, we can reject the Cournot hypothesis in real world data.
Two sources of data are used for this study. The first is the Monthly Energy Review (MER), published by the U.S. Energy Information Administration.
This provides a full-precision series of monthly crude oil production in thousands of barrels per day by the 12 current OPEC members (Algeria, Angola,
Ecuador, Iran, Iraq, Kuwait, Libya, Nigeria, Qatar, Saudi Arabia, the United
Arab Emirates, and Venezuela) and 7 nonmembers (Canada, China, Egypt,
Mexico, Norway, the United States, and the United Kingdom).18 This series
also contains total world output. The data are available from January 1973 until April 2009, giving a total length of 436 months and (12 + 7) × 436 = 8284
country-month observations. The second source of data is a series of oil prices
published by the St. Louis Federal Reserve, in dollars per barrel. This series is
deflated by the monthly consumer price index reported by the Bureau of Labor
Statistics, so that prices are in 2009 U.S. dollars. Since the time windows over
which Cournot behavior is tested are short (12 months or less), the adjustment
for inflation should not matter to the results.19
We divide the entire data series into multiple subsets, with each set consisting
of I countries (where I = 2, 3, 6, or 12) and T consecutive months (with T = 3,
6, or 12), and then test for Cournot rationalizability on each of these sets. In
other words, a data set that contains the output over T consecutive months of
I countries corresponds to T observations of the actions in an I-player game
and we test whether the data are consistent with a Cournot equilibrium being
played at each of the T observations, using the linear program specified in
Theorem 2.
The reasons to run the test on subsets of the data as opposed to the entire
data set are threefold. First, this demonstrates the ability of the test to reject
the Cournot hypothesis on real data that consist of just a small number of observations over a few firms (such as three observations of two firms), in spite
of the permissiveness of our nonparametric framework. Second, by considering short windows, we minimize the possibility of spurious rejections due to
cost functions changing. Were we to run the test once on the entire data set,
18
Russia and the former Soviet Union are not used here, because the two are not comparable
units. Although the composition of OPEC has changed over the course of the data (Ecuador left
in 1994 and returned in 2007, Gabon left in 1995, Angola joined in 2007, and Indonesia left in
2007), the overall pattern of rejecting Cournot behavior below does not depend on what countries
are considered to be part of OPEC.
19
The rejection rates reported below are similar with nominal price series.
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TABLE I
REJECTION RATES
OPEC Data Sets
Number of Countries (I )

Window (T )

3 Months
6 Months
12 Months

2

3

6

12

028
065
090

054
089
099

089
100
100

100
100
100

Non-OPEC Data Sets
Number of Countries (I )

Window (T )

3 Months
6 Months
12 Months

2

3

6

7

044
083
096

075
098
100

099
100
100

100
100
100

Cournot rationalizability will be rejected, but it is possible that this rejection
is simply because countries’ cost functions have changed significantly over that
period. Last, by considering different subsets of countries, we can rule out that
the test is rejected solely because a few countries are not responding optimally
to the others. In other words, if a particular subset of countries are playing a
Cournot game against each other, we will be able to pick up that phenomenon.
Our findings are reported in Table I. (The data and code for the test can
found in the Supplemental Material (Carvajal, Deb, Fenske, and Quah (2013))
to this paper.) The rejection rate reported is the proportion of cases that were
rejected. For example, there are 436 + 1 − 3 = 434 3-month periods in the data
and there are 66 possible combinations of 2 out of 12 OPEC members. This
means that the entire data series can be divided into 434 × 66 = 28,644 data
sets. We perform our test for Cournot rationalizability on each of these data
sets. The entry for two countries and 3 months in Table I reports that out of
the 28,644 tests of two OPEC members over 3 months, 8138, or 28%, could not
be rationalized. Notice that the rejection rates are increasing in the number of
countries and in the number of observations. This must be so, since if a data set
consisting of (for example) three countries over 6 consecutive months passes
the test, then a subset of this data set involving two of those countries over a
shorter window must also pass the test.20
20

Our empirical approach is broadly similar to revealed preference tests of utility maximization
based on Afriat’s theorem and its variations. In those cases, the test is repeated on multiple data
sets and the number of data sets that pass or fail the test, as a proportion of all data sets, is
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The results reported in Table I are unambiguous: once there is more than a
handful of observations used for the test, the behavior of OPEC members cannot be explained by the Cournot model with convex costs. For nearly 90% of
6-month periods with three countries, the test rejects optimal behavior. Once
six countries are included, fewer than one 6-month case in 10 thousand can be
rationalized. The same test was performed for the non-OPEC countries (see
Table I) and the results are also strongly against the model. For almost all 6month periods, when at least three countries are considered, the data cannot
be rationalized by the Cournot model with convex costs.
APPENDIX
Our proof of Theorem 1 requires the following lemma.
LEMMA 3: For any generic set of observations O = {[Pt  (Qit )i∈I ]}t∈T , there are
strictly increasing and C2 cost functions C̄i for all i such that {δit }(it)∈I ×T obeys
the common ratio property, where δit = C̄i (Qit ) and
(9)

Pt qi − C̄i (qi ) < Pt Qit − C̄i (Qit ) for all qi ∈ [0 Qit )

PROOF: Suppose that at observation t, Qkt ≥ Qit for all i in I. Let δkt be
any positive number less than Pt . Define β = (Pt − δkt )/Qkt and δit by
δit = Pt − βQit ≥ Pt − βQkt = δkt > 0
In this way, we obtain an array of positive numbers {δit }(it)∈I ×T that satisfy
the common ratio property (1) that is a necessary condition for rationalization. Give each firm i a C1 marginal cost function with strictly positive values,
so that the resulting cost function is strictly increasing and C2 . Furthermore,
choose the marginal cost function to guarantee the following two properties:
the marginal cost at Qit is δit (this specification is unambiguous because of
the genericity assumption) and the resulting cost function C̄i satisfies (9). We
could always choose a marginal cost function that satisfies these two conditions
reported (see, for example, Famulari (1995) and Cherchye, De Rock, and Vermeulen (2011) for
tests on observational data, and Harbaugh, Krause, and Berry (2001) and Andreoni and Miller
(2002) for tests on experimental data). Typically there will be a large number of small data sets,
with each data set consisting of a small number of demand bundles (observed over time) of a
consumer or household. Given that revealed preference tests are discrete pass–fail tests, where it
is possible for a test to fail with just a pair of inconsistent observation, this is a sensible approach.
To perform a revealed preference test on a large data set, the test ought to be incorporated within
an econometric framework that allows for errors and permits the researcher to say something
about goodness of fit; see, for example, Varian’s (1985) extension of Afriat’s theorem in this
direction. It is also possible to extend our test of Cournot rationalizability along these lines (see
Carvajal et al. (2010)).
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because while the first condition fixes the value of marginal cost at observed
output levels, we are still free to choose the value of marginal cost between the
observed output levels {Qit }t∈T (though such a marginal cost function will not,
in general, be increasing).
Q.E.D.
PROOF OF THEOREM 1: First, we choose cost functions C̄i that satisfies the
conditions guaranteed by Lemma 3. In particular, condition (9) says that if
firm i can sell as much as it likes up to Qit at price Pt , then it 
will choose to
sell exactly Qit . In other words, Qit is firm i’s best response to j=i Qjt if the
inverse demand function at t is P̃t defined by P̃t (q) = Pt for q ∈ [0 Qt ] and
P̃t (q) = 0 for q > Qt . So we would have proved the theorem if not for the fact
that P̃t is not a strictly downward-sloping demand function. It remains for us
to construct a strictly downward-sloping demand function at each observation
t such that firm i’s best response at observation t is Qit , given that its cost
function is C̄i .
For each firm i, we define gi (qi ) = ki (qi − Qit ) + δit . The graph of gi is a
line, with slope ki that passes through the point (Qit  δit ). Since δit < Pt and
C̄i is C2 , there are ε > 0 and ki (for i ∈ I ) such that Pt > gi (Qit − ε), and for
qi in the interval [Qit − ε Qit ), we have
(10)

gi (qi ) > C̄i (qi )

(Note that ki < 0 if C̄i (Qit ) < 0) For qi ∈ [0 Qit − ε], there exists ζ > 0 such
that
(11)

Pqi − C̄i (qi ) < PQit − C̄i (Qit )

for Pt < P < Pt + ζ;

this follows from (9). Note that ζ is common across all firms.
We specify the function P̄t , so P̄t can be obtained by integration. Holding the
output of firm j (for j = i) at Qjt , we denote the marginal revenue function


for firm i by m̄it ; that is, m̄it (qi ) = P̄t ( j=i Qjt + qi )qi + P̄t ( j=i Qjt + qi ). We

first consider the construction of P̄t in the interval [0 Qt ], where Qt = i∈I Qit .
Choose P̄t with the following properties: (a) P̄t (Qt ) = (δit − Pt )/Qit (which is
equivalent to the first-order condition m̄it (Qit ) = C̄i (Qit ) = δit ; this is possible because {δit }i∈I obeys the common ratio property), (b) P̄t is negative,
Q
decreasing, and concave in [0 Qt ], (c) 0 t P̄t (q) dq = Pt − P̄t (0) > −ζ, and
(d) P̄t (Qt − ε) is sufficiently close to zero so that m̄it (Qit − ε) > gi (Qit − ε).
Property (b) guarantees that m̄it is decreasing and concave (as a function of
qi ). This fact, together with (a) and (d), ensures that m̄it (qi ) > gi (qi ) for all
i and qi in [Qit − ε Qit ); combining with (10), we obtain m̄it (qi ) > C̄i (q).
Therefore, in the interval [Qit − ε Qit ], firm i’s profit is maximized at qi = Qit .

Because of (c), Pt < P̄t (q) < Pt + ζ, so by (11), P̄t ( j=i Qjt + qi )qi − C̄i (qi ) <
Pt Qit − C̄i (Qit ) for qi in [0 Qit − ε].
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To recap, we have constructed P̄t (and hence P̄t ) such that, with this inverse
demand function, firm i’s profit at Q
it is higher than at any output below Qit ,
as long as other firms are producing j=i Qjt . Our next step is to show how to
specify P̄t for q > Qt in such a way that firm i’s profit at qi = Qit is higher than
at any output level above Qit for every firm i. It suffices to have P̄t such that,
for qi > Qit ,




Qjt + qi qi + P̄t
Qjt + qi < C̄i (qi )
m̄it (qi ) = P̄t
j=i

j=i

so firm i’s marginal cost always exceeds its marginal revenue for qi > Qit . Pro
vided P̄t is decreasing, it suffices to have P̄t ( j=i Qjt + qi )qi + Pt < C̄i (qi ),
which is equivalent to
(12)

−P̄t (Qt + x) >

Pt − C̄i (Qit + x)
Qit + x

for x > 0 and all firms i

The right side of this inequality is a finite collection of continuous functions
of x, and at x = 0, the two sides are equal to each other (because of the
first-order condition). Clearly, we can choose P̄t < 0 such that (12) holds for
x > 0.
Q.E.D.
PROOF OF THEOREM 3: To see that (A) implies (B), suppose that the data
are rationalized with demand functions {P̄t }t∈T and cost functions {C̄i }i∈I . We
have already shown in Theorem 2 that the first-order condition guarantees
the existence of δit ∈ C̄i (Qit ) that obeys the common ratio and co-monotone
properties. Since the cost function for firm i is C1 , C̄i (Qit ) is unique, so clearly
δit  = δit whenever Qit = Qit  .
To see that (B) implies (A), it suffices to notice from the proof of Lemma 2
that if the scalars {δit }t∈T have the fine co-monotone property, m̄i can be
chosen to be a C1 function. Consequently, C̄i (as defined by equation (4)) is
C2 .
Q.E.D.
Our proof of Theorem 5 requires the following lemma.
LEMMA 4: Let {[Pt  (Qit )i∈I ]}t∈S be a set of S = |S | observations and let
{μt }t∈S be a set of nonnegative real numbers. Let ΔS be the set of vectors δ =
(δit )(it)∈I ×S ∈ RIS
+ that obey the common ratio and co-monotone properties on S
and that satisfy
(13)

Pt − δit
≥ μt
Qit

for all i ∈ I and t ∈ S 
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Then ΔS is a compact and convex sublattice of RIS
+ . Furthermore, if ΔS is
nonempty, it contains its supremum δUS , and δUS has the following property: for
some nonempty set S  ⊂ S ,
(14)

Pt − δUit
= μt
Qit

for all i ∈ I and t ∈ S  

PROOF: It is straightforward to show that ΔS is a compact and convex sublattice, using broadly the same argument as that used in Theorem 4. Therefore, it is subcomplete and contains its supremum δUS (see Topkis (1998, Theorem 2.3.1)). Now suppose that for some δ ∈ ΔS , (13) holds with a strict inequality for all t ∈ S . Then there exists a sufficiently small > 0 such that
δ̃it = δit + Qit obeys the common ratio property, the co-monotone property,
and (13). So δ cannot be the supremum of ΔS .
Q.E.D.
PROOF OF THEOREM 5: We have already shown in Section 3 that if the UB
algorithm terminates affirmatively, then the data set O is Cournot rationalizable and δH = (δ̃ub
it )(it)∈I ×T . So it remains for us to show that the algorithm will
terminate affirmatively at or before T iterations if O is Cournot rationalizable.
In Step 1, the algorithm sets δub
it = Pt . If O is Cournot rationalizable, an
application of Lemma 4 (with S = T , S  = T1 , and μt = 0 for t ∈ T ) tells us
that there is a nonempty set T1 ⊂ T such that for t ∈ T1 , δUit = Pt for all i ∈
I ; therefore, δub
it remains unchanged (at Pt , for all i ∈ I ) at every step of the
algorithm after Step 1.21 Notice that the observations in T1 no longer have a
role to play in the algorithm after Step 3, in the sense that the values of δub
it and
ub
γit
(for t ∈ T \ T1 ) after that step do not depend on those observations. This
is because the upper bound is adjusted downward, and never upward, at each
step.
At Step 4, the upper bound is adjusted downward using the common ratio property. Denoting T \ T1 by S , we claim that there is a nonempty set of
ub
observations T2 ⊂ S such that δub
it and γit (for all i ∈ I and t ∈ T2 ) remain unchanged after that step. Why? Note that the rationalizability of the data set
guarantees that the set ΔS , which consists of vectors (δit )(it)∈I ×S ∈ RIS
+ satisfying the common ratio and co-monotone properties on S as well as (13), with
μt = Λt , is nonempty. Furthermore, at every step, the vectors (δub
it )(it)∈I ×S and
ub
(γit
)(it)∈I ×S generated by the algorithm are upper bounds of ΔS . Our claim
then follows from (14) in Lemma 4.
We claim that there is a nonempty set T3 ⊂ T \ (T1 ∪ T2 ) such that δub
it and
ub
γit (for all i and t ∈ T3 ) remain unchanged after Step 4 of the second iteration.
Clearly, this claim follows from an argument analogous to the one made in
the previous paragraph; and a similar claim can be made at Step 4 of the third
21

We are not saying that T1 can be identified by the algorithm after Step 1, merely that it exists.
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iteration and so on. Since the sets T1 , T2 , T3     are nonempty, the algorithm
cannot continue beyond T iterations.
Q.E.D.
Afriat’s theorem is usually presented as a threefold equivalence of utility
maximization, GARP, and the existence of a solution to the Afriat inequalities.
Our proof of Theorem 6 below has a similar structure, with MCC playing the
role of GARP.
PROOF OF THEOREM 6: We show that the following statements are equivalent:
(A) The set O is Cournot rationalizable with convex cost functions under
common perturbations.
(B) The set O obeys MCC.
(C) The set O admits nonnegative numbers δit and φit for all (i t) with the
following properties:
(i) For all t,
(15)

Pt − δ2t − φ2t
Pt − δIt − φIt
Pt − δ1t − φ1t
=
= ··· =
≥ 0
Q1t
Q2t
QIt

(ii) We have δit  ≥ δit  whenever Qit  > Qit .
(iii) We have φit ≥ φjt whenever Qit > Qjt .
We have already shown that (A) implies (B). We only sketch the proof that
(C) implies (A) since it is straightforward given the proof of Theorem 2. By
Lemma 2 and properties (ii) and (iii) in (C), there are convex cost functions
C̄i and ft with δit ∈ C̄i (Qit ) and φit ∈ ft (Qit ). By a straightforward modification of the proof of Lemma 1, we know that at observation t, Qit is firm i’s

best response to j=i Qjt if it has the cost function C̄i (qi ) + ft (qi ) and if the
inverse demand curve is linear, passes through (Qt  Pt ), and has a slope equal
to −(Pt − δit − φit )/Qit (which, by (15), is independent of i).
It remains for us to show that (B) implies (C). The MCC guarantees that
there is a complete, reflexive, and transitive order ∗ on I × T that agrees
with and  in the following sense: if (i t) (j t  ), then (i t) ∗ (j t  ), and if
(i t)  (j t  ), then (i t) ∗ (j t  ) but (j t) ∗ (j t  ).22 We write (i t) ∗ (j t  )
if (i t) ∗ (j t  ) but (j t) ∗ (j t  ). Let δit be a representation of ∗ , that is,
δit ≥ (>) δjt  if (i t) ∗ (∗ ) (j t  ), with the property that 0 < δit < Pt for all
(i t) ∈ I × T . Clearly, such a representation exists and will obey property (ii).
For each t ∈ T , choose bt > 0 and sufficiently small so that Pt − bt Qit − δit > 0
for all i ∈ I , and
(16)

Pt − bt Qit − δit > (=) Pt − bt Qjt − δjt

22
This claim is almost obvious here since I × T is finite. Essentially the same result in the case
where the domain is infinite can be proved using Szpilrajn’s theorem (see Ok (2007, Chapter 1,
Corollary 1)).
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whenever Qit > (=) Qjt . This is possible because δit < (=) δjt if Qit > (=)
Qjt . Define φit = Pt − bt Qit − δit ; note that φit > 0 and it obeys (iii) because
of (16). Furthermore,
Pt − δit − φit
= bt
Qit

for all i ∈ I 

so we obtain (15) (which is property (i)).23

Q.E.D.
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